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Preface 


A vital ingredient in the quest for a unified theory embracing all physical phe- 
nomena is supersymmetry, a symmetry which (a) unites bosons and fermions, (b) 
requires the existence of gravity and (c) places an upper limit of eleven on the 
dimension of spacetime. For these reasons, in the early 1980’s, many physicists 
looked to eleven-dimensional supergravity in the hope that it might provide that 
elusive super-unified theory. Then, in 1984, superunification underwent a major 
paradigm shift: eleven-dimensional supergravity was knocked off its pedestal by ten- 
dimensional superstrings, one-dimensional objects whose vibrational modes repre- 
sent the elementary particles. Unlike eleven-dimensional supergravity, superstrings 
provided a perturbatively finite theory of gravity which, after compactification to 
four spacetime dimensions, seemed in principle capable of explaining the Standard 
Model of the strong, weak and electromagnetic forces including the required chiral 
representations of quarks and leptons. 

Despite these major successes, however, nagging doubts persisted about super- 
strings. First, many of the most important questions in string theory——How do 
strings break supersymmetry? How do they choose the right vacuum state? How 
do they explain the smallness of the cosmological constant? How do they resolve the 
apparent paradoxes of quantum black holes?—-seemed incapable of being answered 
within the framework of a weak-coupling perturbation expansion. They seemed 
to call for some new, non-perturbative, physics. Second, why did there appear 
to be five different mathematically consistent superstring theories: the Eg x Eg 
heterotic string, the SO(32) heterotic string, the SO(32) Type J string, the Type 
IIA and Type IIB strings? If one is looking for a unique Theory of Everything, 
this seems like an embarrassment of riches! Third, if supersymmetry permits eleven 
dimensions, why do superstrings stop at ten? This question became more acute with 
the discoveries of the elementary supermembrane in 1987 and its dual partner, the 
solitonic superfivebrane, in 1992. These are supersymmetric extended objects with 
respectively two and five dimensions moving in an eleven-dimensional spacetime. 
Finally, therefore, if we are going to generalize zero-dimensional point particles to 
one-dimensional strings, why stop there? Why not two-dimensional membranes or 
more generally p-dimensional objects (inevitably dubbed p-branes)? Although this 
latter possibility was actively pursued by a small but dedicated group of theorists, 
starting around 1986, it was largely ignored by the mainstream physics community. 


ix 
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The year 1995 witnessed a new paradigm shift: perturbative ten-dimensional 
superstrings were in their turn superseded by a new non-perturbative theory called 
M -theory which describes, amongst other things, supermembranes and superfive- 
branes, which subsumes the above five consistent string theories, and which has, as 
its low-energy limit, eleven-dimensional supergravity! According to Fields Medalist 
Edward Witten, ‘M stands for magical, mystery or membrane, according to taste’. 
New evidence in favour of this theory is appearing daily on the Internet and repre- 
sents the most exciting development in the subject since 1984 when the superstring 
revolution first burst on the scene. These new insights hold promise of a deeper 
understanding of the Standard Model of particle physics, of the unification of the 
four fundamental forces, of the quantum theory of gravity, of the mysteries of black 
holes, of big-bang cosmology and, ultimately, of their complete synthesis in a final 
theory of physics. 

The first purpose of this volume is to bring together the seminal papers that 
have shaped our current understanding of this eleven-dimensional world: from 
supergravity through supermembranes to M-theory. Second, I have included at 
the beginning of each of the six chapters a commentary intended to explain the 
importance of these papers and to place them in a wider perspective. Each chapter 
also has an extensive bibliography. For reasons of space, I have limited to 33 this 
selection of important papers on eleven dimensions: a daunting task. This has 
meant omitting long review articles, and also significant papers on string theory 
dualities, membrane theory, D-branes and F-theory which, though important for 
our present state of knowledge, did not have eleven dimensions as their primary 
theme. I have tried to combine originality and topicality by including not only 
the well-cited classic papers but also some very recent works which, in the editor’s 
judgement, will prove to be influential with the passage of time. 

M-theory has sometimes been called the Second Superstring Revolution, but I 
feel this is really a misnomer. It certainly involves new ideas every bit as significant 
as those of the 1984 string revolution, but its reliance on supermembranes and 
eleven dimensions renders it sufficiently different from traditional string theory to 
warrant its own name. One cannot deny the tremendous historical influence of the 
last decade of superstrings on our current perspectives. Indeed, it is the pillar upon 
which our belief in a quantum-consistent M-theory rests. In the editor’s opinion, 
however, the focus on the perturbative aspects of one-dimensional objects moving 
in a ten-dimensional spacetime that prevailed during this period will ultimately be 
seen to be a small corner of M-theory. Whatever the fate of the world in eleven 
dimensions, I hope this volume will help chart its course. 

In making my, sometimes treacherous, way through the world in eleven di- 
mensions over the last two decades I have been guided by many colleagues. I owe 
a particular debt to Eric Bergshoeff, Leonardo Castellani, Stanley Deser, Ricardo 
D'Auria, Sergio Ferrara, Pietro Fré, Gary Gibbons, Chris Hull, Paul Howe, Takeo 
Inami, Ramzi Khuri, Jim Liu, Hong Lu, Jianxin Lu, Ruben Minasian, Bengt Nils- 
son, Chris Pope, Joachim Rahmfeld, the late Abdus Salam, Ergin Sezgin, Kelly 
Stelle, Paul Townsend, Peter van Nieuwenhuizen, Steven Weinberg, Nick Warner, 
Peter West and Edward Witten. I am also grateful to all the authors who kindly 
gave their permission to reproduce the papers. Special thanks are due to Hisham 
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Sati for help in preparing the manuscript. Finally, I would like to acknowledge my 


editor Jim Revill of Institute of Physics Publishing for his enthusiasm and advice. 


Michael Duff 
College Station, Texas, 1998 
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Chapter 1 


Eleven-dimensional supergravity 


Eleven is the maximum spacetime dimension in which one can formulate a consis- 
tent supersymmetric theory, as was first recognized by Nahm [1] in his classification 
of supersymmetry algebras. The easiest way to see this is to start in four dimen- 
sions and note that one supersymmetry relates states differing by one half unit of 
helicity. If we now make the reasonable assumption that there be no massless par- 
ticles with spins greater than two, then we can allow up to a maximum of N = 8 
supersymmetries taking us from helicity —2 through to helicity +2. Since the mini- 
mal supersymmetry generator is a Majorana spinor with four off-shell components, 
this means a total of 32 spinor components. Now in a spacetime with D dimensions 
and signature (1, D—1), the maximum value of D admitting a 32 component spinor 
is D = 11. (Going to D = 12, for example, would require 64 components.) See 
table 1.1. Furthermore, as we shall see in chapter 2, D = 11 emerges naturally as 
the maximum dimension admitting supersymmetric extended objects, without the 
need for any assumptions about higher spin. Not long after Nahm’s paper, Crem- 
mer, Julia and Scherk [2] realized that supergravity not only permits up to seven 
extra dimensions but in fact takes its simplest and most elegant form when written 
in its full eleven-dimensional glory. The unique D = 11,N = 1 supermultiplet is 
comprised of a graviton gyn, a gravitino Ym and 3-form gauge field Cmnp with 
44, 128 and 84 physical degrees of freedom, respectively. The theory may also be 
formulated in superspace [3, 4]. Ironically, however, these extra dimensions were 
not at first taken seriously but rather regarded merely as a useful device for deriv- 
ing supergravities in four dimensions. Indeed D = 4, N = 8 supergravity was first 
obtained by Cremmer and Julia [5] via the process of dimensional reduction, i.e. by 
requiring that all the fields of D = 11,N = 1 supergravity be independent of the 
extra seven coordinates. 

In the early 1920’s, in their attempts to unify Einstein’s gravity and Maxwell’s 
electromagnetism, Theodore Kaluza and Oskar Klein suggested that spacetime may 
have a hidden fifth dimension. This idea was quite successful: Einstein’s equations 
in five dimensions not only yield the right equations for gravity in four dimensions 
but Maxwell’s equations come for free. Conservation of electric charge is just con- 
servation of momentum in the fifth direction. By taking this fifth dimension to have 
the topology of a circle, moreover, the quantization of electric charge would then 
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2 Eleven-dimensional supergravity 


Dimension Minimal spinor Supersymmetry 


(D or d) (M or m) (N or n) 
11 32 1 
10 16 2,1 
9 16 2,1 
8 16 2,1 
7 16 2,1 
6 8 4,3,2,1 
5 8 4, 3,2,1 
4 4 8...1 
3 2 16,...,1 
2 1 32,...,1 


Table 1.1. Minimal spinor components and supersymmetries. Upper and lower case refer 
to spacetime and worldvolume quantities, respectively 


be automatic: the gauge group is U (1). To get the right value for the charge on the 
electron, however, the radius of the circle would have to be tiny, R ~ 10735 metres, 
which satisfactorily explains why we are unaware of its existence in our everyday 
lives!. For many years this Kaluza—Klein idea of taking extra dimensions seriously 
was largely forgotten, but the arrival of eleven-dimensional supergravity provided 
the missing impetus. The kind of four-dimensional world we end up with depends 
on how we compactify these extra dimensions: maybe seven of them would allow us 
to give a gravitational origin, à la Kaluza-Klein, to the strong and weak forces as 
well as the electromagnetic. In a very influential paper, Witten [15] drew attention 
to the fact that in such a scheme the four-dimensional gauge group is determined by 
the isometry group of the compact manifold K. Moreover, he proved (what to this 
day seems to be merely a gigantic coincidence) that seven is not only the maximum 
dimension of K permitted by supersymmetry but the minimum needed for the isom- 
etry group to coincide with the standard model gauge group SU(3) x SU(2) x U(1). 

Round about this time there was great interest in N-extended supergravities 
for which the global SO(N) is promoted to a gauge symmetry, in particular the 
maximal N = 8, SO(8) theory of De Wit and Nicolai [16]. In these theories the un- 
derlying symmetry is described by the D = 4 anti-de Sitter (AdS4) supersymmetry 
algebra, and the Lagrangian has a non-vanishing cosmological constant proportional 
to the square of the gauge coupling constant. This suggested that these theories 
might admit a Kaluza—Klein interpretation, and indeed this maximal theory was 
seen to correspond to the massless sector of D == 11 supergravity compactified on an 
S7 whose metric admits an SO(8) isometry [17]. An important ingredient in these 
developments that had been insufficiently emphasized in earlier work on Kaluza— 


1 A variation on the Kaluza—Klein theme is that our universe is a 3-brane embedded in a higher 
dimensional spacetime [6, 7]. This is particularly compelling in the context of the Type IIB 
threebrane [8] since the worldvolume fields necessarily include gauge fields [9]. Thus the strong, 
weak and electromagnetic forces might be confined to the worldvolume of the brane while gravity 
propagates in the bulk. It has recently been suggested that, in such schemes, the extra dimensions 
might be much larger than 107?5 metres [10, 11] and may even be a large as a millimetre [12-14]. 
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Klein theory was that the AdS, x S7 geometry was not fed in by hand but resulted 
from a spontaneous compactification, i.e. the vacuum state was obtained by finding 
a stable solution of the higher-dimensional field equations [18]. The mechanism 
of spontaneous compactification appropriate to the AdS4 x S7 solution of eleven- 
dimensional supergravity was provided by the Freund~Rubin mechanism [19] in 
which the 4-form field strength in spacetime Gyupo (u = 0,1, 2,3) is proportional 
to the alternating symbol €,,, [20]. 

By deforming this geometry while keeping the same S7 topology, one could 
find a new stable vacuum solution, the squashed seven-sphere with only N = 1 
supersymmetry and SO(5) x SU(2) gauge symmetry [21]. Moreover, this admit- 
ted the four-dimensional interpretation of a Higgs mechanism in which some of 
the scalars acquired non-vanishing vacuum expectation values [22]. More general 
solutions were also found for which the internal components of the 3-form Cmnp 
(m = 1,2,...7) are non-vanishing and correspond to the parallelizing torsion on S7 
[23]. These also admit a D = 4 Higgs interpretation. Of course, there was still 
the problem of the huge cosmological constant of AdS4 unless one could arrange to 
cancel it via fermion condensates [24]. A summary of this S’ and other X7” com- 
pactifications of D = 11 supergravity down to AdS4 may be found in [25, 26]. By 
applying a similar mechanism to the 7-form dual of this field strength one could also 
find compactifications on AdS7 x St [28] whose massless sector describes gauged 
maximal N = 4, SO(5) supergravity in D = 7 (29, 30]. Type IIB supergravity in 
D = 10, with its self-dual 5-form field strength, also admits a Freund—Rubin com- 
pactification on AdS; x Së [31-33] whose massless sector describes gauged maximal 
N = 8 supergravity in D = 5 [34, 35]. 


Compactification Supergroup  Bosonic subgroup 


AdS; x 87 OSp(4|8) SO(3, 2) x SO(8) 
AdS; x S® SU(2,2|4) SO(4, 2) x SO(6) 
AdS; x S4 OSp(6,2|4)  SO(6,2) x SO(5) 


Table 1.2. Compactifications and their symmetries. 


In the three cases given above, the symmetry of the vacuum is described by 
the supergroups OSp(4|8), SU(2, 2/4) and OSp(6, 2|4) for the S7, S5 and $4 com- 
pactifications respectively, as shown in table 1.2. As discussed in chapters 4 and 
6, these compactifications were later to prove crucial in the so-called AdS/CFT 
correspondence which relates supergravity theories in the bulk of AdS to conformal 
field theories on its boundary. 

That the four-dimensional manifold K3 plays a ubiquitous role in much of 
present day M theory is also discussed in chapters 4 and 6. It was first introduced 
as a compactifying manifold in 1983 [27] when it was realized that the number 
of unbroken supersymmetries surviving compactification in a Kaluza—Klein theory 
depends on the holonomy group of the extra dimensions [21]. By virtue of its 
SU(2) holonomy, K3 preserves precisely half of the supersymmetry. This means, in 
particular, that an N = 2 theory on K3 has the same number of supersymmetries as 
an N = 1 theory on Tĉ, a result which was subsequently to prove of vital importance 
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for string/string duality, as we shall see in chapter 4. K3 also provided another 
novel phenomenon in Kaluza—Klein theory; the appearance of massless particles 
as a consequence of the topology, as opposed to the geometry of the compactifying 
manifold, determined by Betti numbers and index theorems [27]. It was thus the 
forerunner of the very influential Calabi- Yau compactifications of ten-dimensional 
supergravity and string theory [36]. 


The Kaluza—Klein approach to D = 11 supergravity eventually fell out of 
favour for two reasons. First, as emphasized by Witten [37], it is impossible to 
derive by the conventional Kaluza—Klein technique of compactifying on a manifold 
a chiral theory in four spacetime dimensions starting from a non-chiral theory such 
as eleven-dimensional supergravity. (Ironically, as discussed in chapter 6, Horava 
and Witten were to solve this problem years later by compactifying on something 
that is not a manifold!). Secondly, in spite of its maximal supersymmetry and other 
intriguing features, eleven dimensional supergravity was, after all, still a field theory 
of gravity with all the attendant problems of non-renormalizability. (For a recent 
proof of this, see (43].) The solution to this problem also had to await the dawn of 
M-theory. 


Finally, we have included a paper by Hull [38] which displays a plane wave 
solution of D = 11 supergravity and one by Han and Koh [39] which displays a 
Kaluza~Klein monopole [40, 41, 42] solution of D = 11 supergravity- Both solu- 
tions are special because, in common with the the supermembrane of chapter 2 
and the superfivebrane of chapter 3, they preserve half of the supersymmetry. As 
discussed in chapter 5, the eleven-dimensional plane-wave, supermembrane, super- 
fivebrane and Kaluza-Klein monopole are the progenitors of the lower dimensional 
supersymmetric objects of M-theory. 
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We determine all manifest supersymmetries in more than 1 + 1 dimensions, including 
those with conformal or de Sitter space-time symmetry. For the supersymmetries in flat 
space we determine the structure of all representations and give formulae for an effective 
computation. In particular we show that at least for masses m2 = 0, 1, 2 the states of the 
spinning string form supersymmetry multiplets. 


1. Introduction 


All supersymmetries of the S-matrix in 3 + 1 dimensions are known [1]. How- 
ever, there are further interesting possibilities, e.g., supersymmetries in de Sitter 
space-time or in higher dimensions. Particularly important is the conjecture that a 
suitably restricted version of the Neveu-Schwarz-Ramond string yields a renormal- 
izable sypersymmetric Yang-Mills and gravity theory in 9 + 1 dimensions [2]. Such 
theories may be reduced to 3 + 1 dimensions by compactifying some directions [3]. 

In sect. 2 we shall classify all manifest supersymmetries in more than 1 + 1 
dimensions. For a flat space-time we determine the structure of the corresponding 
little groups in sect. 3. In sect. 4 we determine their representations and derive for- 
mulae to calculate them explicitly. In sect. 5 we consider as examples the theories 
which admit multiplets with spins at most 1. In particular we shall see that the 
lowest mass levels of the spinning string indeed can be regarded as supersymmetry 
representations, thus confirming the conjecture of ref. [2]. 

The notations are those of ref. [4]. In particular, the bracket 4, /’) will denote 
the anticommutator, if both J, /' are odd, and the commutator, if at least one of 
them is even. We shall always work with the supersymmetry algebra, not with groups. 


2. Classification of supersymmetries 
LetL =G @ Ube a finite dimensional supersymmetry algebra, where G, U 


denote the even and odd subspace respectively. We assume that the generators exhibii 
the usual relation between spin and statistics (in fact it is sufficient to assume that U 
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contains no Lorentz scalars). Furthermore, L must admit an adjoint operation +. 
This is true, if L commutes with some unitary S-matrix, but we shall also consider 
theories with massless particles, or in de Sitter space, where the usual S-matrix for- 
malism runs into difficulties. However, we restrict ourselves to manifest supersym- 
metries, acting on some Hilbert space of particle states. 

Taking the subspace of L generated by the elements which obey 


g =-g for gEG, 


u` =iu for uEU, (1) 


we obtain a real form of L. 
For the even part we write 


G=SeJ, (2) 


where S is the space-time symmetry, and J a compact internal symmetry of the 
form 


J=TeA, (3) 


with T semi-simple and A Abelian. 

Consider first the case where S is simple, i.e., a conformal or a de Sitter algebra. 
Let C(X) denote the centre of X. 

Proposition 2.1. 

L/C(L) is the direct sum of an internal symmetry J, of type (3) plus a supersym- 
metry which is simple up to a possible extension by an algebra of outer automor- 
phisms (of course J, may be zero). 

Proof: 


C(L) CG, as 


(uut) > 0 (4) 


for all non-zero u € U. Let V C U be invariant under (S, +), i.e., under S and the 
adjoint operation. Then (S (VV)) is an S-invariant subspace of S, thus either equal to 
S or zero. In the latter case, (VV *}) defines a positive-definite S-invariant Hermitian 
form on V, thus that part of S which is faithfully represented on V is contained in 
some compact unitary algebra. As S is simple and non-compact, (SV) has to vanish. 
But because of the spin-statistics relation, U contains no scalars. Thus for any V #0 
we have 


SV =S. (5) 


Therefore no ideal of L which contains an odd element can be soluble. Now let C be 
the maximal soluble ideal of L. Because of C C G one has 


(CU =0. (6) 
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In addition because of eqs. (2) and (3) 

CCA. (7) 
Thus 

C=C), (8) 


and L/C(L) is semi-simple. All semi-simple graded Lie algebras are described in 

ref. [5]. Because G is of type (2) with simple S, and U contains no scalars, L/C(L) 
has to be a direct sum. Its summands must be simple modulo extensions by outer 
automorphisms. Because of eq. (5) all odd elements of L/C(L) belong to that direct 
summand which contains S. Apart from the outer automorphisms the direct sum- 
mand which contains U can be written as 


U @ UU) 


and this supersymmetry algebra is simple modulo “central charges” as defined in 
ref. [1]. Here 


UU) =SeJ, (10) 


where J’ is a direct summand of J, thus again of type (3). 

All real simple graded Lie algebras have been classified [5,6]. Thus we just have 
to select the algebras which are compatible with our assumptions. We use the nota- 
tion (G, U as representation space of G). 


Proposition 2.2. 

The simple supersymmetry algebras are: 
(0(2, 1) o uM), (2,N)+(2,N)), N#2, (I) 
(0(2, 1) ® su(2), (2, 2) + (2, 2)), (i) 
(0(2, 1) @ o(), (2, NJ), N=1,2,..5 (iI) 
(0(2, 1) @ o(4), (2, 4))a , (la) 
(o(2, 1) ® o(3) ® su(N, H), (2, 2, 2)), N=1,2,.., (IIL) 
(0(2, 1) ® o(7), (2, 8), (IV) 
(0(2, 1) ® 82, (2, 7), (V) 
(0(3, 1), (2, 1) + (1, 2)), (VD 


(o(3, 2) @ o(), (4, NJ), N=1,2,.., (VID 
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(0(4, 1) @ u(1), 4 + 4), (VIL) 
(o(4, 2) @ uN), (4, M) + 4, ND), N#4, (VIII) 
(0(4, 2) ® su(4), (4, 4) + (4,4), (VII) 
(o(6, 1) © su(2), (8, 2)), (IX,) 
(0(5, 2) @ su(2), (8, 2)), (IX) 
(0(6, 2) @ su(N, H), (8, 2N)), N = 1,2, (X) 


The lie algebras are denoted by lower case latters, capitals are reserved for the 
groups. SU(N, H) is the group of unitary quaternionic N X N matrices; it is the com- 
pact real form of Sp(2N, C). In particular su(1, H) ~ su(2), su(2, H) ~ 0(5). In (Ila), 
a is a real constant which enters only into the structure constants for (UU). The 
algebras involving o(4, 2) have been classified in ref. [1]. 

Recently, Euclidean supersymmetries have been studied [7]. The algebras 
o(R + 1, 1) may be interpreted as conformal algebras of an R-dimensional Euclidean 
space. For compact de Sitter spaces we obtain the additional possibilities 


(o(3) © uN), (2, M) + (2, NY, N#2, a5 
(0(3) © su(2), (2, 2) + (2, 2)), (i) 
(0(5) @ u(1), 4 +4), (VII) 
(0(6) @ u(V),(4,N)+@,N)), N#4, (VHI) 
(o(6) ® su(4), (4, 4) + (4, 4)). (VIII) 


Note that most of the orthosymplectic algebras are unsuitable, as the sp(2N) are 
non-compact. Thus we had to use the isomorphisms [8] 


o(2, 1) ~ su(1, 1), o(4, 1) ~ su(1, 1, H), 
o(3) ~su(2), o(5) ~ su(2, H), 
o(2, 1) @ o(3) ~ s œ u(2, H), o(4, 2) ~ su(2, 2), 
o(3, 1) ~ sp(2, C), o(6) ~ su(4), 
o(3, 2) ~ sp(4), o(6, 2) ~ s a u(4, H). 


SaU(N, H) denotes the group of anti-unitary quaternionic N X N matrices. 
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The representations of S in U are always spinor representations. 

To find central charges, one has to look at the decomposition of the symmetric 
part of the tensor product of U with itself. For algebras involving a u(1), any G 
scalar can be absorbed into it. Most other algebras yield no G scalars, with the 
exception of (1, ), (11), (VIII, ) and (VIII, ). These algebras admit one central charge. 
In addition, only they admit outer automorphisms U(1), and (1, ) even SU(2). This 
extension of (I, ) by SU(2) can be obtained from (Ha) in the limit a = 0. In this 
latter case no central charge is allowed. 

The algebras for de Sitter spaces may be contracted to algebras of flat spaces. 
Here any direct summand of J may either be left unchanged or contracted to a vec- 
tor space of central charges. 

For supersymmetries where S is a conformal algebra we have a natural grading 
over the integers 


LeLMeLOY @ LO o LM @ LP, (11) 

COMO c L+) (12) 
defined by 

L™ = {1EL\d) =nl}, (13) 
with a suitably normalized dilation generator d. Here 

LED =P (14) 
is the subspace of translation generators, and 

LE) e L =y. (15) 

Let us now consider the supersymmetries with 
S = io(R, 1), (16) 


i.e., the Poincaré algebra in R + 1 dimensions. As we have seen, these supersym- 
metries cannot be simple. A typical example is the subalgebra 


LED o LOD) e LY (17) 
of (11), where 
LY?) o dilations = L© . (18) 


In fact, we shall show that such a grading by dimension can always be constructed. 
Provisionally we define recursively a filtration 


Pe@CL)=LOBM CIM c..cLQV=L (19) 


by 
LO) = (LE LKP) c L™-9} form>0. (20) 


li 
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The proof of ref. [9] that k is finite applies also to supersymmetries. Obviously 


EL c+ | (21) 
LOD* = pn) , (22) 
GCL. (23) 


Proposition 2.3. 
In (19), L = L©, 


Proof: Put 

YOsUALEHY | i=-1,1,.... (24) 
We have 

PUR) =0, (25) 
and therefore 

PUCDUDy =0. (26) 
Thus 

UVuCD cred. (27) 
From 

PPUM) = 0 (28) 


we obtain for any u € U®) 


(PuXPud) = (PKPu) u) 


= (PiPiuu))) C (PPG) = 0. (29) 
For u € UČ) with u* = u this means 
Puy =0. (30) 
But these elements span U). Thus 
YVeUYDey., (31) 
Proposition 2.4. 


U consists of spinor representations of o(R, 1). 

Proof: Consider a Cartan subalgebra of the Lorentz algebra spanned by the Her- 
mitian generators Mg;, M23, .... Decompose U into eigenspaces of this Cartan 
algebra. For any element u of one of these spaces 


(Moi zis, W= a(u)u. (32) 


Because of the compactness properties of o(R, 1), ag(u) must be purely imaginary, 
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and all the other a;(u) real. This yields 


(Ma i.2i+1 UU Y = 2a9(u) 59; Wu"). (33) 
But there is no element with this property in G, unless 
aou) = +4 or O. (34) 


This must be true for all eigenspaces of the Cartan algebra. As scalars have been 
excluded, U must consist of spinors. 

From (4) and eq. (33) one obtains that the coefficient of P? in (uv*) defines a 
positive-definite o(R) ® J invariant Hermitian form on U. We write 


(uv*) = (uv) P? +... (35) 


From the existence of this form it follows that even the representation of A in U is 
completely reducible. 


Proposition 2.5. 
For R > 2 the filtration (19) can be refined to a grading 
L=L o LCV LO, (36) 
where 
LOD =P e CL), (37) 
LOD =U, (38) 
LO =0(R, 1) eTe Ag, (39) 
with 
A, ® C(L)=A. (40) 


Proof: Because of (4), C(L) contains only even elements. Taking into account 
eqs. (25), (27) and (31), we only have to prove that (UU) NJ lies in C(L). Put 


M=U (UÙ, (41) 


M, =M (LOÐNU =V © WV). (42) 


We have to prove that M, contains only odd elements. Let W @ B be an Abelian ideal 
of M, with B even, W odd. As the representation of B in V is completely reducible, 


(BV) = BBV} C(BW)=0. (43) 
Thus 
BCWVYNCM,)=0, (44) 


(VW) CB=0. (45) 
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This yields 
WeB=WCCM,)CV. (46) 


Moreover, C(M,) is even a direct summand of M,, as the complete reducibility of the 
representation of (VV) in V yields 


(VIVO CM.) C KVV) CM.) = 0. (47) 
Thus 
M: =M; ® CM.) (48) 


with semi-simple or vanishing M,. 

But M, admits o(R, 1) as outer automorphism. Thus for R > 2 it has to vanish. 

For R = 2, M, has to be a direct sum whose summands are all of the form (i ), ie., 
(su(2) ® su(2), (2, 2) + (2, 2)). This algebra has the outer automorphism algebra 
o(2, 1). As M; admits no further outer automorphisms, all direct summands of J 
which act non-trivially on M, are contained in (UU). Furthermore, M, admits no cen- 
tral charges. Thus (U @ P @ J)/P is a direct sum of an algebra isomorphic to M, and 
one of type (36). This yields all L with S = io(2, 1). 

In the simplest case, where M, is just (1), Z can be obtained from (Ia) in the 
limit a = —1. In this limit, o(2, 1) may become the outer automorphism, or it may 
be scaled down to a three-dimensional centre. If one does both, the centre trans- 
forms as the adjoint, i.e., the vector representation of the outer automorphism 
o(2, 1). This doubling of o(2, 1) thus yields the Poincaré algebra io(2,1). 

The supersymmetry algebra just described apparently has not been discussed 
before. 

For R = 1, no new possibilities for M, appear, as (I4) is the only real form of a 
simple graded Lie algebra which admits o(1, 1) as outer automorphism. For example, 
(su(N) @ su(N), (N, N) + (N, NY) with N > 2 has the outer automorphism algebra 
o(2), which prevents the introduction of momenta. 

However, the extension of (I) by o(1, 1) admits now one central charge which 
may be obtained from one momentum component in 2 + 1 dimensions by reduc- 
tion to 1 + 1 dimensions. 


3. Little groups 


We shall only determine the representations of the supersymmetries graded 
according to eqs. (36)—-(39). For the conformal supersymmetries this means that we 
represent only a subalgebra. For the de Sitter case we are anyhow only interested 
in representations which have a limit for the contraction to flat space-time. 

The representations can be induced in the usual way from the representations of 
the little group. Thus we fix some subspace H of the Hilbert space on which P is 
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constant and which is irreducible with respect to 


L'=G'eU, (49) 
where 

G=SeJ (50) 
and 

S’ = a(R) for the massive case , 

S' = io(R — 1) for the massive case . (51) 


In the latter case the “‘Galilei-transformations” of io(R — 1) have to be represented 
by zero, as otherwise the representations become infinite dimensional. Thus S’ can 
be restricted to o(R — 1). 

On H, A is represented by constants. Thus Ul y (U restricted to H) yields a Clif- 
ford algebra with bilinear form (UY)|,,. This bilinear form is not necessarily positive 
definite, though by (4) it is non-negative definite. 


Proposition 3.1. 
U can be decomposed into (G’, +) invariant subspaces 
U=U° eV’, (52) 
such that 
UW} =0 (53) 


and (U'U’)ly is positive-definite. 
Proof: We may choose H such that p? = p? in the massless case and p = (m, 0) for 
massive particles. Write 


U=U,0U_, (54) 
where 

Moru) = thu foru E€ UŁ. (55) 
Eq. (33) yields 

utu =(P +P) = foruE Us, (56) 
with c > 0 for any non-trivial u. In the massless case we obtain 

U=U_, 

U'=U,. (57) 


In the massive case we use the positive-definite Hermitian form on U defined by 
eq. (35). Note that eq. (33) yields 


(U,U_)=0. (58) 
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In general, let U? be the subspace of U which annihilates H and take its orthogonal 
complement U’ with respect to this form. As the form is (G’, +) invariant, this is 
also true for the decomposition. 

Note that in the massless case all central charges have to vanish, as 


C(L) C UUA = 0. (59) 
In the massive case without central charges one obtains 
(UUJ = 0, (60) 


such that (UU), is positive definite and U? vanishes. Even with central charges 
according to eq. (56) 


dim U' > dim U, = } dim U. (61) 


However, there may be linear relations between U, ly and Uly 


Proposition 3.2. 

C(L)\y forms a compact, convex set. At its boundary and only at its boundary 
Uo #0. 

Proof: Choose a basis u* of Uly, c! of C(L)|y. We have 


Ajut, (i UFJ) = mag (An) + clair’) , (62) 


where the ag, a; are Hermitian forms. We have seen that dg has to be positive- 
definite. In contrast, no linear combination of the a; can be positive- or negative- 
definite, as the non-compact algebra G has no invariant finite-dimensional positive- 
definite Hermitian forms. 

The allowed values for C(L)|y are those for which 


P(A) = mag(Ad) + c'a) > 0 for all À. (63) 
U? is non-vanishing, if in addition 

P(A) = 0 (64) 
for some non-zero A. We may restrict A to the compact space 

A= (LAP = 1}. (65) 
Then 

min (P(X)/a9(AX)) 


is a continuous function of the c!, Along any ray in C(L)|y from zero to infinity it is 
a linear function which will take at first positive, then negative values, with one zero 
in between. The convexity follows from 


min ((c! + dÍ) a,(Ad)) > min (ca,{Ad)) + min (d'aQAd)) . (66) 
A A A 
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An important special case arises, if S = io(R, 1) is reduced to io(R’, 1) with 
R' <R. Here the superfluous momentum components become central charges, and 
the boundary of C(L)iy corresponds to zero mass in R + | dimensions. 

Now we shall show that as far as the representations of L’ are concerned, the 
central charges enter only via the determination of U°. 

Proposition 3.3. 

Let the representation U'|,, of (G’, +) be given. Then (U’U’)|,; is fixed up to an 
isomorphism. 

Proof: Let 


U=UY) e@uMe .., (67) 


be the decomposition of U’ into inequivalent representations of (G’, +). As (U' Uly 
contains only G’ scalars, 


UM UM) = 0 form #n. (68) 


Let u; be a basis of some U(™, where (G’, +) acts irreducibly on the first index, 
whereas į counts the multiplicity of the representation. We may write 


(ailh? = KabXij » (69) 


where K is the uniquely defined positive-definite Hermitian invariant form of the 
corresponding representation of (G', +). K @ X has to be positive-definite Hermitian, 
thus also X. In particular, we may choose a basis such that 


Kab = Sab » Xij = 84; - (70) 


Now let us classify the supersymmetries with regard to the representations. As 
we have seen, this requires the classification of all possible U’. 

Proposition 3.4. 

Let G' = S' @ J be an algebra of type (3), (51) and U’ a spinorial representation of 
(G’, +). Then one can always find a supersymmetry L which yields G’ @ U' as algebra 
of the little group, both in the massless and in the massive case. 

Proof: It is sufficient to consider an irreducible U’, otherwise one just takes a 
direct sum with components orthogonal under the Lie bracket. For any irreducible 
spinorial representation of some (G, +) with G =S @ J one can define a supersym- 
metry by 


(Q% Op) = (Yag P” Xy - (71) 


Here S acts on the first and J on the second index of Q. X ij is the positive-definite 
Hermitian form on the representation of J. 
Let 
S =o), (72) 


wherer = R for the massive and r = R — 1 for the massless case. Take 


G=io(r +1, 1) eJ (73) 
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and choose a U which transforms under J according to the given representation. 
Furthermore let its transformation properties under o(r + 1, 1) be given by the em- 
bedding of the representation of o(r) into the spinorial representation of o(r + 1, 1) 
of twice its dimension. As the real, quaternionic, or non-self-conjugated nature of 
the spinorial representations of o(7 + n, n) is independent of n [8], the representation 
of (G', +) is embedded into a representation of (G, +) of twice its dimension. Now 
consider the corresponding algebra (71). For an H with p? = p’*? it yields the 
wanted algebra of the little group. In the massless case, we have finished. In the 
massive case we just have to take the subalgebra io(R, 1) of io(R + 1, 1), and to 
interpret p®*! as central charge. 


4. Representations 


In this section we always take the restriction to H, without noting it explicitly. 

It remains to determine the representations of (L’, +). As the undecomposable 
representations of Clifford algebras with non-degenerate bilinear form are fixed up 
to isomorphisms, this problem is completely solved by 

Proposition 4.1. 

The universal associative enveloping algebra U(L’) of L’ decomposes as 


U(L') = UG’) @ UU’), (74) 


where U(G’) is isomorphic to U(G’). 
Proof: Take a basis g' of G', Qx of U’, such that 


Qu Qf) = ag» (75) 

(Qa? = Ogha - (76) 
Let 

(QaQy) = Tay = Tya - (77) 
Then 

Qa = TagO - (78) 
The Jacobi identity yields 

Tay Sha + Toppy =O , (79) 

(g! — 40504405, Qa = 0 for all æ, i. (80) 
Thus we obtain a set of elements 

g’ =g’ — 30,05,0) (81) 


of U(L’) which commute with all elements of U(U’) and form a Lie algebra iso- 
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morphic to G’. The enveloping algebra U(G’) of this Lie algebra fulfils eq. (74). 

Thus all representations of L’ are products of a representation of G’ with the 
irreducible representation F of U’. Taking the trivial representation of U(G’) we 
obtain the fundamental representation 1 @ F of L’, for which the generators g’ are 
represented according to 


= 10600} . (82) 
Its dimension is 
dim F = 241m 7/2 | (83) 
Proposition 4. 2. 


The representations of L’ contain the same number of fermion as of boson states. 
Proof: Let f be the fermion number. Because of 


-0 =-a(-* Qeu', (84) 
one has 
Tr((—) 0g) = 0 fro, Q'EU. (85) 


The number (QQ’) is in general not zero. 

To tackle the calculation of the representations it is convenient to use characters, 
i.e., the traces of elements of the group generated by the g. We may restrict our- 
selves to a maximal Abelian subgroup, because this determines already all the weights. 
Let A be any representation of U/(G’). It corresponds, via the isomorphism to U(G’), 
to a representation A of G' and vice versa. Thus we obtain 


xa @ rlexp(tig')) = xa @ FEXR’) exp 50090808) 
= xa (expt D) xrG 0.04808) 
= xa (exp(Sis')) Xi @ e(exp(tis’)) - (86) 


Furthermore let us use eq. (67). Let UC contain Cm irreducible representations of 
type m, which by themselves yield fundamental representations 1 @ Fm. Then 


x1 @ F(8)= I X1 @ m (8) . (87) 


Thus we can restrict ourselves to irreducible U’. We can even reduce the calculation 
of Xı @ Fm, using the same formula, to the corresponding one for irreducible repre- 
sentations of a maximum Abelian subgroup of G’. 

Now take an r-dimensional Abelian group with generators g’, ... , g” and a 2” 
dimensional real representation U’ for which no g is represented trivially. We may 
assume that the eigenvalues of all g are thi. For convenience we define 


Xett > =X o Mexpltig')) . (88) 
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A change of base from g!, g? to 4(g! + g*) yields the recursion relation 


XG 1.625535) = Xr- Sr t Sa, $35) Xr 1 G1 — $25 $35) (89) 


xı can easily be calculated directly. We take a base Q, of U’, where Q_ is the 
adjoint of Q+. The o of eq. (76) has the form 


1 0 
ot =}; . 90 
? lo-1 (0 
Thus 
g' =4(Q+0- - 0-0). (91) 
Then Q., may be represented by the Pauli matrices Xox +io,). Thus 
x1 (5) = 2 cos 3$. (92) 
Eq. (89) then yields 
X2(S1, $2) = 2 cos ġġ; + 2 cos Zh , (93) 
3 
xa (tis $25 $3)= 242 È cos gi + 24 expt t tat f3))). (94) 
i= t 


Eq. (92) yields in general 


X1 @ F(explitM,2)) = (2 cos 4H)#m "7? (95) 


Eq. (93) shows that the state of 1 & F which yields the highest eigenvalue of M2 
has zero eigenvalue for all generators commuting with M, >. Thus for any g EJ 


xı @ F(expli 2 tiMai-1,21 +2) = 2 2(cos $t; dim U’) + .... (96) 


One sees that for dim U’ = 0 (mod 8), the fundamental representation contains a 
totally symmetric 5d tensor. For dim U’ = 4, one has a spinor, more generally for 
dim U' = 4 (mod 8) some spinor-tensor. For dim U' = 2 (mod 4), which may happen 
for massless particles in 3 + 1 dimensions, x4 = 1 is obviously impossible. 
xa (exp(itM2)) has to be a sum of terms of the form 2 cos(4(2n + 1)$). 

For o(10, 1), the spin representation has dimension 32, such that for massless 
particles dim U’ is at least 16. Thus any representation in more than 9 + 1 dimen- 
sions contains at least a symmetric tensor field. For o(11, 1), no Majorana-Weyl- 
spinor exists [8], thus dim U” is at least 32 and higher spins have to occur. Con- 
sequently, supergravity theories are impossible in more than 10 + 1 dimensions, 
supersymmetric Yang-Mills theories in more than 9 + 1 dimensions. 

Note that the minimal value of dim U’ grows exponentially with the dimension. 
According to eq. (83), dim F grows like an iterated exponential. 
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At first we shall list the fundamental representations of the supersymmetries 
which allow multiplets with highest spin one. This requires dim U’ < 8. 

(A) S’ = o(2). 

For J = 0 we obtain the character of eq. (92). With 


xa (exp(i{M,2)) = 2 cos(h(2n + 1)5), n=0,1,.., (97) 
we obtain 
XA @ p(exp({M2)) = 2 cos + 1) ¥) + 2 cos(Gng) . (98) 


These are the well-known massless multiplets of the standard supersymmetry in 3 + 1 
dimensions. 

For J = su(2) and isospin 5 we may embed the representation U’ into the corre- 
sponding one for S’ = o(3) without changing dim U’. Therefore we need not treat 
this case separately. From now on we omit most representations for which such an 
embedding is possible. _ 

For J = su(3) and representation 3 + 3 a slightly more complicated embedding 
into the vector representation of o(6) is possible. As fundamental multiplets, one ob- 
tains su(3) singlets for “spin” +3 and triplet, antitriplet for “spin” +1 respectively. 
Multiplying by the x4 of eq. (97) with n = 0 one obtains singlets with spins +1, +h, 
triplet, antitriplet for spin +} respectively, and both triplet and antitriplet for spin 0. 
Multiplying by the octet of su(3) one obtains the particles of a possible supersym- 
metric Yang-Mills theory. 

However, here a general difficulty of those theories becomes apparent. In eq. (96) 
we have seen that for the fundamental representation the particles with highest spin 
are J singlets. Thus either one has to except multiplets with spin larger than one, or 
one has to multiply by the adjoint representation of some gauge group. But this 
procedure yields unreasonably high representations of the gauge group for the 
fermions. If one takes supercharges which commute with the gauge group, one obtains 
only adjoint representations of this group, otherwise higher representations have to 
occur. But, of course, one has to keep in mind that our investigation concerns only 
manifest symmetries. 

For J = su(4) and representation 4 + 4 compare the case S’ = 0(6), J = 0(2), 
which may be embedded into the case G’ = 0(8) discussed below. The fundamental 
representation has a singlet for spin +1, quartet, antiquartet for spin +} respectively, 
and an antisymmetric tensor for spin zero. Note that the simplest multiplet for 
J =su(3) discussed above admits the larger symmetry J = su(4). 

(B) S' = 0(3) 

Even for J = 0 the invariance under the adjoint operation requires that U’ con- 
tains an even number of spinors. As smallest multiplet one obtains 


X1 @ rÈ) = x1 ($)? =2 cosit +2. (99) 


21 


22 Eleven-dimensional supergravity 


Taking the spinor representation for A one obtains in A @ F a vector, a scalar and 
two Majorana spinors. These multiplets are well known [10]. 

Here an embedding into the (2,2) representation of o(3) © o(3) is possible. The 
character of the fundamental representation has already been given in eq. (93). 

If one chooses the isospin-3 representation of J = su(2), the representation of 
the maximum Abelian subgroup in U’ is reducible. One obtains 


Xi @ F1, $2) = X21 $2) X2 ($1 3h2), (100) 


i.e., (3, 1)+ (1, 5) + (2, 4). 

0(4) = 0(3) @ 0(3) need not be considered separately, as for its spinors one 0(3) 
is represented trivially. 

From S’ = 0(5) on, representations with dim U’ < 8 no longer occur and those with 
dim U’ = 8 can be embedded into a Majorana-Wey] spinor of 0(8). This representa- 
tion occurs for the massless particles of the supersymmetric spinning string. Let us 
consider this system in detail. 

For all supersymmetries in more than 5 + 1 dimensions, dim U is at least 16. All 
supersymmetries with R > 5, dim U = 16 can be considered as subsymmetries of the 
supersymmetry L = G @ U with G = io(9, 1), U = Majorana-Wey! spinor. Central 
charges can be interpreted as components of the momentum in 9 + 1 dimensions. 
There are at most 9 —R of them. The maximal internal symmetry for S = io(R, 1) is 
just o(9 — R). This can easily be checked case by case. 

For the massless multiplet in 9 + 1 dimensions, the fundamental representation is 
essentially determined by dim F = 16 and proposition 4.2. Alternatively it can be 
read of from eq. (94). According to the chirality of U one finds 

4 4 
ei tatata) =Z expli D bedi) + 2s 2 cos fr, (101) 
i= = 


where all e;€ {1, —1} and the sum goes over all quadruples (€; , €2, €3, €4) with 
II €;=+1 for x+ respectively . (102) 
i 


The r.h.s. of eq. (101) represents a Majorana-Wey] spinor plus a vector. These are just 
the m = 0 states of the spinning string of ref. [2]. The supersymmetry admits no cen- 
tral charges. Thus according to eq. (60), one finds, for the fundamental representation 
of the massive case, 


Xalis S25 635 Sq) = X41, $2583, $4) xO 15 $2583, $4) : (103) 


As can easily be read off from the helicity partition function [11] this yields 
exactly the multiplet which occurs at the m? = 1 level of the Neveu-Schwarz-Ramond 
string as considered in ref. [2]. For m? = 2 one finds the V @ F representation, 
where V is the o(9) vector with 


4 
xvt $9, $3 $4) = 2 2 cos¢;+ 1. (104) 
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This is a strong confirmation for the conjecture that this model is supersymmetric. 

For the closed string the representations considered in ref. [2] are just the tensor 
product of the open-string representations with the corresponding representation of 
the boson sector alone. Thus for a supersymmetric open string, the closed string has 
to be supersymmetric too. This yields one possible supergravity theory in 9 + 1 
dimensions, which by reduction yields the o(4) supergravity [12] plus an additional 
sector considered below. The representation is given by 


4 
Kita tata) Xe Casta ts ba) 2 2 cos ¢; . (105) 


To restrict the representations of io(9, 1) to those of io(3, 1) + su(4) one just has 
to interpret M45, M67 and Mgg in the character formulae as generators of SU(4). For 
the fundamental massless representation, eq. (101) yields a su(4) singlet with spin 
+1, a su(4) quartet, antiquartet with spin +} respectively, and a su(4) sextet with 
spin 0. 

Multiplication with 2 cos £, yields the o(4) supergravity. The remaining part of the 
character of the o(8) vector in eq. (105) yields a vector of o(6) ~ su(4). This is the 
adjoint representation of o(4) C su(4). Thus one obtains the multiplet of the o(4) 
Yang-Mills theory. 

Supergravity theories are possible in at most 10 + 1 dimensions, as we have seen. 
For G = io(10, 1), U = Majorana spinor, one obtains the fundamental representation 
(103). 

lf seven dimensions are compactified, one finds G = io(3, 1) @ o(7), while U 
transforms as Majorana spinor both under io(3, 1) and o(7}. Now, one can enlarge 
0(7) to o(8) without changing the representation space U. As the Majorana-Weyl 
spinor and the vector representations of o(8) are connected by outer automorphisms 
of 0(8), the embedding of 0(7) into 0(8) may be done in such a way that U trans- 
forms as a vector under o(8). Thus one should obtain the o(8) supergravity by 
dimensional reduction, if the supergravity in 10 + 1 dimensions can be constructed. 

In 9 + 1 dimensions, there is one further supergravity, which arises, if one takes 
all tensor products of the open string with itself including the fermion-fermion sec- 
tor. This yields an internal symmetry J = 0(2). Taking into account only the space- 
time symmetry, one obtains for the fundamental representation 


Kio $2553, $4) = Xi $9583, $4)? - (106) 


Scherk has discovered that dimensional reduction of this theory probably yields 
the o(8) supergravity [13]. Indeed, as far as the little group G’ = 0(8) @ 0(2) is con- 
cerned, an exchange of S’ = 0(8) and J = 0(2) would yield the representations of this 
supergravity. This exchange may arise automatically by dimensional reduction of G’ 
to 0(2) ® 0(6) @ 0(2). Now, the o(6) counts as part of the internal symmetry 
J = 0(6) @ o(2). As discussed for o(7) above, the representation of J in U admits an 
extension to the vector representation of o(8). 

Thus in 9 + 1 dimensions three supergravity theories may exist, with multiplets 
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given by the eqs. (105), (103) and (106), respectively. Dimensional reduction of the 
first should yield the o(4) supergravity, whereas from the other two one might ob- 
tain the o(8) supergravity. 


I wish to thank D. Olive, B. Zumino and J. Scherk for stimulating discussions. 
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We present the action and transformation laws of supergravity in 11 dimensions which is expected to be closely related 
to the O(8) theory in 4 dimensions after dimensional reduction. 


Extended O(N} (V= 1, ...8) supergravity theories 
[1—5] are notoriously difficult to construct beyond 
N= 3. The difficulty lies partly in the large number 
of fields involved (for N =8, which is the largest theory 
that can be constructed in this frame-work, one has 
l graviton, 8 spin 3/2 gravitinos, 28 vectors, 56 spinors, 
35 scalar and 35 pseudoscalar particles) but mostly in 
the fact that the spin O fields appear in a non-polyno- 
mial way, thus forbidding a step-by-step construction 
of the action and transformation laws. So far, only the 
N= 4 theory has been constructed in a closed form 
[3], the simplest form of it exhibiting a manifest SU(4) 
invariance [5], while the N= 8 theory [4] has been 
constructed only to order K?. Further, geometrical 
methods [6] do not seem readily applicable to these 
theories beyond N= 2, due to the presence of fields 
not bearing a vector index, which makes their interpre- 
tation as gauge fields difficult. 

On the other hand, an elegant method has been 
found to be very useful to circumvent the similar 
problem of constructing in a simple way the O(N} 

(N= 1, ...4) supersymmetric Yang-Mills theories in 

4 dimensions. One first establishes the existence of 

a supersymmetric Yang-Mills theory in 10 dimensions 
[7], which was suggested by the study of the dual 
spinor model. Then one reduces the theory to four 
dimensions by assuming all fields to be independent 
of the extra 6 spacial coordinates. In this way, the 


1 Laboratoire Propre du C.N.R.S., associé à P Ecole Normale 
Supérieure et à l’Université de Paris-Sud. Postal address: 
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N= 4 theory, which has a vanishing 6-function at the 
first two non-trivial orders [8] was found, and also a 
systematic search of all supersymmetric Yang—Mills in 
less than 10 dimensions was conducted [9]. 

As shown by Nahm [10], D = 10 is the highest num- 
ber of dimensions in which supersymmetry representa- 
tions with J < 1 can exist, while supergravity theories 
(J< 2) can exist up to D= 11. The interest in construct- 
ing the 11 dimensional theory lies in the fact that its 
reduction to four dimensions is automatically guaran- 
teed to yield an O(7) invariant supergravity theory 
which has exactly the same field content as the O(8) 
theory, both theories being presumably equivalent 
just as the O(4) and SU(4) supergravity theories have 
been shown to be. . 

The field content of the D= 11 theory is remarkably 
simple. It consists of the vierbein V4, a Majorana spin 
3/2 y,,, and of a completely antisymmetric gauge ten- 
sor with 3 indices A „„p. To arrive at this set of fields 
a simple argument is to count the number of physical 
states. In D = 11, the Dirac matrices are 32 X 32 and 
a Majorana spin 3/2 field y,, represents 1/2 -32(D—3) 
= 128 degrees of freedom. The vierbein field represents 
{(D-1)(D — 2)}/2 — 1 = 44 degrees of freedom. The 
mismatch is 84 = (3), which is just the number of com- 
ponents of a transverse, antisymmetric gauge field with 
3 indices in 11 dimensions. Transversality amounts to 
requiring that beside coordinate invariance, local Lorentz 
invariance and local supersymmetry, the action is also 
invariant under the Abelian gauge transformation: 


ôA avp” duvo t OS pu + dp Suv ’ 
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where Cis == Sup. 

This gauge invariance, together with the requirement 
of absence of terms with more than two derivatives, 
implies that the action is polynomial in the A,,,,, field. 
This is a considerable simplification compared to the 
non-polynomial reduced forms. 

Another way to arrive at this simplest set of fields 
is to start from the spinor dual model of closed strings. 
This model is obtained by doubling the Neveu-Schwarz 
(Bose states, NS)—Ramond (Fermi states, R) model 
[11] and a priori contains four possible sectors: 

NS 8 NS, NS 8R, R @NS and Re R. In ref. [7] it was 
shown that the first sector, at zero mass, contains a 
graviton Va an antisymmetric tensor A py and a scalar 
¢, while the second sector contains Majorana—Weyl 
spin 3/2 y,, and spin 1/2 x fields forming an irreducible 
representation of D = 10 supergravity, and the two 
other sectors were neglected. However, if we include 
them we get in addition a new spin 3/2 Vu and a spin 
1/2 x field of opposite helicities and a bispinor field 
representing 64 degrees of freedom, equivalent to an 
antisymmetric gauge field with 3 indices A uwa (56 
degrees of freedom) and a gauge vector field A p 

(8 degrees of freedom). This set of fields forms an 
irreducible representation of extended supergravity in 
D = 10 dimensions, a point which was also realized by 
Schwarz [12]. It is easy to see how this set of fields 
arises from reducing the D = 11 theory to D = 10. The 
vá decomposes into Vie Ap Ê fields (taking into ac- 
count the fact that only the hiss part propagates). 
The Aynp decomposes into A ppp» App- Finally the 
Majorana Wy field decomposes into the Majorana--Weyl 
fields Y, Vy x xX 

It is also interesting to show that reducing the theory 
down to 4 dimensions we obtain the same counting of 
fields as in the O(8) theory. The Majorana yy field 
decomposes into 8 spin 3/2 fields vi (i=1, ...8), and 
56 spin 1/2 fields y; (i = 1, ...8; a = 1, T). The graviton 
field decomposes into 1 graviton Euv 7 vectors „a and 
28 scalars (g,, = 8,,)- The antisymmetric tensor decom- 
poses into an A „pp field equivalent, in 4 dimensions, to 
an auxiliary scalar field carrying no degrees of freedom, 
7 antisymmetric A „pa gauge fields equivalent in 4 dimen- 
sions to 7 scalar fields ¢,, 21 vector fields A uab» and 
35 pseudoscalar fields A,,,,. The total content of fields 
is thus the same as in the O(8) theory, although dimen- 
sional reduction will only make an O(7) invariance 
manifest. 


Eleven-dimensional supergravity 


Let us now present the action and transformation 
laws of the D = 11 supergravity theory. Our metric is 
(+ — ... —); Greek indices are world indices while 
Latin indices refer to the tangent space. The I matrices 
are in the Majorana representations and form a purely 
imaginary, representation of the Clifford algebra in 11 
dimensions. [1--2N represents the product of NT 
matrices completely antisymmetrized, i.e. for unequal 
indices 
pa AN = par, DAIN, 

The lagrangian we find is the following: 


Be Uo) 


2 48 Hep0 


+i AVG, PHrabys y +12 PoP yb) (F, agys t Ê gye) 


2K 1020324 B1 Bafa ba nvo Fr 
(144)2 

The quartic terms in this Lagrangian are absorbed in the 
supercovariant fields (i.e. fields which under supersym- 
metry transform without derivatives of €) & and F 
which will be defined below. 

F avpo 38 the field strength associated with the gauge 


field A yy 
F =40/,4 


vpo 


t 011.012.0304 F 5, 6263844 uvp 


vpo) > 

where the brackets represent the antisymmetrized sum 
over all permutations, divided by their number. The 
covariant derivative of y, is given by: 


Dw) y= Wut Op ËY > 


and the convention for R is the same as in ref. [13]. 
The Lorentz connection coefficients wap are given 
by: 


Oyab= nab V) + K pab 3 


where the contorsion tensor is 
K pab = GK?/4){- Vol pab Wp 
+2000, ¥.— YC aWo t WP aa). 


The torsion tensor is given by: 
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Cis Ko Ku 

= (iK?/2) [WP u Wg — 2,17, ] - 
The transformation laws are given by: 
6V4=-iKEry, , 


1 k 
ôy, =D Be + 74g CP”, 


al, 
— 875 5% ek. apye KP ue» 
=3% 
5A uv = 2 EP typ] , 
Fopag Fira” 3K Pilvo Vol - 
In order to obtain wab from its equation of motion 


pap Should be put equal to: 

yap = pap t GK? /4) Vol pab We - 

As one can easily verify, Ovab is a supercovariant ten- 
sor. 

To obtain this action and transformation laws, we 
have proceeded in the following deductive fashion: 
Firstly, in the 1.5 order formalism and taking the linear 
part in ôV and 5y,,,, the terms of the form €y in ôS, 
the variation of the action vanishes as for D = 4 super- 
gravity. Then, as we have a kinetic term for A pp 
(whose scale has been fixed by the conventional factor 
1/48), to cancel the €wF?, we need a PXWF coupling 
and a ZEF term in 6y, where X and Z are unknown 
tensors made of I matrices. 

To determine these terms, it is shortest to use the 
requirement that the equations of motion of Y, must 
be supercovariant. That is defining Ô, by 6, = 
(1/K D, € and the supercovariant field strength by 
Yop =D, ae - p Yv» the fermion field equation should 
read: 


rwb, p, =0. 


Looking at the terms of the form ZF in this equation 
and comparing them with what is obtained from the 
WXwWF terms in the action fixes the form of the X and 
Z tensors and relate their coefficients. 

Then we consider the terms of the form € pF’ 2 in 
the variation of the action. They all indeed disappear 
if the coefficient of Z is fixed properly, except for one 
term involving a product of 9T matrices which can be 


cancelled by adding to S the gauge invariant expression: 


a fax ai T F vpo Aijk > 


and only if we have: 8A pvp = DET iwo] 

This fixes the product ab. Then k fooling at the terms 
of the type dF and € dF in the variation, we deter- 
mine b so that all terms are fixed, up to trilinear terms 
in 5y and up to quartic terms in the fermion fields in 
the Lagrangian. 

In order to fix these, we require that y, p be indeed 
supercovariant. This imposes that we replace F by F in 
ôy, but also w by & since w is not supercovariant. Now 


‘the transformation laws are fully fixed and a crucial test 


transformation laws are fully fixed and a crucial test 
is to see whether the supersymmetry algebra closes at 
least on the Bose fields. This is indeed the case, con- 
firming the need to replace F and w by their superco- 
variant versions and the correctness of the transforma- 
tion laws. 

Finally the quartic terms in the action are fixed so as 
to reproduce the supercovariant fermion field equation. 
The fact that this is possible is a test of consistency and 
requires the following identity derived by a Pauli—Fierz 
transformation: 


THO Y Val gy aR gy A V 
— APMP alg + TV Val i 
—2ghlapsurly, Y Tg gh Wagh lorem 
+ 2glopoml p Tey, =0. 


As usual the supersymmetry algebra closes on shell. 
Explicitly we find: 


(52,5) ] Vg = 3 P Vi + gd Va 
= ike Tey, +22, v,? 
where 
b=-i€)’e,, = —-Ketyp,, 
and 
24, = (K/72) €, (PP 
-24 V,a VBD Je, F aps tPS, 


159, 1 JA pvp = 3O (uk) ovp) t Edo Auvo 
+ FET iwo] + Djup] ° 


where 
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App = B/2K)E\Tp€2 — 387A guy » 
lêz, ôl 0, = 0,80, + 28,0, 
+ (1K) Dye’ + 5 u b+ R, 


where R „İS proportional to the fermion equation of 
motion. 

To check the full invariance of the action, we have 
successively verified the vanishing of terms of type: 
ew3(F+ F/2) and e2D(&) yp to minimize the number 
of terms of the type ey> which have been finally shown 
analytically to cancel. 

In conclusion, two things remain to be done with 
our theory. First, we are studying the reduction to four 
dimensions and the connection with the O(8) theory 
and also the reduction to 10 dimensions to get the 
zero slope limit of the closed string dual model of ref. 
[7]. The second is to find geometrical interpretations 
analogous to the one obtained for D = 4 in the case of 
O(1) and O(2) supergravity theories. The natural can- 
didate for the graded Lie algebra is OSp (32, 1) which 
contains an internal O(8) subalgebra. Works along these 
lines are presently in progress. 
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An attempt is made to construct a realistic model of particle physics based on eleven- 
dimensional supergravity with seven dimensions compactified. It is possible to obtain an SU(3) x 
SU(2) x U(1) gauge group, but the proper fermion quantum numbers are difficult to achieve. 


In 1921 Kaluza suggested [1] that gravitation and electromagnetism could be 
unified in a theory of five-cimensional riemannian geometry. The idea was further 
developed by Klein [2] and was the subject of considerable interest during the 
classical period of work on unified field theories [3]. Readable expositions of some of 
the classical work have been given in text books by Bergmann and by Lichnerowicz 
[4]; more recent discussions have been given by Rayski and by Thirring [5]. 

While the Kaluza—Klein approach has always been one of the most intriguing ideas 
concerning unification of gauge fields with general relativity, it has languished 
because of the absence of a realistic model with distinctive and testable predictions. 
Yet the urgency of the unification of gauge fields with general relativity has surely 
greatly increased with the growing importance of gauge fields in physics. Moreover, 
the Kaluza-Klein theory has generalizations to non-abelian gauge fields which 
actually were first proposed [6] well before real applications were known for 
Yang-Mills fields in physics. 

In the last few years this approach has been revived by Scherk and Schwarz and by 
Cremmer and Scherk, originally in connection with dual models [7]. These authors 
introduced many new ideas as well as new focus. In contrast to much of the classical 
literature, they advocated that the extra dimensions should be regarded as true, 
physical dimensions, on a par with the four observed dimensions. Cremmer and 
Scherk suggested that the obvious differences between the four observed dimensions 
and the extra microscopic ones could arise from a spontaneous breakdown of the 
vacuum symmetry, or, as they called it, from a process of ‘spontaneous 
compactification” of the extra dimensions. 

These ideas have motivated much recent work. The idea of spontaneous 
compactification has been developed in more detail by Luciani [8]. An interesting 
idea by Palla [9] about massless fermions in theories with extra compact dimensions 
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will figure in some of the discussion below. Manton [10] has discussed some questions 
that arise in trying to generate Higgs fields as components of the gauge field in extra 
dimensions. The idea of extra hidden dimensions has stimulated much work in 
supersymmetry theory, including the successful construction of the N =8 super- 
gravity theory by Cremmer, Julia and Scherk and by Cremmer and Julia [11]. This 
work has been generalized to give models with broken sypersymmetry [12]. 

In many respects, of course, the modern approaches to this subject tend to differ 
from the classical point of view. In view of the proliferation of new particles in the last 
thirty years, one may be more willing today than in the past to postulate the infinite 
number of new degrees of freedom that must exist if extra dimensions really exist. 
Much of the classical literature focussed on the need to eliminate a massless spin-zero 
particle that naturally exists in the original Kaluza—Klein theory; the question seems 
less urgent today because the obvious answer is that quantum mechanical mass 
renormalization could easily account for the failure to observe this particle (a mass of 
1074 eV would make it undetectable). Some of the early work was motivated by the 
hope that the fifth dimension could provide the hidden variables that would eliminate 
indeterminacy from quantum mechanics. Despite the many generalizations and 
changes in emphasis that have occurred, I will refer generically to theories in which 
gauge fields are unified with gravitation by means of extra, compact dimensions as 
Kaluza-Klein theories. 

It has often been suggested that spontaneous compactification and supergravity 
could be usefully combined together. The N = 8 supergravity theory was constructed 
by “dimensional reduction” starting from an eleven-dimensional theory. In this 
context, “dimensional reduction” just means that the fields are taken to be 
independent of seven of the original eleven coordinates, to which physical reality 
need not be attributed. However, Cremmer and Julia [11] suggested that one might 
wish to consider seriously the eleven dimensions and interpret seven of them as 
compact dimensions in the spirit of Kaluza and Klein. This idea has been raised, on 
occasion, by various other theorists. In this paper, I will describe an attempt - not 
completely successful, but not completely unsuccessful either — to construct a realis- 
tic theory of Kaluza—Klein type, based on eleven-dimensional supergravity. 

As discussed by some of the authors mentioned above, from a modern point of 
view the Kaluza—Klein unified theory of gravitation and electromagnetism is prob- 
ably best understood as a theory of spontaneous symmetry breaking in which the 
group of general coordinate transformations in five dimensions is spontaneously 
broken to the product of the four-dimensional general coordinate transformation 
group and a local U(1) gauge group. 

Let us review how this arises. One considers standard general relativity in five 
dimensions with the standard Einstein—Hilbert action 


A= Í dîxVgR. (1) 
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Instead of assuming that the ground state of this system is five-dimensional 
Minkowski space, which we will denote as Mî, one takes the ground state to be the 
product M*xS' of four-dimensional Minkowski space M* with the circle S'. The 
space M‘xS' is, like M5, a solution of the five-dimensional Einstein equations. 
Classically it is difficult to decide which of the spaces M° and M‘xS' is a more 
appropriate choice as the ground state, since they both have zero energy, insofar as 
energy can be defined in general relativity*. Conventionally, one might assume that 
the ground state is MŽ. In the Kaluza—Klein approach one assumes, instead, that the 
ground state is M* x S', and the physical spectrum is determined by studying small 
oscillations around this ground state. One assumes that the radius of the circle S' is 
microscopically small, perhaps of order of the Planck length, and this accounts for 
why the existence of this fifth dimension is not noted in everyday experience. 

The symmetries of the Kaluza-Klein ground state M*xS' are the four-dimen- 
sional Poincaré symmetries, acting on M*, and a U(1) group of rotations of the circle 
S'. These symmetries would be observed as local or gauge symmetries in the 
apparent four-dimensional world because the whole theory started with the Einstein 
action (1) which is generally covariant. In fact, if one considers small oscillations 
around the “ground state” M‘ x $', one finds an infinite number of massive excita- 
tions, the masses being of order the inverse of the circumference of S’. One finds also 
a finite number of massless modes, which presumably would constitute the low- 
energy physics. The massless modes turn out to be a spin-two graviton and a spin-one 
photon, which are gauge particles of the symmetries of M* x S', and a Brans-Dicke 
scalar. 

The ansatz which exhibits the massless modes is the following. The metric tensor 
of this theory is a five by five matrix gaa(x"“, @) which in general may depend on the 
four coordinates x“, u =1--- 4, of M‘, and on the angular coordinate @ of S'. The 
massless modes are those for which gas is a function of x“ only. One can then write 
gan in block form 


BaBl(x", $)=( 


Sur(x) Sait.) (2) 


A, (x) | a(x) 


where g,, is a four by four matrix (the first four rows and columns of gas), Ay = 8,5, 
and o = gss. Then g,, is the ordinary metric tensor of the apparent four-dimensional 
world, and describes a massless spin-two particle; A,, is the gauge field of the U(1) 
symmetry, and ø is the Brans-Dicke scalar. 

In the classical work on the Kaluza—Klein theory, it is shown that the five- 
dimensional Einstein action (1), when expanded in terms of gun A,, and o (and the 
other modes, which decouple from these at low energies) contains a four-dimen- 
sional Einstein action VgR“’ for gun a Maxwell action F2, for A,, and the usual 

* The definition of energy in general relativity depends on the boundary conditions, so while both MS 


1 7 . : A . 
and M* x S' have zero energy, a comparison between them is meaningless, like comparing zero apples 
to zero oranges. 
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kinetic energy for a. Also, one can readily check that A, transforms as a gauge field 
A, >A, +ð, under coordinate transformations of the special type (x',¢)> 
(x', $ + e(x')) if the metric gag is transformed by the standard rule 
ax“ ax” 
Sap >? BA'E or” hË 

The Kaluza-Klein theory thus unifies the metric tensor g,, and a gauge field A, 
into the unified structure of five-dimensional general relativity. This theory is surely 
one of the most remarkable ideas ever advanced for unification of electromagnetism 
and gravitation. 

The Kaluza-Klein theory, as noted above, also has a non-abelian generalization, 
which has been extensively discussed over the years. In this generalization, one starts 
with general relativity in 4 +n dimensions, possibly with additional matter fields or 
with a cosmological constant. Instead of assuming the ground state to be M“*’, 
Minkowski space of 4 + n dimensions, one assumes the ground state to be a product 
space M‘ x B, where B is a compact space of dimension n. Mt x B should be a solution 
of the classical equations of motion, or possibly, as will be discussed later, a minimum 
of some effective potential. 

As in the previous discussion, symmetries of B will be observed as gauge 
symmetries in the effective four dimensional world. With a suitable choice of B, one 
may unify an arbitrary gauge group, abelian or non-abelian, with ordinary general 
relativity, in a 4+n dimensional theory. 

The ansatz which generalizes (2) is the following. Let ġ;, i = 1 - - - n, be coordinates 
for the internal space B. Let T°, a=1---+N, be the generators of the symmetry 
group G of B. Let the action of the symmetry generator T* on the ¢; be ¢;7 
$+ K? (b), where K? (¢) is the “Killing vector” associated with the symmetry T°’. 
Then the massless excitations of the candidate “ground state” M* x B correspond to 
an ansatz of the following form: 


Bur (x) LUR U 
Ea Anl Ki (b") yil") i 
where y;; is the metric tensor of the internal space B. The fields AZ (x*) are massless 
gauge fields of the group G. In this way one may obtain the gauge fields of an 
arbitrary abelian or non-abelian gauge group as components of the gravitational field 
in 4+n dimensions. 

One may verify that the 4+ dimensional gravitational action really contains 
the proper kinetic energy term }, (F @,)°. It is also straightforward to check that 
under infinitesimal coordinate transformations of the special form (x, ġ:)> 
(x*, +d, €°(x7)K; (d)), which is an x- dependent symmetry transformation of the 
internal space B, the field Aji(x) transforms in the expected fashion, Aulx)> 
Ai(x)+D,e°*(x). Thus, Af really has the properties expected of an ordinary 
four-dimensional gauge field. This gauge field is a remnant of the original coordinate 


gask", 6*)=( (3) 
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invariance group in 4 + n dimensions, which has been spontaneously broken down to 
the symmetries of Mx B. 

As has been noted before, there is a fairly extensive literature on this construction. 
The case which has been discussed most widely is the case in which B is itself the 
manifold of some group H. It should be noted that, if H is a non-abelian group, the 
symmetry group G of the group manifold is not H but HxH, since the group 
manifold can be transformed by either left or right multiplication. If one starts with 
general relativity in 4 +n dimensions, the ansatz (3) will automatically give massless 
gauge mesons of the full symmetry group H x H. 

What problems arise if we try to construct a realistic theory along these lines? 
Known particle interactions can be described by the gauge group SU(3) x SU(2) x 
U(1). So the symmetry group G of the compact space B must at least contain this as a 
subgroup, 

S$U(3) x SU(2) x UA) CG. (4) 
So B must at least have SU(3) x SU(2) x U(1) as a symmetry group. 

To be as economical as possible, we may wish to choose B to be a manifold of 
minimum dimension with an SU(3) x SU(2) x U(1) symmetry. What is the minimum 
dimension of a manifold which can have SU(3) x SU(2) x U(1) symmetry? 

U(1) is the symmetry group of the circle S', which has dimension one. The lowest 
dimension space with symmetry SU(2) is the ordinary two-dimensional sphere $°. 
The space of lowest dimension with symmetry group SU(3) is the complex projective 
space CP”, which has real dimension four. (CP? is the space of three complex 
variables (Z', Z’, Z°), not all zero, with the identification (Z',Z’, Z°)= 
(AZ', AZ”, AZ”) for any non-zero complex number A. CP’ can also be defined as the 
homogeneous space SU(3)/U(2).) Therefore, the space CP? x S? xS' has SU(3) x 
SU(2) x U(1) symmetry, and it has 4+2+1=7 dimensions. 

As we will see below, seven dimensions is in fact the minimum dimensionality of a 
manifold with SU(3) x SU(2) x U(1) symmetry, although CP? x S? x S! is not the only 
seven-dimensional manifold with this symmetry. If, therefore, we wish to construct a 
theory in which SU(3) x SU(2)x U(1) gauge fields arise as components of the 
gravitational field in more than four dimensions, we must have at least seven extra 
dimensions. With also four non-compact ‘‘space-time’’dimensions, the total dimen- 
sionality of our world must be at least 4+7 = 11. 

This last number is most remarkable, because eleven dimensions is probably the 
maximum for supergravity. Eleven-dimensional supergravity has been explicitly 
constructed, and it is strongly believed that supergravity theories do not exist in 
dimensions greater than eleven. (The reason for this belief is that, on purely algebraic 
grounds [13], a supergravity theory in d>11 would have to contain massless 
particles of spin greater than two. But there are excellent reasons, both S-matrix 
theoretic [14] and field theoretic [15], to believe that consistent field theories with 
gravity coupled to massless particles of spin greater than two do not exist.) It is 
consequently just barely possible to obtain SU(3) x SU(2) x U(1) gauge fields as part 
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of the gravitational field in a supergravity theory, if we use the unique, maximal, 
eleven-dimensional supergravity theory. 

It is certainly a very intriguing numerical coincidence that eleven dimensions, 
which is the maximum number for supergravity, is the minimum number in which 
one can obtain SU(3) x SU(2) x U(1) gauge fields by the Kaluza—Klein procedure. 
This coincidence suggests that the approach is worth serious consideration. 

Let us now discuss in more detail the question of why seven dimensions is the 
minimum number of dimensions for a space with SU(3) x SU(2) x U(1) symmetry - 
and the related matter of determining all seven-dimensional manifolds with this 
symmetry. 

The space of lowest dimension with any symmetry group G is always a homo- 
geneous space G/H, where H is a maximal subgroup of G. (The space G/H is defined 
as the set of all elements g of G, with two elements g and g’ regarded as equivalent, 
g =e’, if they differ by right multiplication by an element of H, that is, if g = g’ with 
heH.) The dimension of G/H is always equal to the dimension of G minus the 
dimension of H. 

In the case G = SU(3) xSU(2)x U(1), the largest dimension subgroup that is 
suitable is SU(2)x U(1)x U(1). Any larger subgroup of G would contain as a 
subgroup one of the three factors SU(3), SU(2), or U(1) of G, and this factor would 
then not have any non-trivial action on G/H - it would not really be a symmetry 
group of G/H. Since the dimension of SU(3) x SU(2) x U(1) is 8+ 3 + 1 = 12 and the 
dimension of SU(2) x U(1) x U(1) is 3+ 1+ 1 = 5, the dimension of (SU(3) x SU(2) x 
U(1))/(SU(2) x U(1)x U(1)) is 12-5 =7. It is for this reason that a space with 
SU(3) x SU(2) x U(1) symmetry must have at least seven dimensions. However, 
there are many ways to embed SU(2) x U(1) x U(1) in SU(3) x SU(2) x U(1), and as a 
result there are many seven-dimensional manifolds with SU(3) x SU(2) x U(1) 
symmetry. 

To embed SU(2) x U(1) x U(1) in SU(3) x SU(2) x U(1) we first embed SU(2). 
SU(2) can be embedded in SU(3) x SU(2) x U(1) in a variety of ways. The only 
embedding that turns out to be relevant is for SU(2) to be embedded in SU(3) as an 
“isospin” subgroup, so that the fundamental triplet of SU(3) transforms as 2+1 
under SU(2). [Other embeddings of SU(2) lead to spaces G/H on which some of the 
SU(3) x SU(2) x U(1) symmetries act trivially, as discussed in the previous 
paragraph.] We still must embed U(1) x U(1) in SU(3) x SU(2) x U(1). 

SU(3) x SU(2) x U(1) has three commuting U(1) generators which commute with 
the SU(2) subgroup of SU(3) that we have just chosen. There is a “‘hypercharge” 
generator of SU(3), which we may call Ag, which commutes with the “isospin” 
subgroup. Also, we have the U(1) factor of SU(3) x SU(2) x U(1), which will be called 
Y, and we may choose an arbitrary U(1) generator of the SU(2) factor, which will be 
called T3. 

So SU(3) x SU(2) x U(1) contains an essentially unique subgroup SU(2) x U(1) x 
U(1) x U(1), where the three U(1) factors are Ag, T3, and Y. We do not want to divide 
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S$U(3) x SU(2) x U(1) by the full SU(2) x U(1) x U(1) x U(1) subgroup because this 
would yield a space (CP? x S?, to be precise) on which the U(1) of SU(3) x SU(2) x 
U(1) would act trivially and would not really be a symmetry. So we delete one of the 
three U(1) factors, and divide only by SU(2) x U(1) x U(1). 

The U(1) factor that is deleted may be an arbitrary linear combination pàs + qT3 + 
rY of Ag, T3, and Y where p, q, and r are any three integers which have no common 
divisor*. So we define H as SU(2) x U(1) x U(1), where the SU(2) is our “isospin” 
subgroup of SU(3), and the two U(1)’s are the two linear combinations of Ag, T3, and 
Y which are orthogonal to pAg+q73+rY. The space G/H is then a seven-dimen- 
sional space with SU(3) x SU(2) x U(1) symmetry, which we may call M”. 

In a few cases the M™ are familiar spaces. M””' is our previous example 
CP? xS?xS'. But in most cases the M”” are not familiar spaces, and are not 
products. 

In a few cases the M?” have greater symmetry than SU(3) x SU(2) x U(1). M’”' is 
S$ x §?, which has the symmetry O(6) x SU(2). M°"! is CP? x S’, whose full symmetry 
is SU(3) x SU(2) x SU(2). Except for these two cases, one cannot obtain from seven 
extra dimensions a symmetry “larger” than SU(3) x SU(2) x U(1). Therefore, the 
observed gauge group in nature is practically the “largest” group one could obtain 
from a Kaluza~Klein theory with seven extra dimensions. 

Although the M°” for general values of p, q, and r are not familiar spaces, it is 
possible to give a rather explicit description of them. Consider first the eight 
dimensional space S* x S° [S" is the n-dimensional sphere, with symmetry group 
O(n + 1)]. The symmetry group of S? x S° is O(6) x O(4). Let us introduce a particular 
generator of O(6), 


01 00 00 
-1 0 00 00 
00 01 00 
= 5 
a 00-10 00o0f a 
00 00 01 
00 00 -1 0 
and a particular generator of O(4), 
01 00 
-1 0 00 
L= 
00 01 2 
00 -1 0 


Then the subgroup of O(6) that commutes with K is SU(3) x U(1) [the U(1) being 


* And r should be non-zero to avoid obtaining a space on which U(1) is realized as the identity. 
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generated by K itself] and the subgroup of O(4) that commutes with L is SU(2) x 
U(1) [the U(1) being generated by L]. 

For any non-zero p and q, we now define N = ~qK + pL. Then N generates a U(1) 
subgroup of O(6) x O(4), consisting of elements of the form exp tN, 0<t = 2r. We 
may now form from S° x S? a seven-dimensional space M™ = (SŽ x $*)/U(1), where 
two points in Sf x S? are considered to be identical if they are mapped into each other 
by the action of the U(1) subgroup generated by N. 

This space M™ is equal to the r=1 case of what we have previously called 
M’””, The M” are actually the most general simply connected seven-dimensional 
manifolds with SU(3)xSU(2) U(1) symmetry. To obtain M°” for r#1 one 
must factor out from SŽ x S? an additional discrete subgroup consisting of elements 
of the form exp(27qK/r) (q=0,1,2,...,r~1). We define M°” = M"/Z' = 
(S$ x $*)/(U(1) x Z’). 

To verify that the construction of the M°” just presented is equivalent to the 
previous definition as (SU(3) x SU(2) x U(1))/(SU(2) x U(1) x U(1)), one uses the 
fact that SU(3)/SU(2) is SŽ, while SU(2) is S’, so (SU(3) x SU(2) x U(1))/(SU(2) x 
U(1) x U(1)) is (SŽ x S? x U(1))/(U(1) x U(1)). Dividing out the two U(1) factors, one 
arrives at the above definition of M?” as (S*° x S*)/(U(1) x Z’). 

The M°” are not quite the most general seven-dimensional manifold with SU(3) x 
SU(2) x U(1) symmetry, because for special values of p, q, and r it is possible to 
supplement SU(2) x U(1) x U(1) with an additional twofold discrete symmetry. One 
obtains in this way some non-orientable manifolds with one of the M™ as a double 
covering space. These spaces are the following. Dividing M”” by a discrete symmetry 
one can get CP’xP*xS' (P* is real projective space of dimension k), or CP? x 
(S?xS')/Z2, where Z, is a simultaneous inversion of S? and S'. From M""! one gets 
S°x P? and (S°S”)/Z2, where the Z, is a simultaneous inversion of S° and S’. 
Likewise, by dividing M?” by an additional two-fold symmetry one can make 
S$/Z' x P? and (S°/Z’ x S”)/Z2. These spaces are non-orientable. This completes the 
list of seven-dimensional manifolds with SU(3) x SU(2) x U(1) symmetry. 

If one is willing to suppose that the ground state of eleven-dimensional super- 
gravity is a product of four-dimensional Minkowski space with one of the M°”, one 
can obtain an SU(3) x SU(2) x U(1) gauge group, the gauge fields being components 
of the gravitational field, according to the ansatz of eq. (3). Of course, to describe 
nature, it is not sufficient to have the gauge group. It is also necessary to have quarks 
and leptons of essentially zero mass [very light compared to the energy scale of 
gravitation; massless in any approximation in which SU(3) xSU(2) x U(1) is not 
spontaneously broken] which should be in the appropriate representation of the 
gauge group. And it is necessary to find Higgs bosons whose vacuum expectation 
value could ultimately trigger SU(2) x U(1) breaking. 

How can one obtain massless quarks and leptons in the Kaluza—Klein framework? 
To understand the basic idea*, suppose that in a 4+ n dimensional theory we have a 

* See also a discussion by Palla [9]. 
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massless spin one half fermion. It satisfies the 4 +n dimensional Dirac equation, 


Dy =0, (7) 
or explicitly 


4+n 


z, POD (8) 
This Dirac operator can be written in the form 


BD y+ Dw = 0, (9) 


(int) __ 


where BD = po y'D; is the ordinary four-dimensional Dirac operator, and Ø 
D yİD; is the Dirac operator in the internal space of n compact dimensions. 

The expression (9) immediately shows that the eigenvalue of B'"’ will be 
observed in practice as the four-dimensional mass. If B“"°’y = Ay, then y will be 
observed by four-dimensional observers who are unaware of the existence of the 
extra microscopic dimensions as a fermion of mass |A|. 

The operator Ø“ acts on a compact space, so its spectrum is discrete. Its 
eigenvalues either are zero or are of order 1/R, R being the radius of the extra 
dimensions. Since 1/R is, in the Kaluza—Klein approach, presumably of order the 
Planck mass, the non-zero eigenvalues of BD" correspond to extremely massive 
fermions which would not have been observed. The observed quarks and leptons 
must correspond to the zero modes of D’. 

If, in eleven-dimensional supergravity, the ground state is a product of four- 
dimensional Minkowski space with one of the M’”, then the zero modes of the Dirac 
operator in the internal space will, if there are any zero modes at all, automatically 
form multiplets of SU(3) x SU(2) x U(1), since this is the symmetry of the internal 
space. It therefore is reasonable to wonder whether for an appropriate choice of p, q, 
and r, zero modes could exist and form the appropriate representation of the 
symmetry group, so as to reproduce the observed spectrum of quarks and leptons. 

Of course, to reproduce what is observed in nature, we would need quite a few zero 
modes of the internal space Dirac operator. If the top quark exists, there are in nature 
at least 45 fermion degrees of freedom of given helicity, counting all colors and 
flavors of quarks and leptons. We would therefore need at least 45 Dirac zero modes. 
However, when a Dirac operator has zero modes, the number usually depends on 
topological invariants. Perhaps by choosing suitable values of p, q, and r we could 
suitably “twist” the topology and obtain the required 45 zero modes lying in the 
appropriate representation of SU(3) x SU(2) x U(1). 

Actually, if one has in mind eleven-dimensional supergravity, one must modify 
this program slightly. In eleven-dimensional supergravity, there is no fundamental 
spin one half field. The only fundamental Fermi field in that theory is the Rarita- 
Schwinger field Yua, of spin 3 (u is a vector index, a a spinor index). 

Although this field has spin } from the point of view of eleven dimensions, the 
components of J, with 5 = u <11 are spin one half fields from the point of view of 
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ordinary four-dimensional physics. For u #5, p would be observed as an internal 
symmetry index, not a space-time index; it carries spin zero. Although the 
components w, with u =1--- 4 are spin-3 fields in the four-dimensional sense, the 
components with u =5--- 11 are spin one half fields. So zero-mode solutions of the 
spin-3 wave equation in the extra dimensions would be observed as massless spin-} 
fermions in four dimensions. These would be the ordinary light fermions of the 
spontaneously compactified eleven-dimensional theory. 

In one sense, it is an advantage to have to consider the Rarita~Schwinger operator 
rather than the Dirac operator. The Rarita-Schwinger operator can have zero modes 
more easily and in more abundance than the Dirac operator, because the Dirac 
operator has positivity properties which tend to suppress the number of zero modes. 
For instance, with four extra dimensions, it is known [16] that there is only a single 
non-flat compact solution of Einstein's equations on which the Dirac operator has 
zero modes. This is the Kahler manifold K3 (which has no Killing vectors). On this 
space there are two zero modes of the Dirac operator — but 42 zero modes of the 
Rarita-Schwinger operator. The large discrepancy is caused, in this case, by a much 
larger coefficient of the axial anomaly for Rarita~Schwinger fields. This example 
shows, incidentally, that the rather large number of zero modes that would be 
required to describe what is observed in physics is not necessarily out of reach. 

In the approach considered here, the solution of the problem of flavor - the 
problem of the existence of several ‘‘generations” of fermions with the same 
quantum numbers - would be that the extra dimensions have a sufficiently complex 
topology that there are several zero modes with the same SU(3) x SU(2) x U(1) 
quantum numbers. When an operator has several zero modes, they are not neces- 
sarily related by any symmetry. For instance, the isospinor Dirac operator in a 
Yang-Mills instanton of topological number K has K modes; these modes 
are not related by any symmetry. This is fortunate, because the various genera- 
tions of fermions have very different masses and are not obviously related by any 
symmetry. 

Unfortunately, there is a basic reason that this idea does not work, at least not in 
the form described above. The reason for this is related to one of the most basic facts 
about the observed quarks and leptons: the fermions of given helicity transform in a 
complex representation of the gauge group, or, to put it differently, right-handed 
fermions do not transform the same way that the left-handed fermions transform. 
For instance, left-handed color triplets (quarks) are SU(2) doublets, but right- 
handed color triplets are SU(2) singlets. This is the reason that quarks and leptons do 
not have bare masses but receive their mass from the Higgs mechanism - from 
SU(2) x U(1) symmetry breaking. This is a very important fact theoretically, because 
it is the basis for our theoretical understanding of why the quarks and leptons are very 
light compared to the mass scale of grand unification or the Planck mass. If left- and 
right-handed fermions transformed the same way under the the gauge group, bare 
masses would have been possible and could have been arbitrarily large. 
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In the framework that has been described above, right- and left-handed fermions 
would inevitably transform the same way under SU(3) x SU(2) x U(1). The reason 
for this is that low mass fermions are supposed to arise as zero modes of the 
Rarita-Schwinger operator in the extra dimensions. But the Rarita-Schwinger 
operator in the seven extra dimensions does not “know” whether a spinor field is left- 
or right-handed with respect to four-dimensional Lorentz transformations. It treats 
four-dimensional left- and right-handed fermions in the same way. One therefore 
could not get the observed SU(3) x SU(2) x U(1) representation. One would inevit- 
ably get vector-like rather than V-A weak interactions, with bare masses being 
possible for all fermions. (Indeed, precisely because bare masses would be possible 
for all fermions, it is not natural to get any massless fermions at all.) 

There is an intriguing mechanism by which, at first sight, it seems that the internal 
space Rarita-Schwinger equation could treat left and right fermions differently. 
Eleven-dimensional spinors are constructed with eleven gamma matrices y; i= 
1--+11. Let us define an operator Di, =iyı'' > y11 which is a sort of eleven- 
dimensional helicity operator. Let us also define an operator Ig = iyı Y2y3Y4 Which 
measures the ordinary four-dimensional helicity, and an operator [y= ys °° Yi 
which one might think of as “helicity” in the internal eleven-dimensional space. 
Then r? =[2=f3=1 and [Dii =I4I">. 

The Rarita~Schwinger field y of eleven-dimensional supergravity satisfies a Weyl 
condition 4 = I,,¥. (This condition must be imposed; otherwise there would be 
more Fermi than Bose degrees of freedom and supersymmetry would not be 
possible.) This identity may equivalently be written Tsy = 7. 

The latter equation shows that in eleven-dimensional supergravity the four- 
dimensional helicity of fermions is correlated with the seven-dimensional “helicity”. 
Components with 7, = +1 (or —1) have [` = +1 (or —1). If the quantum numbers of 
zero modes of the seven-dimensional Rarita-Schwinger equation depended on I>, as 
one might intuitively expect, they would also depend on T4. 

Unfortunately, the spectrum of the seven-dimensional Rarita~Schwinger operator 
does not depend on T7. The reason for this is very simple (and depends only on the 
fact that the number of extra dimensions is odd). In defining how spinors transform 
under coordinate transformations in riemannian geometry one needs the matrices 
oi; = [y y;]. One does not (on an orientable manifold) need the y; themselves. The 
transformation y; +> —y; does not change the a; so it does not affect the definition of 
spinors. It does, however, change the sign of T; = yi y2 °° © Y7. Consequently, spinors 
with opposite values of [` transform the same way under coordinate trans- 
formations. Since, in the approach discussed here, SU(3) x SU(2) x U(1) trans- 
formations are coordinate transformations, spinors with opposite values of I”; have 
the same SU(3) x SU(2) x U(1) quantum numbers. 

One could try to avoid this conclusion by taking the extra seven dimensions to be a 
non-orientable manifold. In a non-orientable manifold, the definition of spinors is 
subtle and involves the y; as well as o;,. However, seven-dimensional non-orientable 
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manifolds with SU(3) x SU(2) x U(1) symmetry are not abundant (they have all been 
listed above), and it is not difficult to show that none of them are suitable. 

One might also try to avoid the above stated conclusion by going beyond 
riemannian geometry to include some variant of torsion. What possibilities this 
would offer is not very clear; the matter will be discussed at the end of this paper. 

Obtaining the right quantum numbers for quarks and leptons is, of course, not the 
only problem that must be faced in order to obtain a realistic theory, although it may 
be the most difficult problem. We must also worry about spontaneous breaking of 
supersymmetry, spontaneous breaking of CP, spontaneous breaking of SU(2) x U(1) 
gauge symmetry, and obtaining the proper values of the low-energy parameters 
(coupling constants, masses, and mixing angles); and we must worry about what the 
true ground state of the theory really is. These questions will now be briefly discussed 
in turn. 

For spontaneous breaking of supersymmetry the prospects are very bright; in fact, 
supersymmetry almost inevitably is spontaneously broken as part of any scheme in 
which there are compact dimensions with a non-abelian symmetry. 

The reason for this is the following. Unbroken supersymmetry means that under a 
supersymmetry transformation the vacuum expectation values of the fields do not 
change. The vacuum expectation values of the Bose fields automatically are invariant 
under supersymmetry, since their supersymmetric variation would be proportional 
to the (vanishing) vacuum expectation values of the Fermi fields. The delicate 
question is whether the vacuum expectation values of the fermi fields change under 
supersymmetry. 

To illustrate the point, let us ignore the possible presence in the theory of Bose 
fields other than the gravitational field. Then the transformation law for the 
Rarita-Schwinger field is dy, = De, e being the gauge parameter. An unbroken 
supersymmetry - a symmetry of the vacuum - must have 6, =0, so unbroken 
supersymmetry transformations correspond to solutions of De = 0. 

On a curved manifold, this equation will almost certainly not have solutions, since 
D,e =0 implies the integrability condition [D,, D.Je =0 or Rusal, ¥* le =0, 
which on most curved manifolds is not satisfied by any non-zero e. For instance, on 
none of the M®” does a solution exist. (The properties of seven-dimensional 
manifolds admitting solutions of D„e = 0 have been discussed in the mathematical 
literature [17], but non-trivial examples do not seem to be known.) So in theories 
with curved extra dimensions, there will generally not be any unbroken supersym- 
metries. 

The picture does not change greatly when one includes Bose fields other than the 
gravitational field. We now have dW, = D,«, where D,, = D,, plus non-minimal terms 
involving the vacuum expectation values of other Bose fields (and possibly involving 
the expectation values of fermion bilinears, as discussed below). Unbroken super- 
symmetries are now solutions of D,e =0, but solutions will still typically not exist 
because the integrability condition [D,, D, Je = 0 will still not have solutions. 
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Although solutions will generally not exist, the extra dimensions and the vacuum 
expectation values of the fields may be just such that one or more solutions of 
D,„e =0 would exist. Each solution of D,e =0 in the internal space would cor- 
respond to an unbroken supersymmetry charge in four dimensions. If there is 
precisely one such solution, and so only one unbroken supersymmetry generator, this 
corresponds to a theory in which N =8 supersymmetry has been spontaneously 
broken down to N = 1 supersymmetry. If there are K solutions, there is an unbroken 
N =K supersymmetry. 

A particularly attractive possibility would be a theory in which the equation 
D,„e=0 has precisely one solution in the extra dimensions, corresponding to 
unbroken N = 1 supersymmetry. With N = 1 supersymmetry it is possible to con- 
struct more or less realistic models of observed particle physics. With N = 2 it is not 
possible to make a realistic model, because the supersymmetry algebra for N = 2 
forces left- and right-handed fermions to transform in the same way under the gauge 
group, in contrast with what is observed. It is attractive to believe that N = 1 
supersymmetry might survive after compactification of seven dimensions because 
this would severely constrain the theory, would make many predictions that might be 
testable in accelerators, and [19] might shed light on SU(2) x U(1) breaking and the 
gauge hierarchy problem. Of course, we would then have to explain how N = 1 
supersymmetry is eventually spontaneously broken at low energies. 

In addition to supersymmetry breaking, we must also explain P and CP breaking 
in order to construct a realistic theory. The eleven-dimensional supergravity 
langrangian is invariant under inversions of space (or time) combined with a change 
of sign of the antisymmetric tensor gauge field that exists in this theory. After 
compactification of seven dimensions, the eleven-dimensional symmetry could be 
manifested as both P (inversion of space) and C (inversion of the compact dimen- 
sions). These potential invariances must be spontaneously broken. 

A natural mechanism for spontaneous breaking of P, C, and CP involves the 
antisymmetry tensor gauge field of the eleven-dimensional supergravity theory. The 
curl Fags of this field may have a vacuum expectation value without breaking 
Lorentz invariance or SU(3) x SU(2) x U(1). In fact, as discussed recently by several 
authors [20], a vacuum expectation value of Fi234 is Lorentz invariant. It would 
violate P and CP but conserve C. The components Fi, for i++ +m 25 may also 
have expectation values, which would spontaneously break C and CP but conserve 
P. It is not difficult to see (by considering the little group of a point on M””) that on 
any of the M””, the most general SU(3) x SU(2) x U(1) invariant vacuum expectation 
value of F,,: depends on two real parameters. 

Although the eleven-dimensional theory can have spontaneous breaking of C, P, 
and CP, the strong interaction angle @ will inevitably vanish at the tree level. The 
reason for this is that in the eleven-dimensional theory, there is no operator which 
might be added to the lagrangian which reduces in four dimensions to 6 fd‘xF, Fur 
There simply does not exist in eleven dimensions any topological invariant that can 
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be written as the integral of a lagrangian density. Of course, the question of how large 
a vacuum angle might be generated by quantum corrections must wait until we 
understand how to do calculations in this (presumably) non-renormalizable theory. 

It is also necessary, of course, to obtain SU(2) x U(1) symmetry breaking: this 
presumably means that we must find, at the tree level, a massless Higgs doublet which 
could later obtain a very tiny negative mass squared. 

There are various ways that, in a Kaluza—Klein theory, one might obtain massless 
charged scalars. In the original Kaluza—Klein theory, with a single compact dimen- 
sion (a circle) there is a massless scalar (at least at the tree level) because the classical 
field equations do not determine the radius of the circle. Space-time dependent 
fluctuations of this radius would be observed as a massless scalar degree of freedom. 

If the equations that determine our hypothetical ground state M* x M?” admit not 
a unique solution for the metric of M°” but a whole family of solutions, then 
oscillations within this family would be observed as massless scalars. Some of these 
oscillations might involve departures from SU(2) x U(1) symmetry and could be the 
desired Higgs bosons. 

One might also obtain massless scalars as components of the antisymmetric tensor 
gauge field. In fact, massless scalars can be obtained in this way, but tend to be neutral 
under the gauge group. 

Regardless of where the scalars come from, why would they be massless? The most 
plausible explanation would be an unbroken supersymmetry relating the massless 
bosons to massless fermions. This could involve the possibility discussed above that 
the equation Dye =0 has a unique non-trivial solution, leaving N =1 supersym- 
metry unbroken. In this case, of course, we must hope to find a non-perturbative 
mechanism spontaneously breaking the supersymmetry and giving a small vacuum 
expectation value to the scalar bosons. (Some relevant issues will be discussed in a 
future paper [21].) 

Without understanding the Higgs bosons and the low-energy symmetry breaking, 
it is of course not possible to predict the quark and lepton masses and mixing angles. 
If we understood the dynamics that determines the metric of M°” (assuming that the 
ground state really is M*xM””), we could predict the strong, weak, and elec- 
tromagnetic coupling constants, since the gauge fields all arise, by the ansatz of eq. 
(3), as part of the metric tensor in eleven dimensions, and the gauge field kinetic 
energy is part of the Einstein action. [The most general SU(3) x SU(2) x U(1) 
invariant metric on M*™ depends on three arbitrary parameters. If we understood 
the dynamics and could calculate the three parameters, we could predict the SU(3), 
SU(2), and U(1) coupling constants.] Even though we do not understand this 
dynamics (see below), it is possible to make a useful comment. 

In a theory of this kind, the gauge coupling constants, which are determined by 
integrating the action over the compact dimensions, would scale as a rather high 
power of 1/(M,R), where M, is the Planck mass and R is the radius of the extra 
dimensions. The fact that the observed gauge coupling constants in nature differ from 
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one by only one or two orders of magnitude shows that R cannot be too much greater 
than 1/M,; the extra dimensions really have a radius not too different from 107” cm. 

The eleven-dimensional supergravity theory has no global symmetry that could be 
interpreted as baryon number, so in this theory nucleons are almost surely unstable. 
The mass scale in nucleon decay, however, would probably be 1/R, which is the mass 
scale of the heavy quanta in this theory. Since, as just noted, 1/R cannot be much less 
than M,, the nucleon lifetime will probably be very long, perhaps 10“. years, which is 
far too long for nucleon decay to be observable. If the present nucleon decay 
experiments give a positive result, the approach described in this paper would 
become significantly less attractive. 

It is now time to finally discuss the question of whether one can really sensibly 
expect M* x M™” to be the ground state of this theory. 

The most attractive possibility would be that M* x M™” might be a solution of the 
classical equations of motion, possibly with a suitable vacuum expectation assumed 
for F,,,.8. Unfortunately, a straightforward calculation shows that this is not true 
(regardless of what vacuum expectation value one assumes). If one arbitrarily adds to 
the lagrangian a cosmological constant (with a sign corresponding to a positive 
energy density) then M* x M”” can be a solution. However, local supersymmetry 
does not permit a cosmological constant in the eleven-dimensional lagrangian. 

This problem is not necessarily fatal, since one can always hope that M* x M°”, 
although not a solution of the classical equations of motion, is the minimum of the 
appropriate effective potential. In eleven-dimensional supergravity, there is no small 
dimensionless parameter whose smallness could justify the use of the classical field 
equations as an approximation. So the fact that Mx M°” does not satisfy the 
classical equations, while not encouraging, is not necessarily critical. 

In any case, there is absolutely no obvious reason that M‘ x M°”, rather than the 
more obvious possibility of eleven dimensional Minkowski space, should be the 
ground state of this theory. 

It will be shown in a separate paper that even when Kaluza~—Klein vacuum states 
are stable classically, they can be destabilized by quantum mechanical tunneling [22]. 
However, unbroken supersymmetry (plus a technical requirement that the extra 
dimensions be simply connected; this is not satisfied in the original Kaluza—Klein 
theory) seems to be a sufficient condition for stability. This is another reason that 
theories in which D,,« = 0 has a solution and there is an unbroken supersymmetry at 
the energies of compactification would be attractive. 

As has been pointed out above, the most serious obstacle to a realistic model of the 
type considered in this paper is that the fermion quantum numbers do not turn out 
right. It is conceivable that this problem could be overcome if instead of riemannian 
geometry one considered geometry with torsion or some generalization of torsion; in 
such a theory the fermion transformation laws might be different. 

How can one obtain torsion in eleven-dimensional supergravity? As has been 
noted [11], the theory formally contains torsion in the sense that certain fermion 
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bilinears enter, formally, in the way that torsion would appear. Of course, a “torsion” 
that is bilinear in Fermi fields does not have a classical limit. However, by analogy 
with QCD, in which 4q has a vacuum expectation value, one may be willing in 
supergravity to assume a vacuum expectation value for the “torsion field" K ~ uw 
(or perhaps for some other bilinears). Perhaps in this way the predictions for fermion 
quantum numbers can be modified. This possibility is under study. 


I wish to acknowledge discussions with V. Bargmann and J. Wolf. 


Note added in proof 


For a recent discussion of Dirac zero modes in Kaluza—Klein theories, see ref. [23]. 
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N = 8 Supergravity Breaks Down to N = 1 
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The field equations of N = 1 supergravity in d = 11 dimensions admit a spontaneous com- 
pactification on the seven-sphere to an N =8 theory in d=4 with local SO(8) invariance. A 
spontaneously broken version of this theory is provided by another solution of the field equa- 
tions for which the metric on S’ is distorted. The isometry group of this new solution is 
SO(5) $ SU(2), the relevant holonomy group is G., and the N =8 supersymmetry is broken 
down to N =1 at the Planck scale. The implications for grand unified theories are briefly 


discussed. 
PACS numbers: 04.60.-n, 11.30.Pb, 12.25.+e 


Since its discovery in 1976, progress in super- 
gravity’ has evolved along rather diverse lines, 
There are thoge who, awed by the majesty of ex- 
tended supersymmetry, have looked to the N =8 
theory as a possible unification of all interac- 
tions, while the more phenomenologically minded 
have concentrated on N=1 supersymmetry as a 
means of solving the gauge hierarchy problem 
and accomodating chiral fermion representations 
in grand unified theories. Consequently, the 
hope has sometimes been expressed that these 
two approaches could be linked if N =8 super- 
symmetry were to break down to N=1 at the 
Planck scale. In this paper, we demonstrate 
that this hope can indeed be realized, 

Our starting point is the observation*® that the 
field equations of N=1 supergravity in d= 11 
dimensions‘ admit a candidate ground-state solu- 
tion corresponding to the product of four-dimen- 
sional anti-de Sitter space (AdS) and the seven- 
sphere with its standard metric, i.e., the coset 
space SO(8)/SO(7). This seven-sphere admits 28 
Killing vectors and eight Killing spinors (i.e., 
eight spinors which are covariantly constant 
with respect to the de Sitter covariant derivative 
appearing in the transformation law for the gravi- 
tino), It gives rise, à la Kaluza-Klein, to an 
effective four-dimensional theory with local SO(8) 
invariance and N =8 supersymmetry. The SO(8) 
Yang-Mills coupling constant e is given by e? 
~ m?M,7?, where mn”! is the radius of 8’ and Mp 


is the Planck mass, Thus m is of order M, if e 
is of order 1, The massless sector describes 
one spin 2, eight spin 3, 28 spin 1, 56 spin 3, 
and 70 spin 0 (35 scalars plus 35 pseudoscalars) 
and may probably be identified with the gauged 
N =8 theory of de Wit and Nicolai, where, in 
addition to the obvious local SO(8) with 28 elemen- 
tary gauge bosons, one finds a hidden SU(8) with 
63 composite gauge bosons. This SU(8) has formed 
the basis for possibie grand unification schemes.° 
By extending some earlier work on “squashing” 
three-spheres and symmetry breaking,’ it has re- 
cently been suggested?’ that other solutions of 
the d=11 field equations which are topologically 
still S$’ but which deviate from the maximally 
symmetric S’ geometry could give rise to a spon- 
taneously broken version of this gauged N =8 
theory. The idea is that distortion of the seven- 
sphere corresponds to nonvanishing vacuum ex- 
pectation values for the scalar fields and hence- 
to a Higgs and super -Higgs effect in d=4. In - 
this paper we exhibit such a solution correspond- 
ing to the fact that S’ admits not one but two Ein- 
stein metrics, In addition to the “round” S$’ dis- 
cussed above there is a “squashed” S’ with isom- 
etry group Sp(2)¢ Sp(1)= SO(5)% SU(2) and for 
which the de Sitter connection has holonomy 
group G} Remarkably, we find that it admits 
but one Killing spinor and hence yields an effec- 
tive four-dimensional theory with one unbroken 
supersymmetry. Thus N =8 supersymmetry is 
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broken down to N = 1 at the Planck scale. 

We adopt the following conventions. The d=11 
space has signature (-+++...), and d=11 indi- 
ces M,N,... will be decomposed into d=4 in- 
dices y,v,... and d=7 indices m,n.... The 
d=11 Dirac matrices satisfy 

{Ty Da) = 2na (68) 
and may be written 
Ty=(yaWl, ys Ta), (2) 


where ya and T, are the Dirac matrices in d=4 
and d=", respectively. Spontaneous compactifi- 
cation works as follows: We set the fermion 
fields to zero and examine the boson field equa- 
tion of the d=11 theory‘: 
Run > 3 8anR= S| Faron En’ rs è gun F?), 
nA aain 


che gi- MQ NEO 
met ee Fa, 


(3) 


(4) 


oo tg Eg. - ity’ 
Equation (4) is solved by the Freund-Rubin® 
choice for which all components F xpo vanish ex- 
cept 


(5) 


where m is a constant, Substituting into Eq. (3) 
gives 


F uvo =3ME pupo» 


Ry = -12m*g,, (6) 


and 
Rmn” 6m San * (7) 


Thus the eleven-dimensional space becomes a 
product of a four-dimensional Einstein space with 
negative cosmological constant and a seven-di- 
mensional Einstein space with positive cosmolog- 
ical constant. 

There are still infinitely many solutions of (6) 
and (7) but the ground state should presumably 
be distinguished by its symmetries. With this in 
mind, we proceed as in Refs. 2 and 3 to restrict 
the solution further by requiring that the vacuum 
be supersymmetric, i.e., by requiring the exis- 
tence of covariantly constant spinors € for which 


d¥y=Dye=0, (8) 
where 

Dy = Dy ~ pag", BT PPO Fy pune. (9) 
Substituting Eq. (5) into Eq. (9) yields 
(10) 
(11) 


D,=Dy+myyrs, 
Dn = Dy ME n. 
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When m +0, the requirement of N =8 supersym- 
metry singles out the unique choice of AdSws’ 
with the standard SO(8)-invariant metric on S$’. 
This is because there will be one unbroken super- 
symmetry (i.e., one massless gravitino) for each 
Killing spinor in d=, i.e., each spinor satisfy- 
ing 


Dyn=0. (12) 
The integrability condition is 
[Dn By) n= -iRam Tot MT man. (13) 


Since spinors in d=7 have eight components, 
there will be eight covariantly constant spinors 
if and only if 


R mnsa =M (Emp Ena ~ Ema Enp)» (14) 


and we obtain the maximally symmetric special 
case of Eq. (7) corresponding to the seven-sphere 
with its standard metric of constant curvature. 
Similarly the vanishing of [ D,, D, | on spinors in 
d=4 implies that space-time is AdS =SO(3, 2)/ 
SO(3, 1). As discussed in Refs. 2 and 3, this 
vacuum solution then yields the effective d=4 
theory with local SO(8) invariance and N =8 super- 
symmetry. 

One can now contemplate other solutions of Eq. 
(7), i.e., other seven-dimensional Einstein met- 
rics which might admit fewer than eight Killing 
Spinors, Of particular interest would be one with 
the same S” topology since this would correspond 
to a spontaneously broken version of the previous 
theory. Remarkably S’ does indeed admit another 
Einstein metric for which the sphere is squashed 
in a special homogeneous manner, It may be 
described as the distance sphere in P,(H) the 
quaternionic projective plane, i.e., as the level 
surface formed by all geodesics of length r ema- 
nating from a point in P,(H).° When r is very 
small, the distance sphere approaches the stan- 
dard “round” S? (which is an $ bundle over S$; 
in fact this corresponds to the K = 1 SU(2) Yang- 
Mills instanton in four-dimensional Euclidean 
space | but as r increases the length of the $ 
fibers shrinks relative to the size of the S* base, 
and the eigenvalues a, (0 « <6) of the Ricci ten- 
sor split into two sets a)=a@,=a,=@,7 a, a, =a, 
=A=, a+. However, for a certain value of r 
the two sets become equal again, and the metric 
becomes an Einstein metric, The symmetry of 
this distorted sphere is the group which leaves 
a point in P,(H) fixed, namely Sp(2)~Sp(1) [where 
Spln) is the group of n x n quaternionic matrices |, 
which is isomorphic to SO(5) #SU(2). 
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Explicitly, the Fubini-Study Einstein metric on PH), written in terms of quaternionic coordinates 


(91,4), is 


ds*=(1 + RANDA dG dq, -(1 tga) E 9,449,449 59;- (15) 
k ‘ k ij 


Defining 


q,=tanxcos(ż4)U, g,=tanxsin(3y)V, 


(16) 


where U and V are quaternions of unit modulus, it is straightforward to show that the 1-forms 0,, Z; 


defined by 


U" dU =i0, +jo,+ko, V7 dV=it, +jX, +kd,, 


(17) 


satisfy the algebra do,=-0,A0,, etc., of SU(2). (i, j,k are the imaginary quaternions.) Finally, defin- 


ing 

v,20,+2,, w,29,-2,, (18) 
the metric on P,(H) becomes 

ds?=d+isin?x[dy? +t sin? uw? +} cos*x(v;+cosuw,)?]. (19) 


The distance sphere of radius r(=tan x), centered 
on q,=4,=0, inherits the metric obtained from 
(19) by setting y=const. Thus up to an overall 
scaling constant, the squashed seven-sphere has 
metric 


ds*=dy? +4 sin? uw? + 4a? (v; +cos uw), (20) 


where à is a constant parameter describing the 
degree of distortion. The round, SO(8)-invariant, 
sphere corresponds to A?= 1, 

Introducing the orthonormal basis e°=dy, e’ 
=dsinpw,,..., ef= $a(v,+cosuw,), etc., a 
straightforward calculation shows that the curva- 
ture form 6,,,= 3Rinnp ge? e° is given by 


Uy, =(1 = da%)e°r ee! + 1 ~a7)ehae®, 

Boa = Ae a ett 3(1 etae erae], 

Dya (1 = ãa?eta e? + all aeta e, 

bya = iaelnet t i aeae eae], (20) 
#147 ela e’ = 1 = Ale a et +e? e*], 

Big Ae aet + pl aAa eae menet], 

ys FiA Teta ei + l AD eae eae’), 


where the remaining 14 components are obtained 
by performing simultaneous cyclic permutations 
of the triplets (1, 2,3) and (4, 5,6). The Ricci ten- 
sor R,,,*diag(a, a, a, a, 4, 3, 3) with 


Bza? +1 2a. (22) 


3 
a=3 = 3A, 


The Einstein condition, a=, gives two solu- 
tions for a?, a?=1 gives the round sphere dis- 
cussed in Refs, 2 and 3, while a? = 4 gives the 
squashed sphere of this paper. 


Substituting Eq. (21) with a?=+ into Eq. (13) we 


find 

(Dr Dain- Cmn, (23) 
where 

Corn =C mn Tao (24) 


and C „n° is the Weyl tensor. Letting m run 
over (0, i, 1) where i=1, 2,3, and f=4, 5, 6, =i, 2, 
3, we find the 14 linearly independent components 


Co Alot dein Teh (25) 

Cy, e4iry,+Tel, (26) 

Cype4l-P i; -r,r +35;, Tyg Ealo], 
(27) 


where C,; is trace free. The subgroup of SO(7) 
generated by these 14 linear combinations of Tas 
corresponds to the holonomy?’ group of the con- 
nection of Eq. (11). Using the standard classifica 
tion of Lie groups,'' we find the exceptional group 
Gy. 

To solve C,,n =0=C,,ņ we resorted to an explic- 
it representation, 


Po=y Ok, T,=7,o], Tj =ly,87,, (28) 


and found that there is one solution, It automati- 
cally satisfies C,;;n=0, The existence of just 
one Killing spinor is related to the fact that G, 
is the stability subgroup of a seven-dimensional 
spinor. Thus spontaneous compactification on 
the squashed S’ gives an effective d= 4 theory 
with one unbroken supersymmetry, This means 
in particular that seven of the eight gravitinos 
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will acquire masses of order Mp. 

Carrying out the complete calculation of the 
four-dimensional Lagrangian will not be an easy 
task, however, and it remains to be seen what in- 
fluence the isometry group of SO(5) xSU(2) and 
the holonomy group of G, wili have on the classifi- 
cation of particle states. We simply note that 
both contain SU(2) ~SU(2) as a subgroup. There 
is a subtle interplay between the obvious SO(8) 
symmetry and hidden SU(8) symmetry in the un- 
broken phase and we expect an analogous inter- 
play in the spontaneously broken phase. It will 
be interesting to see what effect this might have 
on the SU(8) unification schemes, As discussed 
by Witten, '? in addition to the gauge hierarchy 
problem and chiral fermion problem in grand 
unified theories, there is another reason why 
one unbroken supersymmetry at the energy of 
compactification is an attractive feature of Kaluza- 
Klein theories: It can provide a mechanism for 
stabilizing the Kaluza-Klein vacuum, 

Of course the surviving N =1 supersymmetry 

must also be eventually spontaneously broken, 
In this connection, we note that a third solution 
of d=11 field equations with S? topology has re- 
cently been found.” The seven-sphere is not 
squashed but the F_,,, components of F,,;9 are 
now nonvanishing and provide a parallelizing 
torsion. This solution also admits a Higgs inter- 
pretation corresponding to nonzero vacuum ex- 
pectation values for the pseudoscalars,** It also 
involves the group G, (Ref. 13) but according to 
D’ Auria, Fre, and van Nieuwenhuizen" all eight 
supersymmetries are broken. Since our one 
Killing spinor n may be used to build the required 
totally antisymmetric torsion, namely 7P sse mh 
we expect more general solutions with both 
squashing and torsion and this suggests an (N = 8) 
—(N=1) ~(N =0) hierarchy. 

We are grateful to C. J. Isham and K, S. Stelie 
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thanks J. P. Bourguignon and N. J. Hitchin. 
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When d = 11 supergravity spontancously compactities to d = 4. the number of unbroken sypersymmetrics, 0 < N < 8. is 
determined by the holonomy group, X. of the d = 7 ground-state connection. Here we present a new solution: Minkowski 
spacetime X K3 X T?, for which # = SU(2) and N = 4. The massless sector ind = 4 is given by N = 4 supergravity coupled 
to 22 N = 4 vector multiplets. Aside from its intrinsic interest. this example throws new light on Kaluza~Klein supergravity. 
In particular, we note that the 192 + 192 massless degrees of freedom obtained from K3 X T? exceed the 128 + 128 of the 


N = 8 theory obtained from T? or S7. 


The field equations of N = | supergravity ind = 11 
dimensions admit of candidate ground-state solutions 
in which seven dimensions are compactified. Setting 
Wy = 0(M,N = 1... 11), these equations are 


Run -3 8anR= 3 (Fuporfy OR 
-3 &uvFporstt ORS) (1) 
Uy EMPOR = — gig eM1-Ma POR Figg Fy. - 
(2) 


The Freund—Rubin [1] choice for which Fyywpg Yan- 
ished except for 
F pupo = 3M Exuga (3) 


yields the product of a four-dimensional Einstein space 
time 


Rw = ~12n? gy (4) 


with Minkowski signature and a seven-dimensional 
Einstein space with euclidean signature 


Rmn = 6m? Emn : (5) 


where p.v=1,...,4andm,a=5,..., 11. Eq. (5) im- 
plies compactification when m # 0 and is consistent 


with, but does not imply ,compactification when m = 0. 


1 On leave trom The Blackett Laboratory. Imperial College. 
London, LK. 


As discussed in refs. [2—4}, the number of unbroken 
supersymmetries, N, in the resulting four-dimensional 
theory, is determined by the number of Killing spinors 
on the d = 7 manifold i.e. the number of spinors satis- 
fying 


Dip N= Om -4 Qn ly — Ete tT, )N=0, (6) 
where T, are the d = 7 Dirac matrices, 
{ia Ugh = ~25 gp - (7) 


Lab = Piel), and w,,2 and e,,7 are the spin connec- 
tion and siebenbein of the ground state solution to 
eq. (5). Such Killing spinors satisfy the integrability 
condition 


[Dm Dn) n= — 4 Cmn” an= O, (8) 


where C,,,,2 is the Weyl tensor. The subgroup of Spin 
(7) generated by these linear combinations of the Spin 
(7) generators F p corresponds to the holonomy group 
K of the connection of eq. (6). Thus the maximum 
number of unbroken supersymmetries, N, is equal to 
the number of spinors left invariant by H. 

It is the exception, rather than the rule, that the 
ground state admits Killing spinors and, to date, only 
three examples have been discussed in the literature, 
two with N = 8 and Can? = 0 and one with N = I 
and Cnn”? #0. The case m = 0 and N = 8 singles out 
the seven torus of Cremmer and Julia [5] for which 
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X = 1: the case m # 0 and N = 8 singles out the round 
seven-sphere of Duff and Pope [2,3] for which X = 1 
and then there is the squashed seven-sphere of Awada 
et al. [4] for which m #0, N = 1 and = G}. (In fact the 
full d = 4 theory obtained from the squashed S’, in- 
cluding the massive states, corresponds to a sponta- 
neously broken phase of the one obtained from the 
round S7 [6}.) Although T? and the round S7 exhaust 
all possible N = 8 solutions (since they are the only 
Einstein spaces to be conformally flat*!: Cn n= =0) 
it is of interest to ask whether there are any othërs 
with 0 < N < 8, and this leads naturally to the study 
of possible holonomy groups X for the connection of 
eq. (6). For X = 1 we have N = 8 and for X = G, we 
have N = | because these are the groups which, in 
seven dimensions, leave invariant 8 and 1 spinors re- 
spectively. 

In this paper we examine another solution of eq. 
(5) with m = 0 for which 3€ = SU(2). Since this SU(2) 
leaves invariant 4 spinors we find an effective d = 4 
theory with N = 4 supersymmetry. The solution is 
given by the Ricci flat metric on K3 X T3 where K3 
is Kummer’s quartic surface in CP3. A review of the 
K3 literature may be found in ref. [7}. The Ricci flat 
metric on K3 is not known explicitly but there is an 
existence proof. Moreover it is known to have 58 pa- 
rameters, to have a self-dual Riemann tensor, and no 
symmetries. Topologically, K3 has Euler number x = 
24 Hirzebruch signature 7 = 16 and Betty numbers 


by=1, b,=0, 6, =22, b3=0, bą=1. (9) 


This information will be sufficient for us to determine 
the Kaluza—Klein ansitze necessary to isolate the 


t 

! Strictly speaking, the Weyl tensor characterizes the re- 
stricted holonomy group of Dm: i.e., it dewribes the rota- 
tion of a spinor parallel transported around 3 closed loop 
which is homotopic to zero. If the space is not simply con- 
nected there may be global obstructions to the existence 
of covariantly constant spinors, in addition to any local 
obstruction implied by the Weyl tensor. In addition to the 
ground state solutions T7 and $7, there will atso exist solu- 
tions of the form T7/r (generalizations of Klein bottles) 
and S7/r (generalizations of lens spaces), where F is a dis- 
crete group. These spaces. like their T” or S? covering 
spaces, have Cabcd = 0, but these global considerations 
imply that they admit fewer than 8 covariantly constant 
spinors, and hence provide another means of obtaining 
0 < N <8 supersymmetry. 

We thank Don N. Page for discussions on these points. 


massless particle content of the resulting N = 4 super- 
gravity theory. The number of massless particles of 
each spin is given by the number of zero-eigenvalue 
modes of the corresponding mass matrices. These are 
given by differential operators on the seven-dimensional 
ground state manifold (second order for bosons and 
first order for fermions) and are discussed in detail in 
ref. {3] for the case m #0, where they were applied 
to S7, To apply them to the K3 X T3 solution of this 
paper, we need only set m = 0. The results are given 
in table |, where we compare with the reduction on 
T. 

The single g,,,, comes from the single zero mode of 
the scalar laplacian, the three B, from the three Killing 
vectors on T3 (K3 has no Killing vectors), and the 64 
scalars S from the zero modes of the Lichnerowicz op- 
erator acting on symmetric rank-two tensors: 58 from 
K3 (the 58 parameters) and 6 from T? (the 6 param- 
eters of the metric on SÌ X S! x S!). We note that 
these 6 are Killing tensors but that the 58 are not. 

As far as the fermions are concerned, we first note 
that since K3 is half-flat the holonomy group is SU(2) 
rather than the SU(2) X SU(2) of a generic four mani- 
fold and hence it admits two covariantly constant 
spinors (i.e. Killing spinors) which are left or right 
handed according as K3 is self-dual or anti-self-dual 
[8]. The four Y, come from the four Killing spinors 
on K3 X T3(2 on K3 X 2on T3). To obtain the 92 
spin-} fields x we note that there are 40 zero-modes 
of the Rarita~Schwinger operator on K3: 38 of 
which are [-trace-free and 2 of which are not but are 
covariantly constant, while on TÌ there are 6 such 
zero-modes which are covariantly constant but not l- 
trace-free. We note that these 6 are Killing vector-spinors 
but that the 40 are not. With these conditions the 


Table 1 

d=11 d=4 spin T K3 xT 

EMN Euv 2 ! l 
By t 7 3 
sS 0 28 64 

vay Vu 3/4 §& 4 
x 1/2 56 92 

AMNP A uvp a l l 
Ayy v 7 3 
Au I 21 25 
A 0 35 7 
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92 modes, given by 40 on K3 X 2 Killing spinors on 
T? plus 6 on T? X 2 Killing spinors on K3, will be 
zero-modes of the spin-} mass matrix [3}. 

The numbers of A uvo» A uv» Áp and A fields are 
given by the zero-modes of the Hodge —-de Rham oper- 
ator acting on 0, 1, 2 and 3 forms respectively; i.e. by 
the Betti numbers bo, b4, b and b3 of K3 X T?. But 
for a product manifold M = M’ X M”, 


>? 4b, Dor (10) 


where bp bp „bp are the p'th Betti numbers of M, M’ 
and M” respectively. Hence from eq. (9), and the Betti 
numbers b, = G) for T3, we obtain the numbers given 
in table 1. i detailed discussion of boson and fermion 
zero-modes on K3 (and their relation to axial and con- 
formal anomalies) may be found in refs. [8,9]. 

To summarize, the spin content is given by 1 spin 
2,4 spin 3, 28 spin 1, 92 spin 4, 67 scalars and 67 
pseudoscalars. This corresponds to an N = 4 supergrav- 
ity multiplet (1,4,6,4, 1 + 1) coupled to 22 N =4 
spin-one matter multiplets (1, 4,3 +3). 

Several comments are now in order especially since 
K3 X T? provides a counterexample to many claims 
to be found in the Kaluza—Klein literature. 

(1) The number of massless degrees of freedom 
(per d = 4 spacetime point) of this N = 4 theory ob- 
tained from K3 X T3, namely 192 + 192, exceeds the 
128 + 128 of the N = 8 theory obtained from T? (or 
S7). Thus one’s naive expectation that the N = 8 theo- 
ry maximizes the number of zero-modes is seen not to 
be fulfilled. Note that per d = 4 spacetime point, the 
d= 11 theory has (128 + 128) X œ? degrees of free- 
dom and so there is no contradiction in obtaining more 
than (128 + 128) when one isolates the massless states 
from the infinite tower of massive states. We do not 
know whether 192 + 192 is the maximum. 

(2) Note that K3 X T3 is neither a group manifold 
nor a coset space. Indeed K3 has no symmetries at all, 
yet this does not prevent a sensible Kaluza—Klein the- 
ory with a large number of massless particles. Of course, 
the 28 massless spin 1 are only abelian gauge fields, 
the gauge group being [U(1)]? X [GL{1, R)]2°. Note 
also that K3 X T3 provides the first example of a 
supersymmetric Kalutza—Klein theory for which the 
extra dimensional ground-state manifold is not paral- 
lelizable. 


(3) The ansatz for the massless scalars coming from 
gmn is not in general given by products of Killing 
vectors. When m = 0, the criterion for masslessness 
corresponds to zero-modes of the Lichnerowicz oper- 
ator A, . These are in one-to-one correspondence with 
the number of parameters of the ground state metric 
Emn because A, describes the first variation of the 
Einstein tensor and so its zero-modes preserve eq. (5) 
when m = 0. Thus T? yields 28 and K3 X T? yields 64. 
This ceases to be true when m # 0, however, because 
the ground state solution of eq. (4) is now anti de Sitter 
space. Massless scalars must now obey the conformal 
wave equation and hence, on the round S? for exam- 
ple, the mass matrix of ref. [3] is (A; — 16 m?) which 
has 35 zero-modes rather than (A, — 12 m?) which 
follows from the first variation of eq. (5) and which 
has no zero-modes. Hence it was found that 35 mass- 
less scalars come from gaya, even though the S7 solu- 
tion of eq. (5) has no parameters. 

(4) How do the many parameters of K3 X T3 show 
up in the effective four-dimensional theory? The 
answer is in the expectation values of the scalar fields. 
Compactification on Ricci flat manifolds yields no ef- 
fective potential for the scalars and their expectation 
values are arbitrary. This contrasts with compactifica- 
tion on Einstein manifolds with m # 0. {Note inciden- 
tally that in this respect ungauged N = 8 supergravity 
[5] obtained from T7 has many more parameters than 
gauged N = 8 supergravity [10] obtained from S7 , con- 
trary to the claim that gauging increases the param- 
eters from one (Newton's constant) to two (Newton’s 
constant plus gauge coupling constant).} 

Although we have focussed our attention on N = 1 
supergravity in d = 11, solutions of the kind discussed 
here also exist for N = | ind = 10,9 and 8 for which 
spacetime is Minkowski space and for which the extra 
dimensions are K3 X T2, K3 X S! and K3 respective- 
ly. Owing to the Weyl condition in d = 10, we have 
N = 2 rather than N = 4. Omitting the details, we 
quote the results. Starting from the 64 + 64 components 
of N =1 ind = 10, we obtain the 96 + 96 components 
in d = 4 of N = 2 supergravity coupled to 3 N = 2 vec- 
tor multiplets and 20 N = 2 scalar multiplets. Starting 
from the 56 + 56 components of N = 1 ind =9, we 
obtain the 92 + 92 components in d = 4 of N= 2 
supergravity coupled to 2 N = 2 vector multiplets and 
20 N = 2 scalar multiplets. Starting from the 48 + 48 
components of N = 1 ind = 8, obtain the 88 + 88 
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components of N = 2 supergravity coupled to 1 NV = 2 
vector multiplet and 20 N = 2 scalar multiplets. Note 
that each drop in dimension from 10 to 8 corresponds 
to one less vector multiplet in d = 4. 

Returning to the case of d = 11, we recall that so- 
lutions of eqs. (1) and (2) may be found for which 
the Finnpg Components of Fyypo are also non-zero. 
However, the solution of ref. [11] is known to break 
all 8 supersymmetries [12,13] and this is in fact an 
inevitable feature [14] of Fmnpg £ 0 solutions. In 
order to find out whether other supersymmetry-pre- 
serving solutions exist, one can look to the holonomy 
group. For example the SU(3) subgroup of G, leaves 
invariant 2 spinors but we do not know of any solu- 
tions of eq. (5) with 3€ = SU(3). Thus the outstanding 
problem is to classify all d = 7 Einstein metrics of non- 
negative curvature and their holonomy groups. 


We are grateful to S. Weinberg for stimulating dis- 
cussions on Kaluza—Klein theories and to J.A. Wheeler 
and S. Weinberg for their hospitality at the Center for 
Theoretical Physics and at the Theory Group. This 
publication was assisted by NSF Grant PHY 8205717 
and by organized research funds of The University of 
Texas at Austin. Supported in part by the Robert A. 
Welch Foundation. 
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Exact solutions of the 11-<dimensional supergravity field equations with non-trivial antisymmetric tensor and Rarita - 
Schwinger fields are given. Some of these are found to admit Killing spinors. The dimensional reduction to pp-wave or anti- 
gravitating multi-centre solutions of the four-dimensional theory is discussed. 


The lagrangian of 11-dimensional supergravity [1] 


with the notation and conventions of ref. [2] and x =1, 


1s 
L= ~ VR(w) - ia VF yp FNP 
~ FVD yT MPD yG (w + Op 
+i Vd yf TMNWXYZ + 12gMLWpXYgZIN) 
X yy(Fwxyz + Fwxyz) 
+ (2/124) MMM FUM MMi PMM 
X AM MoM’ 0) 


where wma is the spin-connection including contor- 
sion and Fand «3 are supercovariantizations of F and 
w. The lagrangian varies into a total divergence under 
the local supersymmetry transformations [1] 


bey’ = ie Ady, (2) 
5 Auup = 2€l iMn YP (3) 


+ th (VPR y -= BOR SN) Fypore= Dye. 


Consider the 1 1 dimensional generalization of the 
pp-wave metric [3] 
9 


ds? = 2du dv —2H(u,x!)du2 — E axi)? , (5) 
£ 


? Supported by a SERC/NATO Fellowship. 
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(North-Holland Physics Publishing Division) 


where the “light cone” co-ordinates are (v, u, x‘) with 
i,j =1,..,9. Such metrics have been studied as solu- 
tions to pure 11-dimensional Einstein theory by J. Richer 
(unpublished). They admit a covariantly constant null 
vector kM 


kM a/axM = 3/80, kyy=0, sywk!kN =0. (6) 


The space also admits covariantly constant spinors. It 
is convenient to introduce another null vector IM 


IM 3/oxM = afau + Ha/au , (7) 


so that KMg yyl” = 1. 

A simple ansatz for a solution to the field equations 
obtained by varying (1), analogous to those discussed 
in refs. [4—6] is given by the metric (5) together with 


Va = Kyx , (8) 


Funpo = K (MENPO] > (9) 


for some x(u, x!), Ẹyyyp(u, x!) which are taken to be 
independent of the retarded time, v. Ansatz (8) is due 
to Urrutia [4] and leads to the vanishing of the contor- 
sion and the Rarita—Schwinger stress-energy tensor 
and to trivial supercovariantizations, F, MNPO = F MNPO 
and ©òpas = wmag- The non-vanishing components 
of the curvature tensor for the space —time are 


Rminj = KM ij , (10) 


and so the scalar curvature R vanishes, which implies, 
through the gravitational field equation, that the spin- 
one field strength must be null (F? = 0) so that one 
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must have 


The spin-one field equation and Bianchi identity 
are satisfied if 


MNP ,=0, ELMNP.Q| =0, (12) 


so that ayp is harmonic, while the Einstein equation 
gives 

9 

DH a= thE pnp? . (13) 


The Rarita—Schwinger equation then reduces to 


PMNP Dy Wp = MMNPkpDyx= 0, (14) 
where the covariant derivative is given by 

9 
DyXx= yx —4 2TH Ak TD) kyx- (15) 


Following ref. [6], it is convenient to introduce the 
projection operators 


Pred DCD, =k D&T), (16) 
and define 
S=Pix, n=P2x. (17) 


Then (14) has solutions similar to those found in refs. 
[4,6], 


t=t(xi u), n=nlu), (18) 
with 

9 

2 riag=0. (19) 


Then (5), (8) and (9) provide a solution to the full 
field equations, provided that H(u, xi), x = $(u, x4) 

+ nlu). Eyyplu, x4) satisfy (11), (12), (13). (18) and 
(19). The solution can be interpreted as a supergravity 
wave advancing in the null direction given by k™. If 
H, Eywp and x are independent ofu, it is a plane 
wave, while for u-dependent functions one has a beam 
of radiation whose amplitude varies over the wave 
front. Just as a soliton is an extended field configura- 
tion sharing many of the properties of a massive particle, 
these wave solutions are in some ways analogous to 
massless particles. 
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A Killing spinor € is one that parameterizes a super- 
symmetry transformation leaving the fields invariant. 
up to gauge transformations [6]. For (4) to vanish the 
spinor must satisfy 


Dye =0. (20) 


As in ref. [6], it can be shown that the integrability 
conditions for (20) imply that 


Emnpi = 9-* Exp = Enel) - (21) 


If (21) holds, there are solutions e = P} e(u), €(u) being 
given by the solutions of 


Be/du = (i/72)E gy pl N € . (22) 


For the corresponding supersymmetry transformations 
of the Bose fields (2) and (3) to vanish, one must fur- 
ther impose 


Vm” Wyl). (23) 


Thus, if (21) and (23) hold, the space is supersymme- 
tric. It is puzzling that in such spaces, the gravitational 
wave amplitude given by H can have arbitrary depend- 
ence on the transverse directions x!, while the spin-1 
and spin-3/2 amplitudes cannot. 

Using the methods of ref. [6], necessary and suffi- 
cient conditions for the Rarita—Schwinger field to be 
non-trivial (i.e., not pure gauge) can be given in terms 
of higher order integrability conditions. As in ref. [6], 
it is found that, if (21) holds, nearly all possible solu- 
tions are non-trivial, whereas if (21) does not hold only 
a restricted class of solutions is non-trivial. 

Consider now the dimensional reduction to four 
dimensions, leading to a solution of the ungauged 
N =8 supergravity theory [2]. If one takes the space— 
time co-ordinates as (u, v, x!, x?) with all the fields 
independent of the seven internal co-ordinates (x3, 
x4 x9), one obtains a pp-wave solution of the N=8 
supergravity with all the fields non-trivial. If the 11- 
dimensional space was supersymmetric, the corre- 
sponding 4-space will admit a real 16-dimensional 
space of Killing spinors. 

Alternatively, introducing a time co-ordinate ¢ and 
a space co-ordinate x!0 by 


xj70, 


Vide = dv +(1—H)du , (24) 
Vidx!0 =du-(1+H)du, (25) 


one can regard (f, x}, x, x3) as the space —time co- 
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ordinates, provided that all the fields are independent 
of the seven internal co-ordinates (x4, x5, ..., x10). 
Choosing A to be of the form 


st 


H(x!, x2, x3)=1 22 M/lr =r, (26) 
= 


gives some solutions of the N = 8 supergravity field 
equations generalizing those found in the N = 4 theory 
by Gibbons [7]. This gives a static “multicentre” 
space with n localized field configurations at the 
points z = r, in equilibrium with the gravitational and 
scalar attraction between them being exactly balanc- 
ed by electric repulsion, a phenomenon called anti- 
gravity [8]. However, although these solutions are de- 
rived from regular 11 dimensional spaces, the 4- 
dimensional metrics are singular, with naked singula- 
rities at the points r =r, [7]. They can also be obtain- 
ed by boosting a black hole solution in the x!0 direc- 
tion in the limit in which the velocity tends to that of 
light [7]. These could only be supersymmetric if 
{mnp and x were constant fields. Regular, antigravi- 


tating soliton solutions of N = 8 supergravity can, 
however, be obtained from certain static solutions of 
the 11 dimensional theory, as will be discussed else- 
where. 


I would like to thank G.W. Gibbons for many use- 
ful discussions. 
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Upon seven-torus compactification of eleven-dimensional supergravity, a Kaluza-Klein monopole 
is embedded into one U(1) group of the isometry group U(t)’. Four independent Killing spinors 


remain unbroken in this background. 


Higher-dimensional general relativity (Kaluza-Klein 
theories)! is a promising candidate to unify gauge theories 
and gravity. However, dimensions of Kaluza-Klein 
theories are completely arbitrary unless constrained by su- 
persymmetry. Requirement of the absence of states with 
spin higher than 2 puts an upper limit to the dimension of 
D<11 for Riemmanian space and D<24 for quasi- 
Riemmanian space.” Although the quantum behavior of 
Kaluza-Klein theories is not well studied yet, the super- 
symmetry will soften ultraviolet divergences compared to 
nonsupersymmetric cases. Furthermore, the topologically 
nontrivial solutions will play an important role in non- 
perturbative effects.’ 

The finite-energy Kaluza-Klein monopole solutions 
have been studied recently.4~’ They are spherically sym- 
metric and static, and are the usual magnetic monopoles 
in the asymptotic region of four space-time dimensions. 
This monopole solution is regular at the origin and the 
Space-time geometry is intrinsically interwoven with the 
internal space in which direction the monopole is embed- 
ded. 

It is interesting to examine the remaining supersym- 
metry in the background of Kaluza-Klein monopoles. In 
eleven-dimensional supergravity which is maximal in the 
pseudo-Riemmanian Kaluza-Klein theory, the fate of su- 
persymmetry upon compactifications has been rather ex- 
tensively studied. Some of them are the seven-torus® 
(N =8), round seven-sphere? (N =8), left squashed 
(N =1) and right squashed (N =0) seven-sphere,'° MP? 
(N =2) and MP” (N =0,p3%q) manifold,'! where the 
number of remaining supersymmetries is given inside the 
parentheses. A table of known compactifications and sur- 
viving supersymmetry can be found in Ref. 12. Most in- 
terestingly, the K, X T, solution” is an example with four 
surviving supersymmetries, but without isometry group 
corresponding to K?. It turns out that there is an N =4 
supersymmetric solution in the seven-torus compactifica- 
tion with a Kaluza-Klein monopole embedded into one 
U(1) group of the isometry U(1)’ group. It is noteworthy 
that the Kaluza-Klein monopole solution is a unique ex- 
ample of N =4 supersymmetry with an isometry group. 


The bosonic parts in D=11, N=1 supergravity 
relevant for the background are : 


Run — y8unR = (Furor Fy OR ~ igus FeorsF OP) , 


d) 
R M,- MyPQR 
Vy Fe gge O Fy. Eu, My 


The background solutions with Kaluza-Klein monopole 
are obtained by the following vacuum expectation values 
(VEV's): 


(Fup) = (Fm) =O 5 


(2) 
(¥,) = (Yn) =O. 
The VEV’s for the elfbein are* 
e xd, 
el =e? dr 
e gb 2p do ; 
(3) 


eP er sind dé , 
ee ~? dx5 +nrkgicosð— ldo] , 
e“ —dx$ outs ead . 


Here eb =1+|n | R/2r, R =2xg, and n is the monopole 
charge. The indices inside the parentheses are for the 
frame indices. The spherically symmetric and static 
monopole solutions carrying the magnetic charge in more 
than one U(1) direction of the isometry group U(1)’ simul- 
taneously are shown to be absent.® 

The number of independent supersymmetries will be 


determined by the Killing spinor equation®~ |? 
Dun=(8y— toy" 4g) =0, (4) 
where 


Pap = HE, g aly). 


Here eariy alphabet letters are used as frame labels, while 
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mid-alphabet letters are employed for world indices. 
The relevant spin connections are 


wap = —(4r+[n|R) 
oO Ar jn jR)’ 
m iert jnjR) 8 
ws p7 Ur + |n |R) sing , 
(r) ALR? ogg D, 
Oo 97 r+ jn [RY 
gi. == niR 
5 95T r+ jn] R?’ 
oh (5) 
és n?R%(cos6 —1) 
= —cos9 + TAA 
Os 16 — COUT Ort n [RP 
oo nR 
os AS irp in [RI 
(8) aR : 
—=——— 8, 
24 Fre |n [R 
RO 
oe = r+ aR) | 


The flat indices are raised and lowered with the metric 
nas =diag(—1,+1,..., +1), and wy ®= wy”. Of 
course, the flat-space limit without monopoles is obtained 
by putting n =0. Also since the Kaluza-Klein monopole 
solutions [equivalently Taub-Nut (Newman-Unti- 
Tamburino) solutions!*] are regular at the origin, all spin 
connections are also regular. 

The convenient choices for the F matrix with the Clif- 
ford algebra {T 4, Tp} = —2n 4g are 


To=yoX la Ti=y¥iX1s, 1 =1,2,3, 


0-1, 
Ts=y5x u 0 , 
(6) 
a, 0 
Psaj=7sX |o -aj |’ j=1,2,3 
0 B; 
Peaj=7sx B of’ j=1,2,3. 
Here 


mm ce pt i ee EAE 


1 5 
V+ Zo" } 


. o 
2 o 
ðY; + 32e 0 o 


i (PO) 
dtja zeo" 0 o| VTT 


Notice that all eight Y, are not independent, but Y, (j =1,.. 


The Killing spinor equation in the é direction reads 


-10 
You 0 1l? 

0 o; 
n= —o, 0’ 

: 01l 
Ys=—IYoY Y= j] oO 


and g; is the Pauli spin matrix. 1, and 1, are 8x8 and 
4x4 identity matrices. The a, and £; are defined as 


0 o, 0 =o; 

=l a 017 alo 0 | 
io 0 0 ia, 

S=] o io » B= io 0 |’ 7) 
0 1l —io, 0 

B= | ioj =| 0 io 


Observe that I's, Ts4j, and Fg}; are oz, oz, and oj-like 
in 44 block matrices. In these representations, Fo and 
F, are symmetric, while all other F matrices are antisym- 
metric. Thus the charge conjugation matrix C is 


C=7ovrX ls. (8) 


The spinor representation of the tangent space group 
SO(1,10) is of 32 components, which are represented by 


nr=(Wi,..., 82), (9) 


where Y=, xp) with two-component spinor A, and 
X,. The Majorana condition 7 = — C7" gives the relation- 
ship between Àj and X; as 


Xj= -05 . (40) 


The X; is dependent, and there are only 16 independent 
components corresponding to eight A,. 

Since spin connections wy“? with M =t,r,6,..., 11 
vanish, their corresponding Killing spinor equations are 
trivial as 

8.9 =9,9=den = "°° =N - ap 


Thus the Killing spinor y is independent of coordinates 
irx°,...,x''. The Killing spinor equation in the 6 
direction reads 


(12) 


., 4) are related to Yj, G =1,...,4). 
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aY L Oe) y i LONXA) i o y l rHS) a 9 t 18S) a) 
one 28 0 o| “i+ 2% Pegs 0 =o Yst yee 0 -o, Visa's 
(13) 
av i (rH@) y i 1g) 1 Crh sf g 
Yje 7% 0 o| Yat 7% 0o Vira 7% ~o, Y, 


Finally the Killing spinor equation in the fifth direction is 


o 
L, rns) 
ð bj + 705 0 =o 


o 0 
a; 


O71 A 
L a tens) LCT S 
Os¥j44-— rws” f -0 ¥i+ Fos ‘ 


Solutions for these equations are obtained in a straightfor- 
ward way. The ¥, (j =1,...,4) are given by 


(Ajet + Bye Aei 
T= 1 Aye — Bye! e- 


(15) 
Xjp=—OAG ` 
The Yj44 (j =1,...,4) are related to Y; by 
Àjpa= tiÀ}, 
(16) 
Xj+a= FIX, ’ 


where the upper (lower) sign corresponds to the positive 
(negative) monopole charge. Thus there are four indepen- 
dent Killing spinors Y; (j =1,..., 4) for Eq. (4), and we 
obtain N =4 remaining supersymmetries in the Kaluza- 
Klein monopole backgrounds (2) and (3). In the limit of 
vanishing voor charge (n =O), the mixing terms be- 
tween Y, and W;,4 (j=1,...,4) due to œg?" in Eq. 
(12), agi" and w 58") in Eq. (13), and oS") in Eq. (14) 
disivpeai: Then A (j=1,...,4) become independent 
of Yj, and we recover the well-known N =8 solutions of 
seven-torus compactifications.* 

It may be worthwhile to comment upon the consistency 
condition of Eq. (4), which is 


[Du Dyn = — Run T 4a Cunn =0 . (17) 


Here I 4g are the 55 SO(1,10) generators. The nonvanish- 
ing Cy» for the positive monopole charge are 


o, Y=0, JRL. 


(ane) lı o 
Yautios 0 o Y;=0, 


(14) 


Y; +4=0, 


rt rr inne 


C= —Cyg=—P tl ys=4T, , 
Cyy = Cog = —P 3-5 = 47, , (18) 
Cy = —Cys=Py—Ps=473 , 


and form the SO(3) subalgebra [7;,7)]=€ijeT- Similar 
results hold also for the negatively charged monopole. 

Now let us briefly consider the problem of remaining 
supersymmetries in D-dimensional supergravity theories 
other than the !1-dimensional one. The solutions for 
equations of motion in the torus compactifications are 
still given by Eq. (3) with the monopole embedded into 
one U(1) group of the isometry group U(1)?~*. Vacuum 
expectation values of all the bosonic fields vanish, except 
vielbeins which have the identical vacuum expectation 
value as in Eq. (3). But if theories contain several fer- 
mionic fields other than the gravitino field, the remaining 
supersymmetry can be drastically altered in this Kaluza- 
Klein monopole background. For example in D=6, 
N=2 supergravity," the supersymmetry transformation 
law for the gaugino À; of Yang-Mills supermultiplets in 
the Sp(1) direction is [Eq. (22) of Ref. 15 or Eq. (21) of 
Ref. 16] 


b= — Wi ef IE TNE 


—te-*iCIT'e , (19) 


where C¥==g'[ 4) (T/)*—8"]. Due to 5% in the C} 
term, all the supersymmetries are completely broken, 


(84/) #0, (20) 


in the Kaluza-Klein monopole backgrounds. Thus one 
cannot expect some remaining supersymmetry generally 
in the Kaluza-Klein monopole background. 

It is remarkable that the Kaluza-Klein monopole solu- 
tion in D=11 supergravity is unique in giving N=4 
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remaining supersymmetries with nonvanishing isometry 
group. 
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Chapter 2 


The eleven-dimensional supermembrane 


Membrane theory has a strange history which goes back even further than strings. 
The idea that the elementary particles might correspond to modes of a vibrating 
membrane was put forward originally in 1962 by Dirac [1]. When string theory 
came along in the 1970’s, there were some attempts to revive the membrane idea 
but without much success. Things did not change much until 1986 when Hughes, 
Liu and Polchinski [2] showed that it was possible to combine membranes with 
supersymmetry: the supermembrane was born. 

Consequently, while all the progress in string theory was going on, a small 
splinter group was posing the question: Once you have given up 0-dimensional 
particles in favour of 1-dimensional strings, why not 2-dimensional membranes or 
in general p-dimensional objects ? Just as a 0-dimensional particle sweeps out a 
1-dimensional worldline as it evolves in time, so a 1-dimensional string sweeps out 
a 2-dimensional worldsheet and a p-brane sweeps out a d-dimensional worldvolume, 
where d = p+ 1. Of course, there must be enough room for the p-brane to move 
about in spacetime, so d must be less than or equal to the number of spacetime 
dimensions D. In fact supersymmetry places further severe restrictions both on the 
dimension of the extended object and the dimension of spacetime in which it lives 
[3]. One can represent these as points on a graph where we plot spacetime dimension 
D vertically and the p-brane dimension d = p+1 horizontally. This is the brane scan 
of table 2.1. In the early eighties Green and Schwarz [4] had shown that spacetime 
supersymmetry allows classical superstrings moving in spacetime dimensions 3, 4, 6 
and 10. (Quantum considerations rule out all but the ten-dimensional case as being 
truly fundamental. Of course some of these ten dimensions could be curled up to a 
very tiny size in the way suggested by Kaluza and Klein [5, 6]. Ideally six would be 
compactified in this way so as to yield the four spacetime dimensions with which we 
are familiar.) It was now realized, however, that these 1-branes in D = 3, 4,6 and 10 
should be viewed as but special cases of this more general class of supersymmetric 
extended object. 

A simple way to understand the allowed points on the brane-scan is to demand 
equal numbers of boson and fermion degrees of freedom on the worldvolume. This 
matching of worldvolume bosons and fermions may, at first sight, seem puzzling 
since the Green—Schwarz approach begins with only spacetime supersymmetry. The 
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explanation is as follows. As the p-brane moves through spacetime, its trajectory 
is described by the functions XM (€) where X™ are the spacetime coordinates 
(M =0,1,...,D — 1) and £ are the worldvolume coordinates (i = 0,1,...,d ~ 1). 
It is often convenient to make the so-called static gauge choice by making the 
D=d+(D-—d) split 


XM (E) = (XH (€), ¥Y™6) (2.1) 
where u = 0,1,...,d — 1 and m = d,..., D — 1, and then setting 
X” (E) = &". (2.2) 


Thus the only physical worldvolume degrees of freedom are given by the (D — 
d) Y” (E€). So the number of on-shell bosonic degrees of freedom is 


Ng=D-d. (2.3) 


To describe the super p-brane we augment the D bosonic coordinates X™ (€) 
with anticommuting fermionic coordinates 6%(€). Depending on D, this spinor 
could be Dirac, Weyl, Majorana or Majorana—Weyl. However, there is a fermionic 
kappa symmetry which implies that half of the spinor degrees of freedom are redun- 
dant and may be eliminated by a physical gauge choice. The net result is that the 
theory exhibits a d-dimensional worldvolume supersymmetry [3] where the number 
of fermionic generators is exactly half of the generators in the original spacetime 
super-symmetry. This partial breaking of supersymmetry is a key idea. Let M 
be the number of real components of the minimal spinor and N the number of 
supersymmetries in D spacetime dimensions and let m and n be the corresponding 
quantities in d worldvolume dimensions. Let us first consider d > 2. Since kappa 
symmetry always halves the number of fermionic degrees of freedom and going 
on-shell halves it again, the number of on-shell fermionic degrees of freedom is 


1 1 
= > =-MN. ; 
Np sn =F N (2.4) 
Worldvolume supersymmetry demands Ng = Nr and hence 
1 1 


A list of dimensions, number of real dimensions of the minimal spinor and possible 
supersymmetries is given in table 1.1 of chapter 1, from which we see that there are 
only 8 solutions of (2.5) all with N = 1, as indicated by the d > 3 points labelled S in 
table 2.1. We note in particular that Dmax = 11 since M > 64 for D > 12 and hence 
(2.5) cannot be satisfied. Similarly dinax = 6 since m > 16 for d > 7. The case d = 2 
is special because of the ability to treat left and right moving modes independently. 
If we require the sum of both left and right moving bosons and fermions to be 
equal, then we again find the condition (2.5). This provides a further 4 solutions 
all with N = 2, corresponding to Type IJ superstrings in D = 3, 4,6 and 10 (or 8 
solutions in all if we treat Type IIA and Type IIB separately). Both the gauge- 
fixed Type ITA and Type IIB superstrings will display (8,8) supersymmetry on 
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the worldsheet. If we require only left (or right) matching, then (2.5) is replaced 
by 


D-2=n=5MN (2.6) 


which allows another 4 solutions in D = 3,4,6 and 10, all with N = 1. The gauge- 
fixed theory will display (8,0) worldsheet supersymmetry. The heterotic string falls 
into this category. The results [3] are indicated by the d = 2 points labelled S in 
table 2.1. Point particles are usually omitted from the brane scan [3, 7, 8], but we 
have included them in table 2.1 by the d = 1 points labelled S. 

An equivalent way to arrive at the above conclusions is to list all scalar super- 
multiplets and to interpret the dimension of the target space, D, by 


D -d= number of scalars. (2.7) 


A useful reference is [9] which provides an exhaustive classification of all unitary 
representations of supersymmetry with maximum spin 2. In particular, we can 
understand dmax = 6 from this point of view since this is the upper limit for 
scalar supermultiplets. In summary, according to the above classification, Type IJ 
p-branes described by scalar supermultiplets do not exist for p > 1. 

There are four types of solution with 8 + 8, 4+ 4, 2+ 2 or 1 + 1 degrees of 
freedom respectively. Since the numbers 1, 2, 4 and 8 are also the dimension of the 
four division algebras, these four types of solution are referred to as real, complex, 
quaternion and octonion respectively. The connection with the division algebras 
can in fact be made more precise [10, 11]. 


Dt 

uo. S T 
10 . V SV V V VI NVVV—V V 
9 S S 

8 S 

7 S T 
6 V SV vV SVV V 
5 S S 

4 V SV SV V 

3 S/V S/V V 

2 S 

1 

0 


0 1 2 3 4 5 6 7 8 9 10 1l 
d— 


Table 2.1. The brane scan, where S, V and T denote scalar, vector and antisymmetric 
tensor multiplets. 


Curiously enough, the maximum spacetime dimension permitted is eleven, 
where Bergshoeff, Sezgin and Townsend found their supermembrane [12, 13] which 
couples to eleven-dimensional supergravity [14, 5]. (The 3-form gauge field of 
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D = 11 supergravity had long been suggestive of a membrane interpretation [15]). 
Moreover, it was then possible to show [16] by simultaneous dimensional reduction 
of the spacetime and worldvolume that the membrane looks like a string in ten 
dimensions. In fact, it yields precisely the Type JIA superstring. This suggested 
that the eleven-dimensional theory was perhaps the more fundamental after all. 
See chapter 4. 

Notwithstanding these and subsequent results, the supermembrane enterprise 
was, until recently, largely ignored by the mainstream physics community. Those 
who had worked on eleven-dimensional supergravity and then on supermembranes 
spent the early eighties arguing for spacetime dimensions greater than four, and the 
late eighties and early nineties arguing for worldvolume dimensions greater than 
two. The latter struggle [17] was by far the more bitter! 

As we shall see in this volume, supermembranes now play a vital part in string 
duality [18], D-branes [19, 20, 21] and M-theory. Reviews on supermembranes may 
be found in (22, 23, 25, 8, 24, 17]. 

Another curious twist in the history of supermembranes concerns their inter- 
pretation as solitons: non-singular solutions of the classical field equations corre- 
sponding to lumps of field energy that are prevented from dissipating by a topo- 
logical conservation law. The classical example of such a soliton is provided by 
magnetic monopole solutions of four-dimensional grand unified theories. Although 
the original Hughes~Liu—Polchinski [2] supermembrane was found as a soliton of 
a six-dimensional gauge theory, the subsequent development went in the opposite 
direction with membranes being treated as fundamental objects in their own right. 
One of the problems that membrane theory then had to confront was the question of 
quantization [26]: no one knows how to quantize fundamental p-branes with p > 2. 
All the techniques that worked so well for fundamental strings simply do not go 
through. A useful framework for analyzing these problems is the lightcone gauge 
[27, 28, 29], sometimes called the infinite momentum frame. For p > 1, this gauge 
choice does not eliminate all the unphysical degrees of freedom, and one finds in 
the case of the D = 11 supermembrane a quantum mechanical matrix model corre- 
sponding to a dimensionally reduced D = 10 Yang-Mills theory with gauge group 
SU(N) as N —> o. Moreover, as was shown in [29], this theory does not possess a 
discrete spectrum: hence the negative title: Supermembranes: a fond farewell? We 
have included the paper by de Wit, Nicolai and Hoppe in our collection, however, 
because this infinite momentum frame has recently been resurrected in the context 
of the Matrix Model approach to M-theory [36, 31] discussed in chapter 6. In this 
new interpretation, the continuous spectrum is not a drawback but a virtue! 

The next development came when Townsend [30] pointed out that not merely 
the D = 6 supermembrane but all the points marked S on the H,C, R sequences of 
the branescan correspond to topological defects of some globally supersymmetric 
field theory which preserve half of the spacetime supersymmetries. This naturally 
raises the question of whether the supergravity theories, in particular the D = 
11 supergravity, might also admit the O sequence supermembranes as classical 
solutions preserving half the spacetime supersymmetry. Whether in global or local 
supersymmetry, states preserving half the supersymmetries (and known as BPS 
states) occupy a special status because, in appropriate units, their mass is equal to 
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their charge. It follows from the supersymmetry algebra that they therefore belong 
to short multiplets and are thus protected from quantum corrections. Studying 
BPS states can thus give us vital information about the exact theory even at strong 
coupling. In the D = 11 supersymmetry algebra, the anticommutator of two super- 
symmetry generators Qa is given by [32] 


{Qa Qa} = (CTa)agP™ + (CT uw)aaZ™% + (CT unper)aaZ*POF (2.8) 


where C is the charge conjugation matrix and [yy,.as,, is the antisymmetric prod- 
uct of n Dirac matrices. We see that the right-hand side involves not only the 
momentum P™ but also the 2-form charge Z“ Y and the 5-form charge ZMNPOQR_ 

Indeed, in 1991 the eleven dimensional supermembrane was recovered as a so- 
lution of the D = 11 supergravity theory preserving one half of the supersymmetry 
[33]. The zero modes of the membrane solution belong to a (d = 3,n = 8) super- 
multiplet consisting of eight scalars and eight spinors which correspond to the eight 
Goldstone bosons and their superpartners associated with breaking of the eight 
translations transverse to the membrane worldvolume. However, this elementary 
solution is a singular solution of the supergravity equations coupled to a super- 
membrane source and carries a Noether electric charge. It should not therefore be 
called a soliton which would be a non-singular solution of the source-free equations 
carrying a topological charge. (In this respect it resembles the fundamental string 
solution of ten-dimensional supergravity coupled to a string source of Dabholkar et 
al [34] to which it in fact reduces under a double dimensional reduction of spacetime 
and worldvolume, followed by a truncation from N = 2 to N = 1.) The true soliton 
solution of D = 11 supergravity is the D = 11 superfivebrane, discussed in chapter 
3. In hindsight, we see that this is just what is expected from the supersymmetry 
algebra (2.8): the spatial components of the momentum Py are carried by the 
plane wave of chapter 1, those of the 2-form charge Zagn by the 2-brane and those 
of the 5-form charge Zn par by the 5-brane. The time components of the 2-form 
and 5-form are associated with the Type IIA sixbrane (which is equivalent [37] to 
the Kaluza~Klein monopole of chapter 1) and the Type JJA eightbrane of chapter 
3 that arise on compactification to D = 10 (38, 39]. 

In all this earlier work, the D = 11 supermembrane was treated as closed, but 
following the arrival of D = 10 Dirichlet branes [19], surfaces of dimension p on 
which open strings can end, it was pointed out by Strominger [35] and Townsend 
[36] that the fivebrane can act as a surface on which open membranes can end. 
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We construct an action for a supermembrane propagating in d= 11 supergravity background. Using the constraints of d= 11 
curved superspace, we show that the action is invariant under Siegel-type transformations recently generalized by Hughes, Li and 
Polchinski. The transformation parameter is a world-volume scalar and d=11 spacetime spinor. We also discuss the general 
problem of the coupling of n-dimensional extended objects to d-dimensional supergravity. 


1. Now that we have become accustomed to the 
notion that strings should replace particles, it is nat- 
ural to investigate the properties of higher-dimen- 
sional extended objects, in particular of membranes 
since they are the simplest extended objects, and they 
might describe strings in an appropriate limit. 

In 1962 Dirac [1] put forward a theory of an 
extended electron based on the idea of a relativistic 
membrane. In 1976, Collins and Tucker [2] studied 
the classical and quantum mechanics of free relati- 
vistic membranes. A year later a locally supersym- 
metric and reparametrization-invariant action for a 
spinning membrane was constructed by Howe and 
Tucker [3]. The action describes anti de Sitter 
supergravity coupled to a number of scalar multi- 
plets in three dimensions. It is the membrane analog 
of the Neveu-Schwarz—Ramond formulation of the 
spinning string theory. 

More progress towards the construction of a mem- 
brane theory was made by Sugamoto [4] in 1983. 
More recently, Hughes, Li and Polchinski [5] have 
constructed a Green-Schwarz-type action for a three- 
extended object propagating in flat six-dimensional 
spacetime. The consistency of the action requires the 
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existence of a closed superspace five-form, in anal- 
ogy with the Henneaux and Mezincescu [6] con- 
struction for the Green-Schwarz superstring action 
[7], where a closed superspace three-form is required. 
The novel feature of the theory of Hughes et al. is 
that the parameter of the Siegel-type transformation 
[8] is a scalar rather than a vector on the world 
volume. 

The generalization of the Hughes et al. model to n- 
extended objects propagating in flat d-dimensional 
superspace is evident. All that is required is the exis- 
tence of a closer super (1+ 2)-form given by 


H= EP E% E” Ea adap (1) 


where (E“%, E°) are the basis one-forms in super- 
space. This form is closed provided that the follow- 
ing J’-matrix identity holds: 


(97) ap y yay =O. (2) 


The purpose of this note is to construct Hughes et 
al. -type actions describing the propagation of an n- 
extended object in d-dimensional curved superspace. 
We give a general formula for the action and the 
transformation rules, whose consistency requires, 
among other things (see below), the existence of a 
closed (n+2)-form in curved superspace. Thus we 
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expect that the n-extended objects under considera- 
tion can consistently propagate only in d<11 super- 
gravities whose superspace formulation involves a 
closed (n+2)-form. We further expect that such 
forms exist in supergravity theories in which a closed 
bosonic (n+ 2)-form occurs. As far as we know, the 
following possibilites exist (we include the Yang- 
Mills couplings whenever possible ): 

The dual formulation of d= 10, N=! supergravity 
involves a closed seven-form. Its dimensional reduc- 
tion on a (10—d)-dimensional torus leads to real 
closed (d—3)-forms in d-dimensional supergravi- 
ties. (These are N= 1 supergravities in d=8, 9, 10; 
N=2ind=7and N=2or4ind=6) [9]. Apart from 
these, there is: (i) A real closed four-form in d= 11, 
N=1 supergravity, (ii) a real closed three-form in 
non-chiral d= 10, N= 2 supergravity, (iii) a complex 
closed three-form in chiral d= 10, N=2 supergravity. 

Excluding Yang-Mills coupling, as is well known, 
closed super three-forms exist in d= 3, 4, 6, and 10. 

Considering the case of the membranes, from the 
above list it follows that the candidate dimensions 
are 7 and 11. Since the superspace formulation of 
d=7, N=2 supergravity is not known at present, we 
are led to consider the supermembrane propagating 
in eleven-dimensional spacetime. 

Our main result is the construction of an action 
which describes a consistent coupling of d=11 
supergravity to a supermembrane. In particular the 
Kalb-Ramond-like third rank antisymmetic tensor 
field of d= 11 supergravity couples to the supermem- 
bane via a Wess—Zumino term. 

In the following we focus our attention on the 
description of the supermembane action in d=11. 
The extension to the case of n-extended objects is 
given in the appendix. 


2. We propose the following action for a super- 
membrane coupled to d= 11 supergravity: 


s= fag GV 288" E, E; Nav 

+e EAE PE Bega — $y —8) - (3) 
Here i=0, 1, 2 labels the coordinates č'= (T, o, p) of 
the world volume with metric g, and signature (—, 
+, +). The super three-form B is needed for the 


superspace description of d=11 supergravity [10]. 
For the Levi-Civita symbol e€’* we use the same con- 


ventions as in ref. [11]. In (3) we have used the 
notation 


E; =(8,Z”)Eu* , (4) 


where Z™ (č) are the superspace coordinates, and 
Ey, 4(Z) is the supervielbein. 

Note that the action has a cosmological constant 
with a fixed magnitude. This is so that the field equa- 
tion of the metric g,, gives the embedding equation 


gy SEE Nay = Tj 3 (5) 


We require that the action S is invariant under a 
fermionic gauge transformation of the form [5] 


SE“=0, SE%= (14 I) %gk*, 


8g, =2[X, -8 X" k (n= 1)] 
(n=2 for membrane) , (6) 


where the transformation parameter «%(é) is a 32 
component Majorana spinor, and a world-volume 
scalar, and 


BE* S82" Ey", (7) 


Tg = (116,/— ge E, Et E, ane) - (8) 


Here y*(a=-0, 1, ..., 10) are the Dirac matrices in 
eleven dimensions. X, is a function of £, * which will 
be determined by the invariance of the action. The 
choice of 8g; is due to the fact that, given a variation 
of the actlon of the form &S= TX ’, and writing this 
variation as 


TX" =g X" + (Ty Bu) X" (9) 


the second term on the right-hand side cancels 
(8S/3g,,)5g,,. Thus we are left with the first term on 
the right-hand side, which equals the left-hand side 
upon the use of (5). Effectively, this means that 
whenever we encounter a variation of the form T,X”, 
we can use eq. (5), provided that we add X” to 5g,, 
as in (6). 

The matrix I“, occurring in (8) satisfies the 
property 


Pe glo a =T uT, T 6% 5 BL 78" 5 . (10) 


The normalization in (8) is chosen such that upon 
the use of the equation 7),=g,,, the matrix ["“, sat- 
isfies the relation T“ pI”, =d",. 
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Now using (6) the variation of the action (3) is 
(we consider a closed supermembrane and therefore 
discard the surface terms) 


ss=| dé [V —8 g’ ( -5E E,” Tg) Ej 


+/~—8 8” (—SE E, T” g)Eja 
+6" E, E, Ek 6E” Hacga 


~4y ~8 ög”(T! —heT— 38"). (11) 


The torsion two-form T^ and the four-form field 
strength H are defined by (our superspace conven- 
tions are those of Howe [12]) 


T^ =dE* +E? Qa =E’ ES Tcs", 


H=dB= EP ECE” E A aco - (12) 


We now organize the terms in (11) according to 
the number of one-forms £“ they contain. Those with 
three E* and two E” come only from the 
Wess-Zumino term. They must vanish seperately, 
and this requires the constaints 


Hapro =Hopya =9. (13) 


The cancellation of the terms linear in E% lead to 
the constraints 


Top = (Pap > (14) 


Hagan = ~ $ (Yar) ap > (15) 


while the cancellation of the terms not containing E% 
require the constraint 


Neca T" hya =NarAa » (16) 


Haave = — Ag (Pare)? a . (17) 


Here Aa is an arbitrary spinor superfield which is 
vanishing in d= 11 [10]. 

It is important to realize that in obtaining 
(14)-(17) we have used the identity 


BECHP%5EF + (1-7) Ke. (18) 


Using this identity in the variation of the kinetic term, 
the terms arising from 7°“, in (18) can be shown to 
cancel similar terms coming from the variation of the 
Wess-Zumino term, modulo terms which cancel by 


an appropriate variation of g,,. [Using the argument 
below (8) once. ] In the remaining terms coming from 
(1-I°?), we use the argument given below (8) 
repeatedly to compute further contributions to 5g;,. 
Thus we find the result 


Xy= — 46 ME E,’ (Yas)ap EF E;% 
+ 4KPE, (74) ap E" gil T*, T'n +d*, T'ny) 


+i). (19) 


In summary, the action (3) is invariant under (6) 
provided that (13)—(17) hold, and X” is given by 
(19). In addition, the following Bianchi identities 
must hold: 


DT^=-—E” aRg^, DH=0. (20) 


The generalization of the results of this section to 
the general case of n-extended objects in d-dimen- 
sional supergravity is straightforward. The result is 
given in the appendix. 


3.We observe that the superspace constraints of 
d=11 supergravity given by Cremmer and Ferrara 
[10] and Brink and Howe [10] do provide a solu- 
tion to (13)-(17) and the Bianchi identities (20), 
with A, =0. 

In conclusion, we have shown that there exists a 
consistent coupling of a closed supermembrane to 
eleven-dimensional supergravity. (Note that it is 
natural to consider a closed supermembrane in eleven 
dimensions, since there are no matter multiplets in 
this dimension). 


4. There are several directions in which the pres- 
ent work can be extended. We shall name a few. 

Firstly, it is of interest to study the quantization of 
the supermembrane model in eleven dimensions. In 
particular, the question of whether massless gauge 
fields can possibly arise is a challenging one. Although 
usually one encounters difficulties in finding mass- 
less excitations of a membrane [13], it is encourag- 
ing that, here, we have a spacetime supersymmetric 
membrane action. 

Secondly, it is natural to consider the dimensional 
reduction of our model from eleven- to ten-dimen- 
sional spacetime, and at the same time from three- 
dimensional world volume to a two-dimensional 
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world sheet. It would be interesting to see what kind 
of d= 10 string theories could possibly emerge in an 
infinitely thin membrane limit. 


P.K.T. would like to thank Professor Abdus Salam 
for his kind hospitality and ICTP in Trieste where 
this work was carried out. 


Appendix. In this appendix we construct the action 
for an n-extended object propagating in d-dimen- 
sional supergravity background. We also give the 
transformation rules, and the constraints on the 
background. 

The action is 


S= f d? [4 V= 888, E, has 


+e” En AE 


Ans 
' Bana 1At 


insi 


~4(n~-1)/-8]. (Al) 


The transformation rules are those in (6), where 
the matrix /°%, is now given by 


rey=[(n+1)!/=8] 

KEE Bins O arnan) 8 » (A2) 
where y is given by 
q= (190400, (A3) 


Invariance of the action (A1 )} is ensured by impos- 
ing the following set of constraints: 


T'ap = (Yap > Neal bya =NabAa » (A4) 
Hoaansia = (NJAC a ansi) a ’ 


Hogana = 1M 1)"/(nt 1) Paranda + (A5) 


Haprai an1 =9, (A5cont’d) 


and by taking X,, occurring in (6) to be 
X= (—/2n!) 
KEE I -Era "(Varan SEP Ej * 


tik LER? Jap E™ + (nt 1)Ag] 
XBT fo TM kg FO k TT in) 
+8* ki ot eae Tey) 


— 45E’ Aggy + (ij). (A6) 
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We study the quantum-mechanical properties of a supermembrane and examine the nature of 
its ground state. A supersymmetric gauge theory of area-preserving transformations provides a 
convenient framework for this study. The supermembrane can be viewed as a limiting case of a 
class of models in supersymmetric quantum mechanics. Its mass does not depend on the zero 
modes and vanishes only if the wave function is a singlet under supersymmetry transformations of 
the nonzero modes. We exhibit the complexity of the supermembrane ground state and examine 
various truncations of these models. None of these truncations has massless states. 


1. Introduction 


Some time ago an action for a membrane moving in a d-dimensional space-time 
was formulated, which is invariant under super-Poincaré transformations [1]. It is 
expressed in terms of the membrane coordinates X*(¢) and a set of anticommuting 
coordinates @(¢), transforming as a d-dimensional vector and spinor, respectively: 
the parameters $‘ (i = 0,1,2) parametrize the world tube swept out by the mem- 
brane in space-time. As is well-known, similar actions exist for the superparticle, the 
superstring, as well as higher-extended objects (“p-branes”) [1-4], and they are all 
characterized by the presence of a local (i.e., §-dependent) fermionic symmetry. This 
invariance requires the existence of a closed superspace form [5], appearing in the 
action in the form of a Wess-Zumino-Witten term, which is only possible for a 
specific number of space-time dimensions. Therefore, the supermembrane action 
can only be formulated in d = 4, 5, 7 and 11 dimensional space-times. 

An intriguing result found in [1] is that a supermembrane can propagate in a 
curved superspace. In particular for d = 11, the membrane can couple consistently 
(i.e. without affecting the local fermionic symmetry) to a d= 11 supergravity 
background. Guided by the experience in string theory this result has been inter- 
preted as an indication that the ground state of the supermembrane should be 
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degenerate and constitute the states of a massless d = 11 supergravity multiplet. In 
attempts to study this question the quantum fluctuations have been analyzed about 
solutions of the classical membrane equations [6,7]. While the vacuum energy of 
these fluctuations vanishes for the solution considered in [6], it did not vanish for 
the solution described in [7], and neither did it constitute an integer as it does in the 
case of the string [8] (for the (open) bosonic membrane such a calculation was first 
undertaken in [9]). On the other hand, heuristic arguments were presented in [10], 
based on the vanishing of the vacuum energy for fluctuations about a solution with 
residual supersymmetry, which support the conjecture that the ground state has the 
structure of a massless d = 11 supermultiplet. 

In this paper we will study the quantum mechanics of a supermembrane in more 
detail in the hope of constructing the ground-state wave function. We present an 
alternative formulation of the membrane as a gauge theory of the area-preserving 
transformations of the membrane surface. Here we are inspired by the fact that 
these transformations are the residual invariance of a relativistic membrane theory 
when quantized in the light-cone gauge [11]. It is possible to consider truncations of 
this gauge theory by truncating the infinite harmonic expansion of the membrane 
coordinates. At least for membranes with the topology of a sphere this can be done 
in such a way that the supersymmetry remains preserved. The group of area-preserv- 
ing transformations is thereby reduced to SU(N ).* These truncations lead to a class 
of matrix models in supersymmetric quantum mechanics (13, 14], which turn out to 
coincide with the models that have been presented in [15]. A priori, three different 
types of membrane ground states are possible. One possibility is that the ground 
state is a singlet under supersymmetry, which is thus annihilated by the supersym- 
metry charges. By virtue of the anticommutation relation which expresses the 
hamiltonian as the square of these charges, this ground state should be massless. 
However, this situation is not possible for the supermembrane: it follows from the 
explicit expression for the hamiltonian that all wave functions have an obvious 
degeneracy associated with the fermionic zero modes. Therefore the ground state 
must be degenerate and constitute a supermultiplet. There are then two possibilities. 
One is that the ground state is a massless supermultiplet, consisting of 2’ bosonic 
and 2’ fermionic states, in which case the supercharges associated with the nonzero 
modes must annihilate the ground-state wave functions. If this is not the case one 
has a massive supermultiplet. The ground-state degeneracy is then enormous, as 4 
massive supermultiplet contains 2'5 bosonic and 2'5 fermionic states. 

We restrict ourselves to supermembranes that move in a trivial space-time. Hence 
we consider no compactification as in [6] and neither do we study the possibility of 
membranes moving in nontrivial space-times such as in [16]. This means, in 
particular, that our considerations have no bearing on the results described in [16], 


* This idea goes back to Goldstone {11]. The relation between SU(N) and the group of area-preserving 
transformations was exhibited in [12]. 
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where the existence of infinitely many massless states of the supermembrane 
compactified to AdS, x S’ was demonstrated in a small-fluctuation analysis. Our 
work shows that the ground-state wave function of a supermembrane has a high 
degree of complexity. For instance, it is not possible for a massless ground state that 
the wave function factorizes into a bosonic and a fermionic part, if one of these 
factors is rotationally invariant. This is a distinct difference with the wave function 
for the superstring ground state. We then study the restrictions imposed by 
rotational invariance for the total ground-state wave function, but, unfortunately, 
this does not lead to useful simplifications. Although the condition that the wave 
function vanishes under the action of the supersymmetry charges has solutions. 
these solutions tend to be not square-integrable. This we demonstrate in a G,- 
invariant truncation of the theory. We also consider a supermembrane propagating 
in a 4-dimensional space-time in a truncation where the group of area-preserving 
transformations is reduced to SU(2). Assuming that the wave function tends to zero 
at spatial infinity, we show that the energy of the supermembrane is lower than that 
of its bosonic version, but there is no solution with zero mass. However, the 
complexity of this problem makes it hard to reach a firm conclusion concerning the 
existence of massless solutions in the general case. We should also emphasize that, 
while the supersymmetric matrix models are well defined, it is not clear what will 
happen in the limit where the gauge group approaches the full infinite-dimensional 
group of area-preserving transformations. As is well-known, in quantum-mechanical 
systems based on an infinite number of degrees of freedom, degenerate ground 
states are not always contained in the same Hilbert space; this aspect is of 
immediate importance for possible applications of supermembrane theories. Also, 
while the models based on SU(N) yield, in the limit N —> œ, the full group of 
area-preserving transformations corresponding to a membrane with the topology of 
a sphere, a corresponding result for other membrane topologies is not known. 

In sect. 2 we start by formulating the membrane action in the light-cone gauge, 
emphasizing the role played by the area-preserving transformations. We introduce a 
gauge theory of these transformations, and verify the supersymmetry algebra. In 
sect. 3 we review the truncation to the finite-dimensional matrix models and discuss 
some properties of area-preserving transformations. Then, in sect. 4, we discuss 
attempts to solve the equations for the ground-state wave function of the supermem- 
brane and demonstrate the absence of a massless ground state in two different 
truncations. In an appendix we analyze the implications of SO(9) invariance for a 
general wave function. 


2. Lightcone formulation of the supermembrane 


The starting point of this section is the lagrangian 


L= —(=3(X,0) — e*[19,x"(9,x" + 019,08) + 18r"9 08r 6] 61,,0,8, (2.1) 
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where X#({) and @(§) denote the superspace coordinates of the membrane 
parametrized in terms of world-tube parameters ¢' (i = 0,1,2). The metric g,,( X, 6) 
is the induced metric on the world tube, 


81; = EFE; nu i (2.2) 
where E* are certain supervielbein components tangential to the world tube, 
defined by 

E” = ð, X" + 69,6, (2.3) 


and 7,, is the flat d= 11 Minkowski metric. It is easy to see that E? is invariant 
under space-time supersymmetry transformations 


60 =e, 8X* = —e["0. (2.4) 


In fact this transformation also leaves the lagrangian (2.1) invariant (up to a total 
divergence) provided the following gamma matrix identity is satisfied 


vn PAL Ta =0, (2.5) 


where we antisymmetrize over four arbitrary spinors ~,-y,. This identity only holds 
in d=4, 5, 7 and 11 space-time dimensions. In this paper we mainly restrict 
ourselves to d= 11, but this restriction is not important for the analysis to be 
presented below. 


The field equations corresponding to the lagrangian (2.1) take the form 
d(Y TEg E”) — eE? 0,6I",0,0 =0, (2.6) 


(1+ T)g¥#,0,0=0, (2.7) 
where I is defined by 


elk 


T= 


E*EEfT, (2.8) 


6-8 Brp ` 


We note two important identities for T, 
elk! 


r? =1. TĘ =r = 81) > Fag E Te (2.9) 


The lagrangian (2.1) is manifestly invariant under reparametrizations of the 
world-tube coordinates ¢'. It is also invariant under a local fermionic symmetry 
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generated by 
6=(1-T)x, ôXr=k(1-T)I"9, (2.10) 


where x is an arbitrary ¢-dependent spinor. Observe that « is always multiplied by 
the projection operator (1 — T). 

Of ‘particular importance is the supersymmetry current associated with the 
transformations (2.4). It reads 


Ji= -2f-g 2/86 
~e'*{ EPET 9 + $[170(60,,0,8) + 0,,0( 61,6 )|[ Eg — 2619,8]}. (2.11) 


As one can verify straightforwardly, this current is conserved by virtue of the field 
equations (2.6) and (2.7), provided the identity (2.5) holds. 
In order to pass to the light-cone. gauge we choose light-cone coordinates 


Xt= ft ( X's X°), (2.12) 


Transverse coordinates will be denoted by X°({) (a4 =1,....9). For the gamma 
matrices we make a similar decomposition, 


y= y} (Ptr), Ya =T, {a=1,...,9), (2.13) 


so that {y,,y_} =21, y2=y72=0, {Y,,Y,} = 0. Furthermore we change notation 
and denote the parameters ¢‘ by 


($9, 8") + (7,07), 9 (r =1,2). (2.14) 
By a suitable reparametrization we now choose 
X*(§) = X*(0) +7, (2.15) 


so that 3, X* = ô. Furthermore we use the local fermionic symmetry to impose the 
gauge condition 


y,9=0. (2.16) 


With these gauge conditions we obtain the following result for the components of 
the induced metric 


Ers E Br = ð, X- ô, X, 
Bo, =U, = 09, X +3 X-3,X+ ĝy_ð,ð, 


Bo =23a X +(3a XV + 20y_ 4,8, (2.17) 
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while the determinant of the metric can now be written as 


g=detg= —Ag, (2.18) 
where 


A= -8o +u, g u, 8°8,=8, ge derZ. (2.19) 


After imposing the gauge conditions (2.15) and (2.16) the lagrangian and super- 
charge densities take the form (using e% = — e", g? = —47!, g” = 47 °g"u,) 


L= — gd +e ð, X ÂY Yah, (2.20) 
Jo= 2y : [( dg Xt- u, 89X )Ya + y_]O+e%9,X79,X°y,,0. (2.21) 


In order to write down the corresponding hamiltonian density, we first determine 
the canonical momenta P, P* and S conjugate to X, X~ and 0, respectively. They 
are 


P= ad y z OX 20, X 
~ 0(09X) = a | 0 u, s ), 
IL g 
rs- my, 
(a,x) â 


_ If _ g 
S= za ~ [Ev (2.22) 


where ô, denotes the left derivative. The hamiltonian density then takes the simple 
form 


W= P- 3X + P3 X+ S09 -L 


P?+% 
2P* 


— e53, X ðY _Yað ð. (2.23) 


The bosonic part of this expression was first found by Goldstone [11] (see also [12}}, 
while its superextension was derived in [17]. 
One easily verifies that there are two primary constraints 


6, = P --3,X + P*3,X + 590 =0, (2.24) 


x=S+P*y_6=0, (2.25) 


The World in Eleven Dimensions 79 


where = 0 indicates that the constraints are “weakly zero”, so that they may have 
nonzero Poisson brackets with the phase-space variables. We recall that the time 
(i.e., T) evolution in phase space is governed by the “total” hamiltonian [18)) 


H,= f do { + c'o, + dx}, (2.26) 


where c’ and d are Lagrange multipliers. One can easily verify that there are no 
secondary constraints at this point. 

The gauge conditions (2.15) and (2.16) are still invariant under r-dependent 
reparametrizations of ø” 


o’ +0’ +é(7,0). (2.27) 


Under such infinitesimal reparametrizations u” changes into u” — do" + 0,é°u* — 
£9,u’, which shows that one can impose yet another gauge condition, namely 


u’=0. (2.28) 


In this gauge it follows that c’ = 0 according to the Hamilton equations correspond- 
ing to (2.26), so that d)P*=0. Because P* transforms as a density under 
reparametrizations, it may be adjusted to a constant times some density w(o), 


P*+=P*w(o), (2.29) 


where we will normalize w(o) according to 
fdow(o) =1. (2.30) 


Therefore the constant Pý represents the membrane momentum in the direction 
associated with the coordinate X7, 


Pit = fort. (2.31) 
The other momentum components are given by the integrals over P and —#, 
P,= feor, P= — fox. (2.32) 
Hence the mass Æ of the membrane is given by 


P? ‘45 . 
Mm | a(t ~ Pie 9,X*Gy_y,0, \, (2.33) 
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where the notation [ P*]' indicates that we are excluding the zero mode P = Pyw(c) 
from the integrand. On the other hand, we observe that the zero modes X, and 6. 
defined by 


X= fd’ow(o)X, 6) = fd’ow(o)@, (2.34) 


do not appear in the equation for Æ? either, at least if the membrane coordinates 
are single-valued functions of o”, which is the case if space-time is not compactified, 
or, for open membranes, if one assumes appropriate boundary conditions. The 
absence of X,, which is just the center-of-mass coordinate of the membrane, is 
rather obvious. The fact that Æ? does not depend on 4 will play an extremely 
important role later on. 

The coordinate X~ no longer appears explicitly in (2.33) and is determined by the 
gauge condition (2.28), or, equivalently, by the constraint (2.24) after imposing the 
gauge condition (2.29). The relevant formula is 


3, X = -d)XK-0,X -y3 ð. (2.35) 


Because X~ must be a globally defined function of ø” this requires that 
gi 3oX 3, X +öy_ðð)do'=0 (2.36) 


for any closed curve on the membrane. Locally this condition implies 
&°(0,0)X-0,X + 96y_9,0) =0. (2.37) 


Observe that, when space-time is not compactified so that X and @ are single-val- 
ued functions of o, only the condition (2.37) is relevant. 

The gauge conditions adopted above leave a residual reparametrization invariance 
consisting of time-independent area-preserving transformations. Infinitesimal trans- 
formations of this kind leave (2.29) invariant, and are thus defined by 


ao’ >a" + (oe) with d,(w(a)é(o)) = 0. (2.38) 


There exists an alternative formulation of the membrane theory, which empha- 
sizes area-preserving reparametrizations from the start. Locally the area-preserving 
transformations can be written as 


rs 


(o) = pias: (2.39) 
w(o) 


If the membrane is topologically nontrivial, i.e. if the membrane surface has handles 
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so that it contains uncontractible curves, then (a) and ¿(ø ) will not necessarily be 
globally defined. However, we will restrict ourselves to the subgroup generated by 
functions &(o) that are globally defined. It is then convenient to introduce a Lie 
bracket of any two functions A(o) and B(c) by 


rs 


E 
(ana ee y nee ah (2.40) 


which is antisymmetric in A and B and satisfies the Jacobi identity { A, {B.C }} + 
(B,{C, A}} +{C,{A, B}} =0. Using this bracket, infinitesimal area-preserving 
reparametrizations act on X“ and @ according to 


SX°={£,X*},  80=(£,0}. (2.41) 


Now let us introduce a gauge field w associated with time-dependent 
reparametrizations, transforming as 


8w = dog + (§, 0}, (2.42) 
and corresponding covariant derivatives 
DaX" = 3 X" — (w, X°}, D8 = o9 — {w, 9}. (2.43) 


The following lagrangian density is then manifestly gauge invariant under the 
transformations (2.41) and (2.42), 


wo lP= (DX)? +y D9- 3({ X2, X°}) + Oy_y,( X40}, (2.44) 
as well as under space-time supersymmetry transformations given by 
5X7 = —2ey8, 
80 = ty, (Do X Yat ¥_)Eet ht ( X%, X’) Yank 
dw = — 280. (2.45) 
The supercharge density associated with the transformations (2.45), equals 
J? = w[2(DyX*y, + Y-) + (X4, X?) Yas] 8. (2.46) 


In the gauge w=0 the latter result coincides with the charge density obtained 
previously (cf. (2.21) after imposing the gauge conditions (2.28) and (2.29)). To see 
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that the supersymmetry transformations are associated with space-time, one may 
evaluate the supersymmetry commutator on X°: 


[8 (e1), 8(e)] X° = — egy ,e; Do X° — 2eyy%e, + {Ẹ, X°), (2.47) 


where, on the right-hand side, we distinguish a 1-translation generated by D, 
(which, as we know, is related to a translation of the membrane coordinate X+), a 
translation of X° and an X-dependent area-preserving gauge transformation with 
parameter £= 2@,y°y,e,X b. In order to verify that the bosonic and fermionic 
degrees of freedom balance in the path integral associated with (2.44), one may 
impose a gauge condition w = 0, which leads to a (free) fermionic complex ghost 
field. Altogether one then counts 9 bosonic and 16 + 2 = 18 (real) fermionic field 
components. 

To establish full equivalence of (2.44) with the membrane lagrangian, we imple- 
ment the gauge w = 0 and introduce canonical momenta P and S associated with X 
and @, 


P=wd,)X, = —wy_ð. (2.48) 


The hamiltonian is then 


H= f da { P- 3X + S09 -2 ) 


= 5 faa (wP? + tw({ X", x*})’ — 2wBy_y,{ X°,8}}, (2.49) 


so that, after dropping the zero-mode P), 2H coincides with eq. (2.33) for the 
membrane mass Æ, provided @ is rescaled by a factor (Po (to make the compari- 
son, use that ({ X°, X°})? = 2wz). 

Furthermore, the field equation for w leads to the constraint 


p= {3 X, X} + {Oy_,6} =0, (2.50) 

or, in phase-space variables, 
p={w'P,-X} + {wo'S,6} =0, (2.51) 
This constraint is just (2.37), and we have thus established the equivalence of (2.44) 
with the initial lagrangian (2.1). The quantity ọ is the “current” that couples to the 
gauge field w, so it is obvious that wọ represents the charge density associated with 


the area-preserving transformations. In addition there is the usual second-class 
constraint that expresses the fermionic momentum S into @. 
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The Dirac brackets for the theory above are derived by standard methods and 
read 


( X*(9), P°(0’)) pg =8”8? (0—0), 


= 1 
(4.(6),55(9')) yg = 4—(~) ap 8°(9 ~ 0’). (2.52) 


It is now possible to verify the full d = 11 supersymmetry algebra. Decomposing the 
supersymmetry charges into two independent SO(9) spinors according to 


Q=Q°+Q-= fd’, (2.53) 
where J° is given in (2.46) and Q += ly, y;Q, we find the expressions 


= fo (2P, sw 11} 10) 


Q-= -2f doS =2y_%. (2.54) 
Observe that Q` acts only on the fermionic zero-modes 6), which, as we have 
pointed out before, do not appear in the expressions for the hamiltonian and the 
membrane mass. 


It is now a straightforward exercise to determine the Dirac brackets for the 
supercharges. The result takes the following form 


(oz, Oa don —2(y_) ap» 


( 2,08 )os = 2(74) ap — (YoY +) ap f Ho wp X* 
+(y? Y+) f Vo, Si+ seedy +)as f 79,5 els 


(Qi, Os ow = ~(Yav+7-) apPo + (1747-)ap f P00, Si (2.55) 
where the surface terms, given by 
Si = e” {2w X, PA, X° + 2X, 0y_ 9,0 — 3X°9,(Oy_ a0), 
Sabca 7 me Xia a (yy veab) , 


Sip = — te" Xia 9,X b), (2.56) 
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can contribute only if the membrane coordinates and momenta are not single-val- 
ued. 

It is useful to separately consider the zero-mode contributions to Q*, which 
define a conserved charge Q*. It reads 


Q* = 2 PEY. (2.57) 


Together, Q* and Q` generate the algebra 


(Qz, Os op E —2(y_) ag» 
(02,05) = (1s) ap Po, 
(O23, Oz op = ~(eY47-) ap Pe (2.58) 


where we have used that the hamiltonian for the zero modes is the center-of-mass 
hamiltonian H = 1P?. For the remainder of the supercharge Q*, which does not 
contain the zero modes anymore (provided that the membrane coordinates are 
single-valued), the Dirac bracket reads 


(Qi, O; op = (Y+) M? -AYY s)ap{ PowpXt+---, (2.59) 


where the dots indicate the contribution from the surface terms. This relation plays 
a central role in the analysis of this paper. 

So far we have been employing a d = 11 notation for the spinors 6. However, due 
to the gauge condition (2.16), the anticommuting coordinates are restricted to SO(9) 
spinors, satisfying 


Y1Y2 ei Y0 = 6. (2.60) 


Furthermore we have 
Oy_=iy2et, O= 0t, (2.61) 


where @ is the d = 9 charge conjugation matrix, which is symmetric and related to 
the d= 11 charge conjugation matrix by €= — Cy,,; we also note that the SO(9) 
gamma matrices satisfy y7 = @y,@ |. Henceforth we will choose €= 1, so that the 
SO(9) gamma matrices are symmetric. 

In subsequent sections we shall study the ground-state wave function of the 
supermembrane. For that purpose it is convenient to have an explicit representation 
for the operators associated with the fermionic coordinates. As a first step towards 
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constructing such a representation we decompose the real SO(9) spinor coordinates 
9 into a single complex 8-component spinor A, which transforms linearly under the 
SO(7) x U(1) subgroup of SO(9). This decomposition is effected by expressing the 
two eigenspinors of yọ, defined by y, 0+) = +6‘), into a complex SO(7) spinor A. 
according to 


(2.62) 


The bosonic coordinates X° are then decomposed according to representations of 
this SO(7) x U(1) subgroup so we distinguish the components X' of an SO(7) vector 
(i= 1,2,...,7), while Xê and X?’ are combined into a complex coordinate 


Z = jt (X8+iX?), (2.63) 


which transforms under U(1). Similarly, the momenta are decomposed in terms of 
an SQ(7) vector P' and a complex momentum 2 defined by 


P= f} (P? -— iP’). (2.64) 


The normalization factors in (2.62)-(2.64) are chosen such that the nonvanishing 
Dirac brackets are equal to 


(X'(0), P/(0’)) py =8"8 (0 — 0), 
(Z(o), P(o’))pp =8 (0-0), 
(Aala). g(o’)) 55 = -iw Sg 8?(0 - 0’). (2.65) 


The supercharges Qł can also be written as a complex SO(7) spinor. When 
expressed in terms of the above coordinates these charges take the form 


Q= fa?o[( PIT, + tw{ Xi X7}T,—w(Z,Z})a 
+ 2 (iP + iw{ XZ} TN]. 
Qt = fd’o[(—P'T, + tw{X', X/} T+ w(Z,Z})a 


+ ¥2(-iP+iw( X',Z}T,)A]. (2.66) 
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where T, are the SO(7) gamma matrices*. In the same notation the hamiltonian 
reads 


H= f aofiw Py + wt? 
+ 4w({X', X) + wlz, x4} + bwli, Zy 


+iwAI,{ X', N) - AV2wA(Z,A} + 4VZwN {ZN }]. (2.67) 


The normalization of Q and Q? is such that 


(Qa Qn) op = — V2 8,9 f do wZọ, 


(Qa Qh) pp = ~2iðagH + 2i(T,) ap f Po wX'p. (2.68) 


3. Area-preserving transformations and supersymmetric matrix models 


The analysis presented in the foregoing section has led us to the constraint (2.24) 
(or, (2.35)—(2.37) and (2.50-51)), which generates the group G of area-preserving 
diffeomorphisms. All physical quantities, such as the expression (2.33) for the 
membrane mass, must be invariant under this group, and this statement applies 
equally to the classical theory (where (2.24) constrains the space of solutions) and to 
the quantum theory (where (2.24) must be imposed as a constraint on the physical 
states). The group G and its associated Lie algebra play an important role in the 
following and are also of interest in their own right [11,12]. In this section, we 
summarize some properties of this group for spherical and toroidal membranes. 
Before going into the details we make some general remarks which also pertain to 
topologically more complicated membranes. We start by expanding the coordinates 
into a complete orthonormal basis of functions Y“(o) on the membrane, 


X(o)=)X“Y,(0),  (A=0,1,2,...) (3.1) 


and likewise for the fermionic coordinates @ (or À) and the momenta. The functions 
Y, may be chosen real, in which case there are no restrictions on the modes, oF 
complex, in which case there are further restrictions from the reality of X. The 
following notation allows us to discuss both options in a uniform manner. First we 


* Our conventions are as follows: (0.0 }=26,1 0,830.0) T, 


HD. D} t= oil 
Also, T,= It = -rT = -r*. 


Jk 
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define 
Y“(0) =(Y,(0))* = 747Y,(c), (3.2) 


where the matrix n“? satisfies 749n,- = 82 with 14g = (72)*. The normalization 
of the functions Y, is 


Jow(o)¥*(a) ¥p(0) = 84. (3.3a) 


or, equivalently, 
[dow(o)¥,(6)¥e(o) = ns. (3.3b) 


which shows that ,, is symmetric. The reality condition on the expansion 
coefficients of X(o) then reads 


X, = (X^) =9,,X7. (3.4) 
Furthermore, completeness of the Y, implies 


1 
Ly (0)¥,(0') = 78 (o—0’). (3.5) 


As explained in the previous section, area-preserving maps are expressed in terms 
of divergence-free vector fields, (0); according to (2.39) these vector fields can be 
represented locally in terms of a scalar function (ø), which may or may not be 
globally defined.* We will concentrate on the subgroup of area-preserving maps 
generated by functions (o) that are globally defined. As follows from (2.41), 
infinitesimal transformations can be expressed in terms of the Lie bracket defined in 
(2.40). Furthermore, the commutator of two infinitesimal transformations with 
parameters $, and $, yields an area-preserving transformation with parameter 
£, = (£2, §,}. Therefore the structure constants of the area-preserving maps that are 
globally defined, are given in terms of the Lie bracket (2.40). In order to make this 
more explicit, we decompose the Lie bracket of Y, and Y, according to 


= Cy = c 
{Yas Yo} = gag Yo=8aacY, (3.6) 
where indices of g4gc are raised and lowered by means of q^? and 14g. Using the 
* In the mathematics literature, the vector fields corresponding to functions (ø) that are globally 
defined, are called “hamiltonian vector fields”: if (0) is not globally defined one speaks of “locally 


hamiltonian vector fields’. See e.g. [19], p. 218. The latter contain harmonic vectors §" and 
homotopically nontrivial reparametrizations. 
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normalization condition (3.3) it follows that g4pc is defined by 
Baac= f dow(o)¥,(6){ Ya(o), Yo(o)} 


= [@oe"Y¥,(0)9,¥—(0)4,¥(0). (3.7) 


Because the Lie bracket satisfies the Jacobi identity the structure constants will also 
satisfy this identity, 


Bian E pic = 0. (3.8) 


In the space of functions that are globally defined, it follows directly from the 
definition (3.7) that the structure constants g4gc are totally antisymmetric. As we 
will not consider compactified membranes, we will thus always be dealing with 
antisymmetric structure constants. Furthermore the zero-mode Y,(o) = constant 
decouples from the other modes because 


Bosc = 8 aoc = 840 = Q- (3.9) 


It is now straightforward to substitute the expansion (3.1) and similar ones for the 
fermionic coordinates into the expressions derived in sect. 2. The lagrangian 
corresponding to (2.44) thus reads 


= (3 XP) + HD X4 + O°y_9,0° + 6,y_D,04 
— 4848 Ecoe Xí XPXEXP — Backs ry yos (3.10) 
where we have separately written the zero modes (corresponding to A = 0) and the 


nonzero modes with indices A, B,... ranging from 1 to oo. The covariant deriva- 
tives in (3.10) are defined by 


Dy Xf = 3 Xl -gec PXE, Dp = 804 — gg ws, (3.11) 


where w is the gauge field associated with time-dependent area-preserving trans- 
formations. The lagrangian (3.10) is invariant under time-dependent transforma- 


tions, whose infinitesimal form is given by 
BX4 =ggc PXE, 80^ = By 0E, Sw = Dag“. (3.12) 


so that the zero modes are invariant by virtue of (3.9) and the nonzero modes 
transform in the adjoint representation. 
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As in sect. 2, the hamiltonian associated with (3.10) in the gauge w“ = 0 leads to 
an equation for the membrane mass Æ. 


M? = Py PA + gag geor XAXPXEXP + Pe anc X2 Oey yO. (313) 


which does not contain the zero modes. The relevant supercharge is the part of Q7, 
defined in (2.54). that pertains to the nonzero modes, 


Q = (2PÍY" + gec XPXEY”) O. (3.14) 


As shown in (2.59) the Dirac bracket of Q with itself yields (3.13) and the constraint 
g. whose components are 


Pa = ganch P- XE + O%y_ O°) =0. (3.15) 


The theory defined by (3.13)-(3.15) contains an infinite number of degrees of 
freedom. In order to make it well-defined, one would like to have some kind of 
regularization. This can be achieved by restricting the indices A, B.C,... to a finite 
range between | and some finite number A. The original theory would then be 
obtained in the limit A -» oo. In general, this limiting procedure may destroy some 
of the symmetries of the theory, and it is not clear which of these will be restored in 
this limit. The most severe of these problems are cured if one can replace the full 
group G of area-preserving transformations by a finite-dimensional symmetry group 
Ga, which in the limit A > 00 coincides with G. The structure constant g4#° can 
then be replaced by the structure constants {°° of the finite-dimensional group 
G,, which satisfy 

lim [49° = 948. (3.16) 
A209 
The existence of such a group G, guarantees that supersymmetry is not affected, as 
this symmetry rests upon the existence of a Jacobi identity for the structure 
constants (it also depends on the space-time dimension through the condition (2.5)). 
The application of this regularization thus leads us to a class of N = 16 supersym- 
metric matrix models with hamiltonian 


H=Tr(4P? +4 1[X,, X] + [Xa 4] v8), (3.17) 


where P, X and @ are matrices that take their values in the Lie algebra of G. 
Surprisingly enough, the quantum-mechanical version of these models coincides 
with the models proposed sometime ago in [15]*. However, it is not guaranteed that 
the group G, will always exist. This has been demonstrated only for spherical 
membranes [11,12]. In that case G, is equal to the group SU(N), where N and A 


* These models are reductions of supersymmetric Yang-Mills theories to 1 + 0 dimensions. The field w 
introduced in sect. 2 corresponds to the timelike component of the gauge fields. 
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are related by A = N? — 1. Of course, subtle questions about the precise meaning of 
the limit A — oo still remain and will require further study. However, we shall 
ignore such questions here and turn to a more detailed discussion of the area-pre- 
serving transformations for the sphere and the torus. 


3.1. AREA-PRESERVING MAPS ON THE SPHERE 


On the sphere one conventionally takes the spherical harmonics Y,,,(@. p) as basis 
functions, where we exclude the zero mode, so that the integers / and m satisfy 
l21, |m| <l. With this basis we have w(6,)=(47)~'sin@. We choose the 
Condon-Shortley phase convention for the Y,,, (we follow the definitions of [20], 
except for the normalization of the Y,,, which differs by a factor vån), 


(yr) =(=)", (3.18) 
so that 


Nuimy\'m’) = ( a JS Sin m’ (3.19) 


where ô, denotes the Kronecker symbol 5,9. The Lie bracket of two spherical 
harmonics then reads 


(3.20) 


= lym 
> Bim, hm Ym, $ 


It should be obvious that g, m,./,m,, m, = 0, unless m, + m, + m, = 0. Furthermore. 
one can verify that /, + /, + /, must be odd, for instance, by comparing the parity of 
both sides of (3.20), and that /,</,+/,—1. Using the antisymmetry of the 
structure constants it then follows that the structure constants only differ from 
zero if 


Ih-blt+1shsh+h-1, mtm,+m,=0. (3.21) 


Another way to see this is by writing the spherical harmonics as symmetric traceless 
homogeneous polynomials of three cartesian coordinates x}, x2, X3: 


Yim(O,@) = ral) x, x; % (r? = x? + x3 + x}) (3.22) 


in which case the Lie bracket takes the form 


(A, B} =4nre, ,x,0,A0,B. (3.23) 
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Substitution of (3.22) into (3.23) leads to the same restrictions on /,, /, and l, as 
listed in (3.21). The representation (3.23) also shows that the structure constants for 
|, = 1, = l, = 1 are proportional to those of SO(3). 

In [12] it was shown that g; 4, s,m;,/;m, are the N > oo limit of SU(N) structure 
constants. Let us first indicate how SU(N) emerges in the truncation of the 
spherical harmonics to a finite set. This truncation is effected by restricting / to 
1< N — 1, which leaves us with precisely N? — 1 functions Y,„. To each Y,,,, which 
corresponds to the symmetric traceless homogeneous polynomials (3.22), we can 
generally assign an N-dimensional matrix by constructing the corresponding sym- 
metric traceless product of SO(3) generators L, in the N-dimensional representation 
(spins = 4(N — 1)), 


(-n/2 
ale E Sen (3.24) 


N?-1 
nance 


As is well-known, the L, satisfy the equations 


t 2 N?-1 
[L L] Siegl L=L, L= Fk (3.25) 
as well as the pseudo-reality condition 
Le =L= ~wLw. (3.26) 


The matrices (2.24) are traceless by virtue of the tracelessness of the tensors a‘). 
The dimension of the representation is chosen such that the T,„ with / < N — 1 form 
a complete set of traceless N x N matrices. This can easily be seen by writing them 
as the traceless part of L4.L%, with L , the familiar raising and lowering operators, 
which are clearly independent, provided p +q < N — 1. Using the symmetry prop- 
erty (3.26), it then follows that the T,„ with even (odd) / > N can be expanded as a 
linear combination of the T,„ with even (odd) / < N — 1. Note that the hermiticity 
of the T,„ follows from the phase convention adopted for the spherical harmonics, 
so that 


(Tr =(=)". (3.27) 


From their completeness property it is obvious that the T,„ are the generators of 
SU(N) in the defining representation, and we obtain the structure constants from 


[Tam Tam] = fam. nm Tom (MA SS N~1). (3.28) 


Just as the structure constants of the area-preserving transformations, the SU(N) 
structure constants f; m, i,m, m, are Only different from zero if /, + /,+/; is odd 
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(this follows from applying (3.26) to both sides of (3.28)), /,</,+/,—1 and 
m, +m, + m, = 0. Therefore we have the same restrictions on /, and m, as given in 
(3.21), except that one should keep in mind that, in the case of SU(N), there is the 
additional restriction that /,< N — 1. 

Due to (3.24) fim. hm, hm, Will converge tO gim. im, hmp aS N > 00 [12]. Eq. 
(3.24) also implies that the T,„ transform as tensor operators under rotations and 
once this is known the SU(N) structure constants defined by (3.28) are determined 
by group theory [21,12] up to the calculation of the reduced matrix elements. One 
gets (without loss of generality, we have assumed that /, </,</, while /, + 2, — l, 
is an odd positive integer) 


Jim imch = -4ni| JI /21, +1 


Rylh)Ry(l 
xf h ya Raha) (3.29) 


os Ry (is) 


where h h h ) and (i h: h) are the 3j-symbol and the 6j-symbol, respec- 


m â m m; s 


tively [20], with s = 4(N — 1), while the function R „ is defined by 


(N+1)!(N?2-1)'7! 


(N11) (3.30) 


Ry) = | 


In the large-N limit, the expression to the right of the 3/-symbol converges to 


E RVD was : 
a = E 7 ames ee 


m+- RIER- R(E) eee n)" 


(l+i,t+/,+4;)! sag Eln) 


(3.31) 
where 
F(n)=n!(L+h-h-n)! (h-r)! (=n)! (n+h-h)({n+h- h)! (3.32) 


The large-N limit of (3.29) coincides with the structure constants 8) n. im,. hm for 
the full group of area-preserving transformations. The mathematics underlying this 
result [12,22] is quite intriguing. and could lead to the possibility of approximating 
other infinite-dimensional Lie algebras of symplectic diffeomorphisms on homoge- 
neous manifolds by large-N matrix algebras. 
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3.2. AREA-PRESERVING MAPS ON THE TORUS 


Choosing torus coordinates 0 < $,, $, < 27 the basis functions Y, are labelled by 
two-dimensional vectors m=(m,,m,) with m,,m, integer numbers. They are 
defined by 


Y,(o) = eme, (3.33) 


where m: = m,$, + mj. Again we will exclude the zero mode. so that m # 0. 
Furthermore we have w($) = (477)~1!, and Nmn = m+n: For the Lie bracket of Y, 
and Y,, one easily finds 


(Yn, Yn} = —402(mx n)Y, 


m+n? 


(3.34) 


where mXn=mj,n,~m,n,. The structure constants g,,- follow directly from 
(3.7) and read 


Emak = ~ 407 (MX 2) bua nen (3.35) 


The elements of the Lie algebra associated with G are thus labelled by the set of 
nonzero two-dimensional vectors m with integer coordinates. The commutator of 
two generators corresponding to two vectors of this lattice is then equal to the 
generator corresponding to the sum of the two vectors, multiplied by i times the 
oriented area of the parallelogram enclosed by the two vectors. Generators associ- 
ated with parallel vectors thus commute. There exits an infinite variety of Cartan 
subalgebras, each infinite dimensional, consisting of the generators corresponding to 
the set of parallel vectors m = Àn, with æ fixed and X all nonzero integers. 

The algebra corresponding to the structure constant (3.35) has been discussed in 
connection with the theory of incompressible fluids in [19]. Recently, it was 
emphasized that it contains subalgebras that are isomorphic to the Virasoro algebra 
[23]. One such subalgebra was explicitly given; its generators take the form 


1 1 
La” 3 -Y : 3.36 
m An? Èr (k.m+k) ( ) 


More generally, solutions are obtained by taking a (logarithmically diverging) sum 
of the Y,, along a straight line in the 2-dimensional plane. For instance, one may 
take 


1 1 1 1 


pee re or m= qt Oe pp erento» (3.37) 


where p is some nonzero integer. However, some caution is required with the 
infinite sums in (3.36)-(3.37), as the formal expressions for L,, do not correspond to 
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differentiable functions of the torus coordinates ¢, and ¢,. The Lie algebra based 
on (3.35) allows for a nontrivial central extension, 


{Yn YL) = —40°(mxn)¥,,,+0¢-m5,..,; (3.38) 


where ¢ is a real two-dimensional vector. This result was also noted in [23]. 
Furthermore, one can enlarge the torus algebra to include fermionic generators X, 
with (anti)commutation relations* (to avoid confusion with the usual symbol for the 
anticommutator, we replace —(1/477){ , } by[ , D 


[Yn Y,] = (m x R)Ymin> 
{X,, X,} = Ys 
[Ym X] = (mX r) Xm aes (3.39) 


where the fermionic generators X, are labelled by the set of two-dimensional vectors 
r=(7,,7,), with 7, and r, ranging either over the integers, or half integers (so that 
we get four different algebras, two of which are isomorphic to each other). 


4. The supermembrane as a supersymmetric quantum-mechanical model 


In this section we combine the previous results and study the properties of the 
supermembrane ground state. So far, we have not been able to prove or disprove the 
assertion that the supermembrane has massless states, although most of our results 
indicate that the ground state is massive. However, we stress that more work is 
needed before one can reach a definitive conclusion regarding this issue, and we 
hope that the results described here will pave the way for a more rigorous treatment 
of supermembranes which goes beyond perturbative (semi-classical) arguments. 

The quantization of the supermembrane is straightforward in the SO(7) x U(1) 
formulation that we have presented in sect. 2. The coordinates are therefore X (0 )} 
Z(o), Z(o) and A,(c), with corresponding canonical momenta P'(0), P(a), P(o) 
and Àt (0o). The (antijcommutators of the operators associated with the coordinates 
and the momenta are given by the Dirac brackets (2.65) multiplied with an extra 
factor i. The operators P', P, P and X can then be realized on wave functions (of 
rather functionals) ¥[X', Z, Z, A] by 


- a . 
Pos -izp POS -izy 
z ð 1 @ 
F(0)= -iZ Nlo) = 5x0) (4.1) 


* This superextension of the algebra has been obtained in collaboration with Garreis (see [24]) and J. 
Wess. 
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It is now straightforward to write the relevant formulae from sect. 2 in this 
representation. Before doing so, we “regularize” the supermembrane theory by 
decomposing the coordinates and the momenta in terms of a finite set of function 
¥%o) and Y“(o) with A =1,..., A. As explained in sect. 3, the structure constants 
gasc Of the group of area-preserving transformations are then replaced by the 
structure constants f,,- of a finite compact Lie group G, with dimension 


dimG =A. (4.2) 


In the limit A — oo the group G is assumed to coincide with the group of 
area-preserving transformations. This procedure turns the supermembrane into a 
model of supersymmetric quantum mechanics [13,14] and leads precisely to the 
supersymmetric matrix models that have been constructed in [15]. An important 
consequence of this approach is that supersymmetry remains preserved, while the 
invariance under area-preserving maps is approximated by the invariance under G. 
For membranes topologically equivalent to S? the group G is equal to SU(N) and 
the limit N —> œ has been shown to yield the full group of area-preserving 
transformations {12]. However, in this section the precise nature of G does not play 
an important role. 

The model that we will be considering in this section is thus based on a finite set 
of coordinates X“, Z^, Z^ and 4, together with their canonically conjugate 
momenta P“, P^, P^ and A‘4t. Here, the index A labels the adjoint representation 
of G. There are also the zero-mode (or center-of-mass) coordinates X°, Z°, Z° and 
a8, but as we have already emphasized, these decouple entirely from the other 
coordinates, and do not contribute to the mass of the supermembrane states. The 
(anti)commutation relations corresponding to (2.65) are 


[x4 Pis] = 18,58. 
[2*, Pp] = [Z*, Po] = i85 . 
{A4, Mea} = Sup» (4.3) 


while all other (anti)commutators vanish. The conjugate momenta can thus be 
represented by the operators 


ð a 

ham cigg Har ee aga 

a a 

P, -iga’ Naa = Oya? (4.4) 
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in agreement with (4.1), and the states of the theory correspond to the wave 
functions W(X, Z^, Z^, M). The latter are elements of the Grassmann algebra 
generated by A‘ and may be expressed as* 


BA 
w= Yo OFX, Z, ZME... Me, (4.5) 
k=0 


The norm of the state ¥ can then be defined through 


8A 


1 
H= E glaa, (4.6) 
k=0 >: 


with the usual L?-norms for the coefficient functions i4. Of course, one also 
has the customary distinction between bosonic and fermionic states according to 
whether only even or odd powers of A4 appear. 

We next make the appropriate substitutions in the supercharge operators of sect. 
2. The supercharges that pertain to the nonzero modes, follow directly from the 
SO(7) x U(1) covariant expressions in (2.66) and take the form 


ð 2 
o= | -iraya +} fasc X, XPXE ih- func 292g M 


{ é o) ð 
+¥2 baaga + figeXP ZR Then’ 


ð ð 
Qa liraga * tfaec XPXETIA + fancZ” Z 8, ) IA ga 
Í CANN Byc A 
+72 | Sea gza + aac, Z Tap} X- (4.7) 


These charges define a supersymmetric quantum-mechanical model, whose hamilto- 
nian follows from the {Q,Q*} anticommutator. In order to exhibit this, let us 
evaluate the anticommutators of the supercharge operators Q and Q*. After à 
somewhat lengthy calculation, using the antisymmetry of {4° as well as the Jacob! 


* Observe that we suppress the dependence on the zero-mode coordinates in (4.5). We will return to 
this shortly. 
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identities, one arrives at the following superalgebra 

(Qa Qa} =2V28,,2 “p,, 

{Qt.O%} =2V26,,Z%9,. 

(Qa Qh} =28,gH — 2il! g X p1. (4.8) 
This result is consistent with the Dirac brackets (2.65), with the operators H and ọ, 
corresponding to the contribution from the nonzero modes to the hamiltonian (2.67) 


and the constraint (2.51). The explicit expression for this hamiltonian, which is 
directly related to the membrane mass æ, reads 


= LM = H, + A,, (4.9) 
where 
z 1 @ ð? P = 
= a ee tf 
b 2 IXI OKA jz, az" (X,Z.Z), (4.10) 


with positive potential V given by 
V(X, Z. Z) = hfeheve { XAXPXCX? + 4XAZ9XZ? + 2Z4Z°ZZ\ | (4.11) 


and 


a = 
H, = ifanc X Nalan 5) + H2 fugc| ZIMEN - Z^ (4.12) 
BC 


Oras IN ac | 


The algebra (4.8) still contains the operators œ“, which are the components of the 
constraint (2.51), and given by 


ð = 3 ð 
g^ =fA80, Mage + Zegge + 2055 Hazel (4.13) 


Obviously, p^ are just the generators of the group G, which must vanish on physical 
states, Le., 


pv =0. (4.14) 
Consequently the wave functions corresponding to physical states must be invariant 


under G (or the full group of area-preserving diffeomorphisms). On physical states 
one thus recovers the usual supersymmetry algebra. The expressions (4.9)—(4.14) 
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precisely coincide with the results of [15], where quantum-mechanical models were 
discussed with up to 16 supercharges. Hence we have established that the super- 
membrane is a limiting case of this class of models. 

The zero modes, which are not contained in the quantum-mechanical models of 
{15], lead also to corresponding supercharges, as we have already discussed in sect. 
2. In the SO(7) x U(1) notation, there is one complex charge associated with Q7 
and one with Q* (cf. (2.54), where we denote the latter by Q* to indicate that it 
contains only contributions from the zero modes. In the representation (4.4) these 
charges read 


a 
~ = )0 me 
Qa Nao Qa ar, ’ 
a ð ð 
Qo = ~ilego + 2 575 ae ; 
Qt = iri 2 + Z- (4.15) 
i FAX? ar, azo i 


It is easy to determine the supersymmetry algebra for the above charges, which is 
the quantum-mechanical analogue of (2.58) in SO(7) x U(1) notation. This algebra 
contains the hamiltonian 


E are a? 
H = -3 Gxe axe azaz 320) 


which is just the transverse kinetic energy of the membrane. The wave function 
associated with the zero modes is simply a plane-wave solution in terms of the 
transverse coordinates X°, Z° and Z° with a certain transverse momentum, 
multiplied by an arbitrary function of the fermionic zero modes \°. This wave 
function thus describes 128 bosonic states 1, AAD. and 128 fermionic states 
A2, AZAGA®,.... Under SO(9), these transform as the 44 ® 84 and 128 representa- 
tions. The 128 + 128 independent wave functions transform under the supercharge 
operators (4.15) as the states of a massless d = 11 supergravity multiplet. To see this, 
it is convenient to choose a Lorentz frame in which the transverse momentum 
vanishes, so that the charge Q vanishes and one is only left with Q~. Conse- 
quently, if the wave function (4.5) associated with the ground state of the nonzero- 
mode system is not degenerate, then the supermembrane ground state constitutes 
precisely a massless supermultiplet. 

According to the above arguments, the zero modes are no longer relevant, and we 
have to determine the nature of the ground state corresponding to the hamiltonian 
H which governs the nonzero modes. According to (4.9), massless states ¥ must 
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obey the Schrödinger equation 
HY =0. (4.17) 


From the supersymmetry algebra, it follows that H can be written as 


H=4(0,.Qt}. (4.18) 


The hamiltonian H is thus a positive operator, which vanishes if and only if the 
ground-state wave function ¥ is a singlet under supersymmetry, in which case 


QY = Qiv =0. (4.19) 


Although this condition ensures that the ground state is massless, it does not 
immediately imply that the ground state constitutes the desired supermultiplet. In 
d= 11 dimensions one has to require separately that W is also a singlet under 
SO(9).* For future purposes let us list the SO(9) generators in terms of the 
coordinates and momenta introduced above. It is convenient to decompose them 
into “orbital” and “spin” parts according to 


J® = L+S, (4.20) 
where 
ð ð 
= X^ -y^ F 
Lij X; axí J 3x’ 
=j;74 FA ð 
Lg = iZ FEZ -iZ az‘ ’ 
L= XA -Z^ 
i t az4 aXA 
ð ð 
L,-= Xa oz -Z^ 3 X^ , (4.21) 
and 
; i ð 
S= ATATA Seo — Na + icy, 
S i j T: uf S MIAN (4.22) 
i" 22 aM AAG,” ae) A RPA 


* In lower-dimensional space-times ¥ must transform nontrivially under the SO(d — 2) group of 
transverse rotations in order that the ground-state constitutes a supergravity multiplet. 
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Note the appearance of the “normal-ordering” constant cg = 2A in Sg. There is an 
associated hermitean U(1) charge operator J, which reads 


a< 
Mil 


ð ð 
Pz. Leal (4.23) 


+= Ugg = Z4 
(with corresponding definitions for S,_ and L,_). Defining the charge q of any 
operator © by means of [J ,_. ©] =q0, we see the variables X^, Z^. Z^ and M 
carry the U(1) charges 0, ~1, +1 and }, respectively. 

Our main task is now to solve (4.17), or equivalently (4.19). for some G-invariant 
wave function Y. We expect that the method of solving (4.17) for finite A cannot be 
used for purely bosonic membranes, because the ground-state energy of the bosonic 
membrane will diverge in the limit A — œ and needs to be renormalized (see, e.g. 
[25]). Since this is a nonrenormalizable theory there is an inherent ambiguity in the 
calculation of the finite part of the infinite renormalization. On the other hand, if 
one succeeds in finding a state obeying (4.19) for the supermembrane, this state will 
remain a proper ground state in the limit A — oo. Nevertheless, we cannot a priori 
exclude the possibility that the lowest eigenvalue of H is strictly positive for finite A 
but only tends to zero as A > œ. At any rate, we expect that the Bose-Fermi 
symmetry leads to the usual softening of divergences associated with the large-A 
limit. 

Up to this point, the analysis is completely analogous to the corresponding one 
for superstrings (a detailed discussion may be found in [26], sect. 11.7). The much 
more difficult part of the problem, however, resides in the nonzero mode part of Y. 
First of all, the hamiltonian (4.9) describes an interacting theory and not a free 
theory as in superstring theory. Secondly, the constraint (4.14) has no analog in 
string theory. There, one only demands invariance of the physical Hilbert space 
under rigid (i.e.. length-preserving) translations that are generated by the operator 
N, — Np, which does not mix different oscillator modes. The group of area-preserv- 
ing diffeomorphisms is much larger and, in particular, does not admit an invanant 
split into positively and negatively indexed modes. 

In order to facilitate the calculations, one can make the additional assumption 
that Y is an SO(9) singlet. As alluded to above, this is in fact necessary if one wants 
to recover d= 11 supergravity as a “low-energy limit” from the supermembrane. 
For otherwise, the ground state would transform as [(44 © 84), © 128,)] times a 
nonsinglet representation of SO(9) and would therefore describe states other than 
those of the d= 11 supergravity multiplet. Unfortunately, the requirement of SO(9) 
invariance does not lead to significant simplifications. so that this approach is not 
particularly useful. We refer the reader to the appendix for a more detailed analysis 
of the structure of SO(9)-invariant wave functions. However. one can show that the 
ground-state wave function cannot factorize into a bosonic and a fermionic func- 
tion, i.e.. it cannot be of the form ¥ = ¥, ® ¥,, with either Y, or ¥, (or both) SO(9) 
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or G invariant. The reason is that H,, defined in (4.12), can be written as a product 
of two operators, a bosonic one equal to the bosonic coordinates, and a fermionic 
one, bilinear in the fermion operators, which both transform as a vector under 
SO(9) and in the adjoint representation of G. Sandwiching H, between the ground- 
state wave functions, it follows from the SO(9) or G invariance of either Y, or Y; 
that (Y, HF) must vanish. Therefore, as a result of (4.17). (Y, HW) =(%,, HY.) 
=0. Because H, is a positive operator, this implies that Y, must vanish. This 
situation is in sharp contrast to superstrings where the (nonzero mode) ground-state 
factorizes into a bosonic and a fermionic SO(8) singlet, and where one has a 
mode-by-mode cancellation of the vacuum energies. 

In general, the relevant equations QY = Q'W=0 are very difficult to solve. 
Therefore we will now consider two special cases to illustrate some of the difficul- 
ties. The first one is a truncation of the membrane theory, in which we discard the 
coordinates Z^, Ž^ and A4. We accordingly split the SO(7) spinor indices a. B.... 
into i, j,... =1,...,7 and a,B,... =8 and make use of the fact that (see, e.g. 
{27, 28]) 


(IT') = —18), (T') je = icik (4.24) 
where c,, are the octonionic structure constants obeying 


Cime" = 28K — 


ijmÊ 


ene (4.25) 


be, imap 


as well as a number of other relations which can be found in (28]. In this truncation 
the supercharges (4.7) take the form 


ð 
Q= | ax4 t bef eX EXE | ’ 


ð ð 
-{- ve. + 4c! fisc X? Xf fl ae f (4.26) 


The symmetry of this theory is now reduced to N=1 supersymmetry, the G, 
subgroup of SO(9) and G. The equation QY = Q'¥ = 0 can easily be solved and 
one finds two G, x G invariant solutions, 


T ( rras) exp (Hefin XAXPXE | ’ 
i, A 


Y, = exp { — bef ac XAXPXE } . (4.27) 
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It is amusing that in the membrane limit these two solutions become 
¥,[X(o), A(0)] = (T1A.(0)) exp {4 f aoee, X'3,x78, x8}, 
¥,[X(0), A(o)] = exp| -if do eeu X'0,X3,X*| (4.28) 


so that the ground-state wave functionals are exponentials of a Wess-Zumino- Witten 
term, with corresponding torsion proportional to c,4. However, both solutions 
(4.27) fail to be square-integrable, and this problem persists for (4.28). Thus, there is 
no supersymmetric ground state, so that this truncation has no massless states. 
From the analogy with ordinary N = 1 supersymmetric quantum mechanics, this is 
what one would have intuitively expected for the full supermembrane, too, as the 
differential operator, which appears in (4.7), is +0/0X + X?, rather than +0/0X 
+ X as in superstring theory [14]. However, the argument is vitiated by (amongst 
other things) the nonexistence of an SQO(9)-invariant (or even SO(7)-invariant) 
three-index tensor analogous to cą. Observe also that both solutions in (4.27) are 
singlets in their bosonic and fermionic factors. This does not contradict our findings 
above, because the wave functions do not tend to zero at spatial infinity, and for 
such functions the hamiltonian H, is not a positive operator. 

The second truncation which we will consider, consists in discarding the variables 
X^ and A^, thus retaining only Z^, Z^ and \4=)%4. This corresponds to a 
membrane moving in a d=4 dimensional space-time. The supercharges follow 
directly from (4.7) and read 


aoa as 
= mnaman ences mtn AZB\C 
Q= V2 gza ga, leZ ZN, 
Qt= stp Mtf zz» 2 (4.29) 
got AARE Or 


It is clear that the ground state cannot factorize into a bosonic and fermionic part 
and therefore we proceed from the ansatz* 


W=6(Z,Z)+ LO, 4 (Z ZAM... A, (4.30) 


kzl 


where the coefficient functions ®^ 4% are completely antisymmetric in the indices 
A,,..., Az- To make life as simple as possible, we take G equal to SU(2), so that 


* We could also choose ¥ such that only odd powers of A appear. 
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A,B,C.... =1,2,3, and (48° = e48 The decomposition (4.30) then simplifies to 
P= pZ, Z) + e84, Z). (4.31) 
(We choose a real basis for the adjoint representation of SU(2), so the position of 


indices is immaterial). 
Requiring QY = QTY =0, we get 


e48CZ47 9g Z, Z) =0, (4.32) 
which tells us that 
p= Z^p, + Zp, (4.33) 
and three more equations, 
ð _, 99 
z^ rz + 39, + Z4 Pz =0, (4.34) 
IP =, 99 _ 
a/detr| 28-Se + Zeo) = eABCZ FZ, (4.35) 


a _ - - - 
vS =2[(Z-Z)Z4 - ZZ], + 2[Z?Zz4-(Z-Z)Z“ļo,. (4.36) 


Upon multiplication by Z^ and Z4, (4.36) leads to 


1 1 —, IP 
p = eo 4 SS 
V2 (z-Z)-Z?Z? ôZ 
1 1 do, 
p= Aa (4.37) 


A (Z-Z -zzZ Z^ 


Substituting this result back into the previous equations, it turns out that (4.34) is 
identically satisfied, while (4.35) and (4.36) lead to 


_,9 _. Op 
AZ AZ -T = A 7427 - se =0, (4.38) 
. eA BCZAZC =, 9 a 
an [m g el ae 
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Here H, is the hamiltonian defined in (4.10), which in this case reads 


ð 


ð 
M=- 974 Z7 


+3((z-Z)?- 2722]. (4.40) 


According to the constraint equations (4.14), the wave function must be SU(2) 
invariant, in which case eqs. (4.38) are obviously satisfied. Hence we are left with a 
Schrédinger equation for an SU(2)-invariant wave function go, given by (4.39). The 
corresponding hamiltonian, H, consists of a linear combination of H, which is the 
hamiltonian for a bosonic membrane, and an extra term. 

For the class of wave functions for which the hamiltonian is self-adjoint. we find 
that 


{| ey 
(on Hao) = faza z| 8 


2 
azal tH(Z-Z)’- zZ). (4.41) 


which is positive because 
(Z-Z -zZ 20. (4.42) 


Under the same conditions, we have 


1 e^4BCZBZC 
J= = 37 A37 L oa pADE| FD _ 7D 2 
(.(H Hy) 0) fvzaez 5 (Z-ZP- z2 (z azé Z ðZE lpo! 
(4.43) 
Because 
— ð ə pABCZ BRC 
geig ~ 2 ae | a t (4.44) 
az* azé (Z-Ž- zZ 


the integrand in (4.43) can be written as a total divergence, which suggests that one 
can rewrite (4.43) as a surface integral. However, one has to take into account that 
the integrand has a singularity whenever (Z - Z)? = Z?Z*. This happens when Z“ 
becomes proportional to a real vector (or, in other words. whenever the two vectors 
Re Z^ and Im Z^ are aligned). Therefore, the integral (4.43) splits into two terms. 
one corresponding to the surface integral associated with large distances (Z - Z= 
æ), which yields a positive contribution, and another one corresponding to the 
contribution from the singularities, which turns out to be negative. To show this 
more explicitly, on may choose a parametrization in terms of the SU(2)-invariant 
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variables 


tazzi. taZ. s (Z Z-z. (4.45) 
It is not hard to see that H — H, is now equal to 


~ Bh cae eee ers ð 
H-H, = vE + ISI" g: (4.46) 


mj iN 


Furthermore, on SU(2)-invariant functions we have 


Edédidé 


PZZ 0 -e , 
ye? + S|? 


(4.47) 


up to “angular” variables whose integral yields an irrelevant (positive) constant c. 
Substituting (4.46)-(4.47) into (4.43), and performing the integral over €, we then 
find 


(vo: (F - Hy) 90) = -c f dS dF |mo(E= 0.5.5)", (4.48) 


where we have dropped the contribution at = oo, which is proportional to |pọ|” at 
spatial infinity. Therefore we have shown that for wave functions vanishing at 
infinity, the energy of a supermembrane will be /ower than that of a corresponding 
bosonic membrane. 

On the other hand, imposing the boundary condition that pọ vanishes when 
Z-Z— œ, one can see that no solution of (4.39) exists, as H is an elliptic 
differential operator (see e.g. [29], p. 320 ff.). Consequently, solutions that are 
subject to these boundary conditions do not have zero energy. We should empha- 
size, however, that the above boundary condition is not implied by square-integra- 
bility*, and we have not been able to establish the existence or nonexistence of a 
general square-integrable solution to (4.39). 

It is now evident that the general case with arbitrary N is even harder to tackle 
because the number of coefficient functions in (4.30) as well as the number of 
SU(N ) invariant variables analogous to (4.45) is further increased as N becomes 
larger. In particular, there seems no real advantage anymore to replacing the 


* This is, for instance, demonstrated by the function /(£.$. 5) =Sexp[— ttg- tE] which 
does not satisfy the above boundary condition. as limy,-.,.f(0.$.5) = 2c. but nevertheless 
IE dk fa?S1f(E, 5. ÈI? < co! 
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second-order equation (4.17) by the first-order equation (4.19), since decoupling 
these equations will automatically lead to higher-order equations. 


Note added 


After this paper was completed we learnt that Claudson and Halpern (see [15]) 
consider wave functions similar to (4.27). Furthermore, we have meanwhile calcu- 
lated the Witten index for the SU(2) model discussed at the end of sect. 4 along the 
lines of ref. [31] and found that it vanishes. This is consistent with the conclusion 
that there are no massless states. 


Appendix 


STRUCTURE OF SQ(9)-INVARIANT WAVE FUNCTIONS 


We here briefly describe how to construct SO(9)-invariant wave functions which 
do not factorize into bosonic and fermionic parts that are separately SO(9)- 
invariant. The basic idea is to first consider nontrivial SO(9) representations in 
either sector and then fold them together to form a singlet. This is completely 
obvious for the SO(7) subgroup of SO(9) and the nontrivial part of the analysis 
involves the generators J,, which are nonlinearly realized on the Grassmann 
algebra, cf. (4.22). As is well-known, any SO(9) representation can be characterized 
by its highest weight or, equivalently, by its Dynkin label (see e.g. (30]). In the 
present case this label consists of four positive integers (@,a,a,a,), the first three of 
which indicate the SO(7) representation and the last of which is associated with the 
U(1) charge operators L,_ and S,_. The highest-weight state |(@,a,a,a,)) must 
be annihilated by the raising operators L,, and S,,, i.e. 


L,.|(a,4,4344)), =0, or S,.(aya,a3a,4)),=0, (A.1) 


for a bosonic or fermionic representation, respectively. Of course, it must also be 
annihilated by the remaining raising operators of the SO(7) subgroup but this (and 
analogous statements) will be understood in the following. The representation is 
then generated by applying the lowering operators L,_ for the bosonic representa- 
tions, or S,_ for the fermionic representations, until one reaches the lowest-weight 
state; in this procedure, the U(1) charge a, is changed by one unit at each step. 
From the discussion in sect. 4 we learn that the fermionic wave functions have a 
maximum U(1) charge which is equal to the normal-ordering constant cy = 2A. so 
we will restrict ourselves to representations with |a,| < co- 

We will now illustrate how this works by looking at various examples, first in the 
bosonic sector. So let us start with 


(000cy)), = Z^... Zo. (A.2) 


Obviously this state transforms under the symmetric tensor representation of the 
group G which is associated with the indices 4,,..., A,,, but because G commutes 
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with SO(9), this aspect is not very important. Clearly, the state (A.2) is an SO(7) 
singlet and annihilated by L,, (use the explicit expressions in (4.21)). Acting on it 
with L,_, we obtain 


L, (Z^... Z400) = eg X64 Z... Z 4w. (A.3) 


The U(1) charge of (A.3) is (cg — 1) while the G-representation content is evidently 
unaltered. Continuing in this fashion, we get 


L,_L,_(2%... Z^) 
= coco WXAXOZ4... Z40) — 98, ZZOZ... Z^, (A4) 
and so on. Hence, we just obtain a generalization of the usual SO(9) spherical 
harmonics. To also have an example with a, = co — 1, one may start from any of the 
following states 
l(*#*cg—1)),=X!ZRIZ42 74, 
Xia xee... ZA, or 
XIa xP yp... ZA, (A.5) 


where (* * #) is the appropriate SO(7) label. Owing to the antisymmetry in the 
indices B,, B,,... the states (A.5) are anihilated by L, .. 

The construction in the fermionic sector is similar. Since, by (4.23), the highest- 
weight state contains the maximal number of A’s, it is more convenient to start with 
the lowest-weight state. The analogue of (A.2) is then 


(000 — cy), =1, (A.6) 


which is annihilated by S,_. The action of S,, now produces the state 


S,,{(000 — co)) = =M T'A 4, (A.7) 


2V2 


which has charge —cy + 1. The analogue of (A.5) is the set of states 
2 
ABAP? , ABTINE? — — SBMA, ABITUA: , APEA: (A8) 
Co 


An SO(9) singlet can now be formed by folding together the same bosonic and 
fermionic SO(9) representations. The resulting wavefunction can then be turned into 
a singlet with respect to G by contraction with an appropriate bosonic function of 
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SO(9) singlet variables such as X4X8+ Z^Z? + Z°Z%, etc. For instance, from 
(A.2) and (A.6), we can construct the following SO(9)-singlet wavefunction 


ý= \(000c0)), ® |(000 = co))i 
+aL,_|(000cy)), @S,, |(o00 = co))i 


+ BL, -L,-|(000c0)}, ® S, +S, , (000 — co) Y; 


t+yL,_L,_ |(000c,)),@ S,.5,.|(000 = &) i 
a (A.9) 


The coefficients a, £, y,... are determined from the requirement J, , ¥ = 0. Using 
the SO(9) commutation relations and the known U(1) charges together with 
L, ,|(000c¢9)) p = S,;|(000 — co), = 0 we find 


1 1 ~ 8B 
aera ars OST ae eee 


(A.10) 
After contraction with an appropriate bosonic wavefunction, (A.9) can also be 
expressed as 


os = i z = 
x{ ZA... Z^o+ eee > ey Aa Z40+ ++: ; (A.11) 


Another example is 


v= D5 Bos Ach X.Z, Z) 


{88 B42 Fat I yma CIDA XZ Zn oo). (A.12) 
Ss A”? Z^... Z J cX; i 


It is not difficult to verify directly that indeed J, ~=L,,+ S,, vanish on ¥ and 
W’, at least to the order given. Obviously, there is a multitude of possibilities and 
very little hope of a complete classification. One can also prove that the supermem- 
brane wave function for a massless ground-state cannot just be of the form (A.11). 
This follows directly from the observation that H,¥ contains no A-independent 
term for Y given by (A.11), so that A ,¥ must vanish up to order A? for a massless 
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ground state. From the fact that H, is positive, it then follows that Y must in fact 
vanish. This conclusion is already suggested by the fact that (A.11) is an eigenfunc- 
tion of both L? and S$’, while the hamiltonian does not commute with these 
operators. A bothersome feature is that the degree of the SO(9) “spherical har- 
monic” is larger than or equal to cy = 2A and therefore increases without bound as 
A => oo. It is hard to see what reasonably behaved wavefunction could ensure 
square-integrability of ¥, ¥’,... or any linear combination thereof in this limit. 
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We find exact solutions to the field equations of eleven-dimensional supergravity corresponding to stable multi-membrane 
configurations. Their holonomy group is given by the SO(8) subgroup of an enlarged tangent space group SO(1, 2) xSO(16), 
and hence one half of the spacetime supersymmetries are broken. The solutions saturate a Bogomol’nyi bound between the mass 
per unit area and the Page charge, which also guarantees their stability. 


Although the equations of motion of eleven- 
dimensional supergravity were written down by 
Cremmer, Julia and Scherk as long ago as 1978 [1], 
it was only recently that Bergshoeff, Sezgin and 
Townsend [2] constructed the eleven-dimensional 
supermembrane that couples to this background. In 
this paper we show that the supermembrane actually 
emerges as an exact solution of the supergravity field 
equations, Indeed, exact solutions for a superposi- 
tion of arbitrarily many supermembranes can be ob- 
tained in this way. 

{t should be emphasized, however, that these 
membrane solutions are not “solitons” of the kind 
sought by Townsend [3], which would be non-sin- 
gular configurations stabilized by an identically con- 
served topological charge. By constrast, our solutions 
have d-function singularities on the worldvolume of 
the membrane and are stabilized by a charge con- 
served only by virtue of the field equations, which 
turns out to be the familiar Page charge [4,5] of 
eleven-dimensional supergravity. Nonetheless, in 
common with the soliton solutions, they break just 
one half of the spacetime supersymmetries and satu- 
tate a Bogomol’nyi bound between the mass per unit 
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area and the conserved charge. Under a simultane- 
ous dimensional reduction of the supermembrane in 
eleven dimensions to the superstring in ten dimen- 
sions [6], our solution goes over to the superstring 
solution of Dabholkar, Gibbons, Harvey and Ruiz- 
Ruiz [7]. 

We begin by making an ansatz for the D= 11 gauge 
fields gun and Annp (M=0, },..., 10) corresponding 
to the most general three-eight split invariant under 
P,;xSO(8), where P, is the D= 3 Poincaré group. We 
split the D=11 coordinates 


XM (x, y"), (1) 
where x= 0, 1, 2 and m=3, ..., 10, and write the line- 
element as 

ds?=-e4 Nav dxtdx’ +e Onndy”dy” , (2) 


and the three-form gauge field as 
I 
Ayu = E 55 upe“ (3) 


where °g is the determinant of gur, Envo = 8u vE nE” 
and £™?= +1 i.e. 4o12= te°. All other components 
of Anne and all components of the gravitino Ww are 
set to zero. P, invariance requires that the arbitrary 
functions A, B and C depend only on y”; SO(8) in- 


The World in Eleven Dimensions 111 


variance then requires that this dependence be only 
through r=./Omny”V". 

As we shall now show, the three arbitrary functions 
A, B and C are reduced to one by the requirement 
that the field configurations (2) and (3) preserve 
some unbroken supersymmetry. In other words, there 
must exist Killing spinors € satisfying 


Dye=0, (4) 


where y is the supercovariant derivative appearing 
in the supersymmetry transformation rule of the 
gravitino 


bya lyeo=Dwue, (5) 
Du = Out jwn Tan 
— (T Sy + 8r RSS 4) F pars » (6) 


where Funpro=4ðimAnro Here T, are the D=11 
Dirac matrices satisfying 


ITa Ta} = 2g, (7) 


A. B refer to the D= 11 tangent space, 7,,= diag (—, 
+... +), and 


Tanc =T al pT cy , (8) 


thus Tag=} (LBI al 4), etc. The Is with world 
indices P, Q, R... in (6) have been converted using 
vielbeins e,,4. We make a three-eight split 


M4= (Ja Io, 182.) , (9) 


where ya and J, are the D=3 and D=8 Dirac matri- 
ces respectively and where 


Tg DRODD NT (10) 


so that 73 =1. The most general spinor field consis- 
tent with the P, X SO(8) takes the form 


e(x, vy) =e@n(r), (11) 


where € is a constant spinor of SO(1, 2) and y is an 
SO(8) spinor which may further be decomposed into 
chiral eigenstates via the projection operators 
(1/4). 

In our background (2) and (3), the supercovar- 
iant derivative becomes 


B,=8,—47,¢742'78,,e4I9 


Fiye E" mes. (12) 


Õnn = m + je- 8(2,, 2" E" Sm) ðe? 
Fhe (Eni IEn) T 
Fie Mime T. (13) 


Note that the y, and £n carry world indices. Hence 
we find that (4) admits two non-trivial solutions 


(itl,)n=0, (14) 


where the + signs are correlated with the + signs in 
our original ansatz (3), 


nae” no, (15) 

where no is a constant spinor, and 

A=iC, (16) 
= —$C+constant . (17) 


In each case, (14) means that one half of the maxi- 
mal possible rigid supersymmetry survives. 

To see the uniqueness of these solutions, we may 
appeal to holonomy arguments [5] i.e. the integra- 
bility conditions for (4) following from the commu- 
tators of the supercovariant derivatives (12) and 
(13). In this connection, it is important to realize that 
the holonomy of the supercovariant derivative Dy, is 
different from that of the ordinary Lorentz-covariant 
derivative D,,. After making a three-eight split of the 
kind we are considering, it is known that the SO(1, 
2)xSO(8) subgroup of the D=11 tangent space 
group SO(1, 10) is enlarged to SO(1, 2) xSO(16) 
[8]. Essentially, this is because the SO(8) spin con- 
nections wy°°S,, are augmented by terms like 
Fi Yogder Fu” Yal Ene and Fu™ Ea which con- 
spire to produce the connection of an SO( 16), under 
which y transforms as a 16-dimensional vector. The 
holonomy group » of a specific D,, will be a subgroup 
of this enlarged tangent space group. In the trivial case 
where is the identity, there are no restrictions on € 
and the maximal number of 2X 16 rigid supersym- 
metries are preserved, but spacetime is flat and 
Funweg=0. In the other trivial case where .¥ coin- 
cides with the enlarged tangent space group, £ van- 
ishes and no supersymmetry survives. Given our an- 
satz (2), (3), the only remaining possibilities are 
those given in (14)-(17). for which the holonomy 
group # is 1 (8), corresponding to two inequiva- 
lent embeddings of SO(8 ) in SO( 16). Under SO( 16) 
>S$0O(8), the 16 decomposes into an 8 plus 8 sin- 


112 The eleven-dimensional supermembrane 


glets. Since the number of unbroken supersymme- 
tries is given by the number of singlets in this decom- 
position, we see that exactly half of the maximal rigid 
supersymmetries survive. 

Thus, at this stage, the three unknown functions A, 
B and C have been reduced to one by choosing the 
case where half the supersymmetry survives. To de- 
termine this unknown function, we must substitute 
our ansatz into the field equations which follow from 
the action 


So= fax 4, (18) 


where % is the supergravity lagrangian whose bo- 
sonic sector is given by 


KL =t ~ 8 R-i — 8 Funegk YN 
l 


tay 


EMNOPORSTUVW E yop ForsrAvvw . 
(19) 


Let us first consider the antisymmetric tensor field 
equation 


duly =g F) 


tage H MNOPORSTE NopForsr =0 . (20) 
Substitution of (2), (3) and (16), (17) yields 
3m3 e7 = (21) 


and hence, imposing the boundary condition that the 
metric be asymptotically minkowskian, we find 


ena, r>0, (22) 


where K is a constant, at this stage arbitrary. The same 
expression for C also solves the Einstein equations. 
Thus the two solutions are given by 

-2/3 


ast=(1+ £) Nyuv dx“ dx” 
173 
+(14 5) mdy” dy”, 


K 
A=} to 14+ 5) . (23) 


In fact, these expressions do not solve the field 
equations everywhere because of the singularity at 
r=0. Instead of (21), for example, we have 


6" Am One T E= ~6KQ, 8 (y). (24) 


where £2, is the volume of the unit seven-sphere S”. 
Similar remarks apply to the Einstein equations. In 
order that (23) be solutions everywhere, it is there- 
fore necessary that the pure supergravity equations 
be augmented by source terms. This source is, of 
course, the supermembrane itself. To see this explic- 
itly we consider the combined supergravity-super- 
membrane equations which follow from the action 


S=So+Suy. (25) 


where Sm is the supermembrane action whose bo- 
sonic sector is given by 


Su = rÍ ae(- IV 7 749, XOX ou th =y 

+ JE AXIA DA Aune) . (26) 
where T is the membrane tension. The Einstein equa- 
tions are now 


Run b8unR=k*Tun. (27) 


where Tun receives a contribution not only from the 
antisymmetric tensor kinetic term but also from the 
membrane itself, 


R27 = bF “pore NPQR __ he" FeorsF PORS) 

-er | dé ay ra xa n OY 
“8 (28) 
while the antisymmetric tensor equation is now 
aul./—8 FMUvw) 

time UVWMNOPORSTE vop F, QRST 

= F2K°T f d? eð, XE X aX S (x—X). 

(29) 

Furthermore, we have the membrane field equations 
86/7 49, Xuan) +} S7 73X X Buge 

+ x e, XI KPAX °F uneg =0 . (30) 


Vy =O, X48, X Bun - (31) 


It is not difficult to verify that the correct source term 
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in (24) and in the Einstein equations is obtained by 
the static gauge choice 


X= Ee", u=0,1,2, (32) 
and the solution 
Y” =constant , (33) 
provided 
KT 
= —. 4 
K 32, (34) 


However, with the choice of — sign in front of the 
Wess-Zumino term given in (26), we must choose 
the — sign solution in (23). The + sign solution also 
solves the combined supergravity-supermembrane 
equations but for the opposite choice of sign for the 
supermembrane Wess~Zumino term. One may also 
verify that (32), (33) satisfy the membrane field 
equations (30), (31). 

Having established that the supergravity field con- 
figurations preserve half the supersymmetries, we 
must also verify that the membrane configurations 
(32). (33) preserve these supersymmetries. As dis- 
cussed in ref. [9], the criterion is that in addition to 
the existence of Killing spinors £ satisfying (4), we 
must also have 


(1tP)e=0. (35) 


where the choice of sign is correlated with the sign of 
the Wess—Zumino term in (26), and where 


I j 
r= E a A (36) 


Since P? =} and tr =0, }(1 +r) act as projection 
operators. From (32), (33), we see that for our 
solutions 


r=1@!,. (37) 


and hence (35) is indeed satisfied as a consequence 
of (14). Eq. (35) explains, from the membrane point 
of view, why the solutions we are seeking preserve just 
half the supersymmetries. It originates from the fer- 
mionic «-symmetry of the supermembrane action. 
The fermionic zero-modes on the worldvolume are 
just the Goldstone fermions associated with the bro- 
ken supersymmetry [10]. 

Under a simultaneous dimensional reduction of 
spacetime and worldvolume, the combined super- 


gravity-supermembrane field equations (27)-(31) 
in D=11 reduce to the combined type ITA supergrav- 
ity-superstring field equations in D=10 [6]. A fur- 
ther truncation yields the equations studied by 
Dabholkar et al. [7]. The tangent space group SO(1, 
2)xSO(16) is thus reduced to SO(1, 1)xSO(8) 
XSO(8). One might expect, therefore, that their so- 
lutions may be obtained from ours by simultaneous 
dimensional reduction, and this is indeed the case. 
Let us denote all D= 11 variables by a carat, and then 
make the ten—one split 


XM a(x, x7), M=0, 1,3,9, (38) 
bun =e gyn. B22 =e, 
Ânn =Bun, (39) 


and set to zero all other components of gx and 
Aunp. Then we can read off the D= 10 solutions from 
(23) and (32), (33): 


ds? = gyyydx™ ax” 
3/4 


a(14 ri 
1/4 
+(1+5) Ôm dy” dy”, 


-4 -1/2 
naai e, 


X”“=č“, pu=0,1. Y” =constant . (40) 


These agree (choosing the — sign) with the super- 
gravity-superstring solution of Dabholkar et al. [7]. 
where the gyn, Bun and ¢ are the metric, antisym- 
metric tensor and dilation of D= 10 supergravity and 
the X“ are the D= 10 string variables. These authors 
showed that their string solution saturates a 
Bogomol'nyi bound for the mass per unit length. Us- 
ing the same methods we may establish a similar 
bound for the mass per unit area of the membrane 


N= f ar boo. (41) 


where Oya is the total energy-momentum pseudo- 
tensor of the combined gravity-matier system. One 
finds 


KM> IPI. (42) 
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where P is proportional to the central charge which 
appears in the D=11-2=9, N=} supersymmetry 
algebra. The novel feature of this Bogomolnyi bound 
from the point of view of D=11 supergravity is that 
P is nothing but the familiar Page charge [4.5] de- 
fined by 


P=} | CE+4AA P). (43) 


57 


Its conservation follows from (20). Under the simul- 
taneous dimensional reduction (39), P reduces to 


P=} | te-°H. (44) 


s? 


where H=dB. the quantity appearing in ref. [7]. 
Either way, one finds for our solutions that 


P=tx°T. (45) 


Hence the bound is saturated and the mass per unit 
area is just the membrane tension. This provides an- 
other way, in addition to unbroken supersymmetry, 
to understand the stability of the solution. (Note that 
under simultaneous dimensional reduction the D= 10 
and D=11 Newton constants are related by x?= 
(2xR)7'k? where R is the radius of the compactify- 
ing circle, but that the string and membrane tensions 
are also related by 7=2xRT. Hence x?T=X?7.) 

So far we have concentrated on single membrane 
solutions of the supergravity field equations. How- 
ever, there is a straightforward generalization to ex- 
act, stable multi-membrane configurations obtained 
by a linear superposition of solutions to eq. (21): 


-C 
eS lt) Ąų— 
dons 


(46) 


where r, corresponds to the position of each mem- 
brane. The ability to superpose solutions of this kind 
is a well-known phenomenon in soliton and instan- 
ton physics and goes by the name of the “no-force 
condition”. In the present context, it means the the 
mutual gravitational attraction of two widely sepa- 
rated membranes is exactly cancelled by an equal and 
Opposite contribution from the antisymmetric ten- 
sor. This is closely related both to the saturation of 
the Bogomol’nyi bound and the existence of unbro- 
ken supersymmetry. In the supersymmetry context 
the no-force condition is sometimes called “antigrav- 


ity”. To see this explicitly, consider a stationary test 
membrane at some distance from a source mem- 
brane located at the origin. Let both satisfy ¥“=¢" 
so that, in particular, they have the same orientation. 
The lagrangian for this test membrane in the field of 
the source given by (2), (3) is, from (26) 


Baz ~T[/— det (ey, +e #3, Y”, Yn) =ef]. 
(47) 


corresponding to a potential V given by 
V=T(e™ e°). (48) 


But this vanishes by the supersymmetry condition 
(16). On the other hand, if the test membrane had 
the opposite orientation, and hence the opposite Page 
charge P, then the sign change in the Wess-Zumino 
term in (45) would result in a net attractive force 
and the two membranes would annihilate one an- 
other. This is entirely analogous to the D= 10 string 
solution [7]. 

Finally, we would like to emphasize that these so- 
lutions are not “solitons”, because of the d-function 
singularities on the membrane worldvolume. There 
has been a good deal of interest in interpreting super- 
membranes as solitons [10] or “cosmic p-branes” 
[3]. In particular, Strominger [11] has shown how 
the heterotic 5-brane [12] emerges as a soliton of the 
heterotic string. These solutions are all source-free and 
non-singular. By constrast, the singularity of our so- 
lution, like the string solution of Dabholkar et al. [7]. 
really means that we are solving the coupled super- 
gravity-supermembrane equations. They neverthe- 
less share some of the same properties as the genuine 
sulitons: the breaking of half the supersymmetries, the 
saturation of a Bogomol’nyi bound in which the mass 
per unit area is equal to the tension. Some interesting 
questions remain concerning the deeper physical sig- 
nificance of our solutions. One has grown used to the 
idea that superstrings and supermembranes are to be 
regarded as the fundamental objects, with the super- 
gravity fields emerging as the massless states in the 
spectrum. The point of view most appropriate to the 
present work is opposite: the supermembrane or su- 
perstring emerges as a singular solution to the field 
theory. The preservation of just one half of the space- 
time supersymmetry plays an important role in this 
relationship and it is known to be related to the x- 
symmetry on the membrane worldvolume [ 10]. 
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Eleven-dimensional supergravity is a theory for which 
no independent matter field theory exists, owing to 
its maximal supersymmetry. The D=11 supermem- 
brane is the only “matter” that is known to couple 
consistently to this maximal supergravity back- 
ground. It may be that the coupied system owes its 
consistency to a so-far undiscovered off-shell sym- 
metry which generalizes the x-symmetry that is pre- 
served [2.6] when the supergravity background is re- 
quired to satisfy its field equations. To find such an 
off-shell symmetry remains an open problem for fu- 
ture work. 


We have enjoyed numerous fruitful conversations 
with Jian Xin Lu. 
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Abstract 


It is shown that many of the p-branes of type II string theory and d = 11 supergravity can have boundaries on other 
p-branes. The rules for when this can and cannot occur are derived from charge conservation. For example it is found that 
membranes in d = |] supergravity and HA string theory can have boundaries on fivebranes. The boundary dynamics are 
governed by the self-dual d = 6 string. A collection of N parallel fivebranes contains iN(N ~ 1) self-dual strings which 


become tensionless as the fivebranes approach one another. 


Type II string theories contain a variety of BPS- 
saturated p-brane solitons carrying a variety of charges 
QÏ [1-3]. All of these are extended extremal black 
holes [2]. This means that they are extremal mem- 
bers of a one-parameter family of Mİ > Q! solu- 
tions which, for M! > Q', have regular event hori- 
zons and geodesically complete, nonsingular spacelike 
slices with a second asymptotic region. Furthermore 
the M! > Q' solutions decay via Hawking emission 
to the BPS-saturated M’ = Q' states. Recently there 
has been spectacular progress, initiated by Polchinski, 
in describing the dynamics of those p-branes which 
carry RR charge by representing them as D-branes in 
a type I theory [3-15]. In this paper we wil] rederive 
some of these recent results from low-energy reason- 
ing in a manner that will generalize to all p-branes 
and uncover new phenomena. 

Viewing p-branes as extended holes in spacetime 
naturally leads one to consider configurations in 
which one p-brane threads through the hole at the 
core of the second p-brane!. For example consider 


"At the extremal limit, many of the p-brane solutions are singular 


a static configuration consisting of two like-charged, 
parallel NS-NS (i.e. symmetric) fivebranes in the ITB 
theory. The metric is given by 

/ 


a 
ds?o = Nyvdy"dy” + (1 + ——s 
Sio = Mud y" dy” + ( igen 


a’ 


+ oe Odi dx’, (1) 
[x = xa 7 
where u,v =0,...,5 and j,k =6,...,9. This has two 
infinite throats located at x = x; and x = xz. Next 
consider a RR closed string which comes out one 
throat and goes in the next: 


X =r, 


The existence of such a configuration may be ob- 
structed by charge conservation. In particular an $7 
which surrounds a RR string has a non-zero integral 
QP = f+*H®® where H®® is the RR 3-form field 


X! =x + (0 = x). (2) 


or strongly coupled at the core, so the spacetime metric is not a 
reliable guide to the geometry. One is still however led to consider 
the fate of a p-brane which threads a large. smooth non-extremal 
p-brane which subsequently evaporates down to extremality. 
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strength. This would seem to prevent strings from 
ending, since in that case the S? may be contracted to 
a point by slipping it off the end. However in so doing 
one must first pass it through the fivebrane. Using 
the explicit construction of [1] 2 it may be seen that 
the low-energy effective field theory on the fivebrane 
worldvolume contains a coupling 

f do BRR FH, (3) 
where BRR is the spacetime RR Kalb-Ramond field 
and F is the worldbrane U(1) gauge field strength. 
This leads to the equation of motion 


d» HPR = ORS + 4F AS, (4) 


where 64 (5°) is a transverse 4-form (8-form) delta 
function on the fivebrane (RR string) and *F denotes 
the Hodge dual within the worldvolume. The total 
integral of d * H over any S must vanish. Consider 
an $8 which intersects the string at only one point. 
Such an $ point must intersect the fivebrane in an 
S$. Integrating (4) over the SÈ we find 


o= om + [aF (5) 


st 


We conclude that HPR charge conservation can be 
maintained if an electric flux associated to the five- 
brane U(1) charge emanates from the point at which 
the string enters the fivebrane. In other words the 
end of the string looks like a charged particle on the 
worldbranc. 

As most easily seen from the Green-Schwarz form 
of the string action, the stretched string preserves those 
supersymmetries generated by spinors € obeying 


Tund XO Xe =. (6) 


(2) and (1) together preserves one quarter of the su- 
persymmetries so this configuration is BPS-saturated 
to leading order. At next order one must include the 
back reaction of the string on the spacetime geometry 
and fields. Since there is no obstruction from charge 
conservation we presume that a fully supersymmet- 
ric configuration describing a RR string stretched be- 


2 A correction to the zero mode wave function may be found in 
[161 


tween two NS-NS fivebranes exists and corresponds 
to a BPS state. 

There is no coupling of the form (3) involving the 
NS-NS B field. Charge conservation therefore pro- 
hibits fundamental IIB strings from ending at NS-NS 
fivebranes. However SL(2,Z) interchanges NS-NS 
and RR onebranes and fivebranes. Hence SL(2, Z) 
invariance implies that a fundamental HB string can 
end at a RR fivebrane. The latter (like all the RR soli- 
tons) can be realized as a D-brane. So this is not a 
surprise: we have reproduced results of [4,3]. 

Next let us consider what happens as the two five- 
branes approach one another. The mass of the stretched 
string is given by a BPS bound and is a function on 
the two-fivebrane moduli space. It decreases with the 
string length. When the fivebrancs become coincident, 
the stretched string has zero length and becomes a 
massless state carrying the U(1) charges of both five- 
branes. The result is therefore an N = 4 U(2) gauge 
theory on the fivebrane {4,6}. Note that the dual re- 
lation to open string theory is not required for this 
conclusion. From this perspective the source of mass- 
less gauge bosons is similar to that in [17-19]: they 
arise from a degenerating one-cycle which threads two 
horizons. 

A similar story applies to the RR threcbrane. Re- 
duction of the formulae in [2,20]leads to spacetime- 
worldbrane couplings of the form (3) for both the 
NS-NS and RR B fields. This is required by SL(2, Z) 
invariance because the threebrane acts as a source for 
the self-dual 5-form and hence is itself self-dual. In 
[4] it was shown that fundamental strings can end on 
D-branes but here we see that D-strings may in some 
cases also end on D-branes. This dovetails nicely with 
S-duality of the N = 4, d = 4 gauge theory which lives 
on the threebrane: The ends of fundamental strings 
are electrically charged particles while the ends of D- 
strings are magnetically charged particles. 

There may seem to be a puzzle for example for 
the RR 0-brane. Clearly charge conservation will pre- 
vent (except when there is a RR background |21]) 
a fundamental string from ending at a O-brane. This 
may seem to conflict with the picture in [3] which 
involves an SU(N) gauge theory for N 0-branes com- 
ing trom strings ending at the 0-branes. However there 
is not really a conflict because our reasoning applics 
only to BPS states, and charge confinement in 0+1 
SU(N) gauge theories indeed eliminates the charged 
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BPS states. 

So far we have reproduced from a different per- 
spective results previously obtained either directly in 
[4,3,6], as well as some SL(2, Z) duals of those re- 
sults. Our point of view gives the leading low-energy 
dynamics, but probably cannot easily reproduce the 
detailed prescription given in [4,3] for computing, e.g. 
finite momentum string-D-brane scattering as in [12]. 
However in considering higher p-branes this low- 
energy perspective will lead us to new phenomena. 

As a further example we consider a mem- 
brane stretched between two fivebranes of eleven- 
dimensional supergravity > . (Of course reduction of 
this leads to examples in the ITA theory.) Unlike its 
IIB partner, the d = 11 (and IIA) fivebrane has chi- 
ral dynamics governed by the d = 6 tensor multiplet 
[23] containing 5 scalars and a self-dual antisym- 
metric tensor field strength A [1]. The membrane 
worldvolume condition for unbroken supersymmetry 
is {22,24} 


Dune €°% dg X dgX™ IX € = €. (7) 


Again it is easily seen that a membrane stretched be- 
tween two fivebranes preserves one quarter of the su- 
persymmetries at leading order. For appropriate brane 
orientations the unbroken supersymmetries are gener- 
ated by spinors obeying the two chirality conditions 
Pe = [0!2345¢ = e. The membrane can be sur- 
rounded by an S7 for which there is a nonzero value 
of the charge Q” = fy *F, where F here is the space- 
time 4-form field strength. In the presence of a mem- 
brane and a fivebrane the equation of motion for F, as 
follows from formulae in [1,25,26|, is 


dxF=QMS+ And. (8) 


We see that the boundary of the membrane - which 
is a string lying in the fivebrane — must carry self- 
dua! antisymmetric tensor charge fy A = —Q”. This 
string is the self-dual string of Duff and Lu [27]. 
Further insight into this construction can be gained 
by considering S- and T-duality. Polchinski [4,3] has 
shown that the worldbrane dynamics of the ITB RR 
fivebranc are described by open fundamental Dirichlet 
strings. SL(2, Z) invariance then implies that world- 
brane dynamics of the IB NS-NS fivebrane are de- 
scribed by open RR strings (although this description 


3 Preliminary observations on open membranes are made in |22} 


is weakly coupled only at large g,)}. Now periodically 
identify and T-dualize along one direction of the five- 
brane. This gives a IIA theory [4]. The NS-NS (i.e. 
symmetric) fivebrane solution is represented by a con- 
formal field theory involving only the transverse co- 
ordinates, and hence is unaffected by longitudinal T- 
duality (This is in contrast to RR p-branes, which lose 
(gain) a dimension under longitudinal (transverse) 
T-duality.). However the zero modes which propagate 
parallel to the fivebrane are affected, and the N = 4 
U(1) vector multiplet is transformed into an N = 4 
antisymmetric tensor multiplet. At the same time the 
open strings which govern the IIB fivebrane dynamics 
are T-transformed into open membranes which govern 
the IIA fivebrane dynamics. 

Next we consider the dynamics of N parallel d = 
11 or HA fivebranes. When the fivebranes are sepa- 
rated the low energy dynamics is governed by a glob- 
ally supersymmetric (0,2) d = 6 theory with N ten- 
sor multiplets. The moduli space of the SN scalars is 
uniquely determined to be locally the symmetric space 
T(5, N) = SO(5, N)/(SO(5) x SO(N)). Since this 
is a chiral theory it is not possible for extra massless 
fields to appear when the fivebrane positions coincide. 
However tensionless strings can and do arise, because 
the tension of a BPS string which arises as the bound- 
ary of a membrane stretched between two fivebranes 
vanishes when the fivebrane coincides. These strings 
transform in the adjoint of the global SO(N) which 
acts on the N tensor multiplets. Upon S! compactifi- 
cation along the fivebranes, winding states of the ten- 
sionless strings lead to the appearance of extra mass- 
less gauge bosons which - together with the reduced 
tensor multiplets which dualize to vector multiplets ~ 
fill out a U(N) gauge theory [28], as predicted by 
T-duality. 

Aspects of the preceding are quite similar to Wit- 
ten’s discussion [28] of K3 compactification of IIB 
string theory, whose moduli space is locally 7(5, 21) 
and which contains (5) 5+16 (anti) self-dual an- 
tisymmetric tensor fields. In this case tensionless 
strings arise from threcbranes wrapping degenerating 
2-cycles. Indeed there is a dual HA description of 
this IB compactification, in the spirit of [29,8,9], 
as 16 toroidally compactified symmetric fivebranes 
and NS-NS orientifolds, where the extra 5+5 anti- 
symmetric tensor ficlds arise from the supergravity 
multiplet [30]. In [29] it was shown that ITA on 
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K3 is equivalent to IIB on a D-manifoid with 16 RR 
orientifolds and 16 RR fivebranes. ITB S-duality con- 
verts NS-NS to RR fields, so this is S-equivalent to a 
HB configuration with 16 NS-NS orientifolds and 16 
NS-NS fivebranes. Next T-dualize this last represen- 
tation of IIA on K3 (yielding IIB on K3) along one 
of the noncompact directions. This will not affect the 
4-geometry which involves only NS-NS fields. Hence 
HB on K3 is equivalent to ITA on a “p-manifold” with 
16 NS-NS orientifolds and 16 symmetric fivebranes. 
This provides the concrete connection to [28]. 

As pointed out in [28] the fact that self-dual strings 
(or open membranes * ) become light as the fivebranes 
approach one another suggests that supergravity might 
be decoupled and the dynamics of self-dual strings and 
symmetric fivebranes consistently studied in isolation 
from the rest of string theory. This is also suggested 
by superconformal invariance of the tensor multiplet 
in d = 6 [23]. The relation by compactification to 
superconformal d = 4, N = 4 Yang-Mills makes this 
a particularly fascinating problem. 

Further examples of p-branes with boundaries can 
be found. It may be directly checked in the IIB theory 
that charge conservation allows a threcbrane to end 
on a membrane in the RR fivebrane. The membrane 
carries magnetic charge with respect to the fivebranc 
U(1) gauge field. In general every RR p-brane has 
a U(1) gauge field. Electric charges are always car- 
ricd by zerobranes and arise from fundamental strings 
which terminate at the p-brane. Magnetic charges are 
carried by a (p — 3)-brane, which can arise as the 
boundary of a (p — 2)-branc. It is difficult to check 
charge conservation directly for p > 5 because the 
zero mode wave functions have not been worked out. 
However T-duality along a dimension transverse to an 
configuration of RR p-brancs increases p, so we pre- 
sume it is always possible (in ITA or HB) for a RR 
{p — 2)-brane to end at a RR p-branc. All of these 
new multi-p-brane configurations can be used to con- 
struct p-manifold generalizations of the D-manifolds 
introduced in [8], and may arise in the process of du- 
alization. 

In conclusion string theory contains a rich variety 
of extended objects which interact in an intricate and 


+The relation in the infrared between the self-dual open mem- 
branes and self-dual strings may involve Chern-Simons theory as 
in [31]. 


beautiful fashion. Higher p-branes provide endpoints 
for branes of lower p, which latter in turn govern the 
dynamics of the former. 


We thank J. Polchinski for useful discussions and 
for explaining the results of [29] prior to publication. 
This work was supported in part by DOE Grant No. 
DOE-91ER40618. 
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Abstract 


The 2-brane and 4-brane solutions of ten dimensional IIA supergravity have a dual interpretation as Dirichlet-branes, or ‘D- 
branes’, of type IIA superstring theory and as ‘M-branes’ of an S'-compactified eleven dimensional supermembrane theory, 
or M-theory. This eleven-dimensional connection is used to determine the ten-dimensional Lorentz covariant worldvolume 
action for the Dirichlet super 2-brane, and its coupling to background spacetime fields. It is further used to show that the 
2-brane can carry the Ramond-Ramond charge of the Dirichlet 0-brane as a topological charge, and an interpretation of the 
2-brane as a 0-brane condensate is suggested. Similar results are found for the Dirichlet 4-brane via its interpretation as a 
double-dimensional reduction of the eleven-dimensional fivebrane. It is suggested that the tatter be interpreted as a D-brane 


of an open eleven-dimensional supermembrane. 


1. Introduction 


The importance of super p-branes for an under- 
standing of the non-perturbative dynamics of type II 
Superstring theories is no longer in doubt. For ex- 
ample, they are relevant to U-duality of toroidally- 
compactified type II superstrings [1,2], and symme- 
try enhancement at singular points in the moduli space 
of Ka or Calabi-Yau compactified type II superstrings 
[3-6] as required by the type II/heterotic string-string 
duality [1,3,7]. Type II p-branes were first found as 
solutions of the effective D = 10 supergravity theory 
{8-11]. Because their worldvolume actions involve 
worldvolume gauge fields [12,13], in addition to the 
scalars and spinors expected on the basis of sponta- 
neously broken translation invariance and supersym- 
metry, they were not anticipated in the original classi- 
fication of super p-branes [14]. For the same reason, 
the fully D = 10 Lorentz covariant action for these 
type II super p-branes is not yet known. One purpose 


of this paper is to report progress on this front. 

The type II p-branes are conveniently divided into 
those of Neveu/Schwarz-Neveu/Schwarz (NS-NS) 
type and those of Ramond-Ramond (RR) type ac- 
cording to the string theory origin of the (p + 1)- 
form gauge potential for which they are a source. The 
supergravity super p-branes found in the NS-NS sec- 
tor comprise a string and a fivebrane. The string has 
a naked timelike singularity and can be identified as 
the effective field theory realization of the fundamen- 
tal string! . The fivebrane solution is non-singular and 
has a 5-volume tension ~ A~? expected of a soli- 
ton, where A is the string coupling constant. Since a 
5-brane is the magnetic dual of a string in D = 10 


Note that the existence of this solution is necessary for the 
consistency of any string theory with massless spin 2 excitations 
since a macroscopic string will then have long range fields which 
must solve the source free equations of the effective field theory. 
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{ 15]. this solution is an analogue of the BPS magnetic 
monopole of D = 4 super Yang-Mills (YM) theory. 

In the RR sector the ten-dimensional (D = 10) HA 
supergravity has p-brane solutions for p = 0,2,4,6, 
while the IIB theory has RR p-branes solutions for p = 
1.3, 5 (see [2] fora recent review) ? . With the excep- 
tion of the 3-brane, which is self-dual, these p-branes 
come in (p, #) electric/magnetic pairs with p = 6 ~ p 
. The RR p-brane solutions all have a p-volume ten- 
sion ~ A~! [3] so, although non-perturbative, they are 
not typically solitonic. Moreover, they are all singular, 
with the exception of the 3-brane, and even this excep- 
tional case is not typical of solitons because the solu- 
tion has an event horizon [19]. Thus, the RR p-branes 
are intermediate between the fundamental string and 
the solitonic fivebrane. It now appears [20] that they 
have their place in string theory as Dirichlet-branes, 
or D-branes [21,22]. 

It was shown in [23] how ail the p-brane solutions 
of D = 10 IIA supergravity (with p < 6) have an 
interpretation in D = 11, extending previous results 
along these lines for the string and fourbrane [24- 
26]. In particular, the O0-branes were identified with 
the Kaluza-Klein (KK) states of D = 11 supergravity 
and their 6-brane duals were shown to be D = 11 ana- 
logues of the KK monopoles. The remaining p-brane 
solutions have their D = 11 origin in either the mem- 
brane [25] or the fivebrane [27] solutions of D = 11 
supergravity. It was subsequently shown that D = 11 
supergravity is the effective field theory of the type ILA 
superstring at strong coupling [3] and then that vari- 
ous dualities in D < 10 can be understood in terms of 
the electric/magnetic duality in D = 11 of the mem- 
brane and fivebrane [28,29]. These results suggest the 
existence of a consistent quantum theory underlying 
D = 11 supergravity. This may be a supermembrane 
theory as originally suggested {30}, or it may be some 
other theory that incorporates it in some way. What- 
ever it is, it now goes by the name ‘M-theory’ [31,32]. 

The point of the above summary is to show that the 
RR p-brane solutions of D = 10 ITA supergravity the- 
ory currently have two quite different interpretations. 


? There is also a HB 7-brane [16] and a IIA 8-brane [17] 
(see also [18] ). but these do not come in electric/magnetic pairs 
and have rather different physical implications: for example, they 
do not contribute to the specuum of particles in any D > 4 
compactification. Partly for this reason, only the p < 6 cases will 
be discussed here. 


On the one hand they are interpretable as D-branes 
of type IIA string theory. On the other hand they are 
interpretable as solutions of S' compactified D = 11 
supergravity. In the p = 2 and p = 4 cases these 
D = 11 solutions are also p-branes; since they are 
presumably also solutions of the underlying D = 11 
M-theory we shail call them ‘M-branes’. We shall first 
exploit the interpretation of the p = 2 super D-brane 
as a dimensionally reduced D = 11 supermembrane 
to deduce its D = 10 Lorentz covariant worldvolume 
action. The bosonic action has been found previously 
[22] by requiring one-loop conformal invariance of 
the open string with the string worldsheet boundary 
on the D-brane?. One feature of the derivation via 
D = 11 is that the coupling to background fields can 
also be found this way, and the resulting action has a 
straightforward generalization to general p. The cou- 
pling to the dilaton is such that the p-volume tension is 
~ A7', as expected for a D-brane [21]. The M-brane 
interpretation of the Dirichlet 4-brane is as the double- 
dimensional reduction of the eleven-dimensional five- 
brane. We propose a bosonic action for the latter in- 
cluding a coupling to the bosonic fields of eleven- 
dimensional supergravity, and exploit it to deduce the 
coupling to background supergravity fields, including 
the dilaton, of the Dirichlet 4-brane. The result agrees 
with that deduced by generalization of the p = 2 case. 

One intriguing feature of these results is that they 
suggest an interpretation of the eleven-dimensional 
fivebrane as a Dirichlet-brane of an open D = 11 
supermembrane, and we further suggest that the 
string-boundary dynamics is controlled by the con- 
jectured [34], and intrinsically non-perturbative, six- 
dimensional self-dual string theory (which is possibly 
related to the self-dual string soliton [35], although 
this solution involves six-dimensional gravitational 
fields which are not, according to current wisdom, 
among the fivebrane’s worldvolume fields). 

Finally, we show that a spherical D = 10 2-brane 
can carry the same RR charge that is carried by the 
Dirichlet 0-branes; this charge is essentially the mag- 
netic charge associated with the worldvolume vec- 
tor potential. This suggests that the 0-branes can be 


3 The action of [22] is not obviously equivalent to the bosonic 
sector of the one found here and the omission of a discussion of this 
point was a defect of an earlier version of this paper, fortunately. 
the equivalence has since been established by Schmidhuber [ 33). 


122 The cleven-dimensional supermembrane 


viewed as collapsed 2-branes. We point out that this 
is consistent with the U(oo) Supersymmetric Gauge 
Quantum Mechanics interpretation of the supermem- 
brane worldvolume action [36,37], which further sug- 
gests an interpretation of the supermembrane as a con- 
densate of 0-branes. Viewed from the D = 11 perspec- 
tive these results can be taken as further evidence that 
D = 11 supergravity is the effective field theory of a 
supermembrane theory. 


2. The D = 10 2-brane as a D = 11 M-brane 


Consider first the D = 10 2-brane. From its D-brane 
description we know that the worldvolume action is 
based on the D = 10 Maxwell supermultiplet dimen- 
sionally reduced to three dimensions [38], i.e. the 
worldvolume field content is 


[X° (a=1,...,7), A; (i= 0,1,2) ; 
x! d= 4,...,8)} (2.1) 


where the y’ are eight SI(2;R) spinors and A; is 
a worldvolume vector potential*. As for every other 
value of p, only the bosonic part of the 10-dimensional 
Lorentz covariant action constructed from these fields 
is currently known [22]. However, the alternative in- 
terpretation of the 2-brane as an M-brane allows us to 
find the complete action. In this interpretation, the ITA 
2-brane is the direct (as against double) dimensional 
reduction of the D = 11 supermembrane. The world- 
volume fields of the dimensionally reduced D = 10 
supermembrane are, before gauge-fixing, {X" (m = 
O.4,..., 9); p; 8}, where @ is a 32-component Ma- 
jorana spinor of the D = 10 Lorentz group and X™ is 
a 10-vector. After gauge fixing the physical fields are 


{X (a=1,...,7), ox! UW 1,...,8)}. (2.2) 


The difference between (2.1) and (2.2) is simply that 
the scalar œ of (2.2) is replaced in (2.1) by its 3- 
dimensional dual, the gauge vector A. By performing 
this duality transformation in the action prior to gauge 
fixing we can determine the fully D = 10 Lorentz 
covariant Dirichlet supermembrane action. 


* Throughout this paper we shall use the letter A to denote 
worldvolume gauge fields, of whatever rank, and B to denote 
spacetime gauge fields, of whatever rank. 


The first step of this procedure is to isolate the de- 
pendence of the D = 11 supermembrane action on 
X'|, which is here called g. We shall first consider the 
case for which the D = 11 spacetime is the product of 
S! with D = 10 Minkowski spacetime, returning sub- 
sequently to consider the interaction with background 
fields. It is convenient to use the Howe-Tucker (HT) 
formulation of the action for which there is an auxil- 
iary worldvolume metric y,;. It is also convenient to 
introduce the spacetime supersymmetric differentials 


TI" = dX" — iĝ" d0 . (2.3) 


The action, given in [30], is 
S= =} [de V=H[y Nn 
+y” laig — iTi) (d;p — iÂ) — 1] 
-} f PE e” l bie + 3b), (2.4) 
where 77 is the D = 10 Minkowski metric, and 
e” bi = 3e {FT ma 010 [PPT Tn 
+ iT" (6F"a;0) — £(60"9,0) (66"a,0) | 


+ (BE 112 n8:9) (BP 114;8)(aX™ ~ ZiB”) } 
(2.5) 


while 


e” bij = 26} i6T mE 1100 (8j X" = 3160" 9,8) . 
(2.6) 


The second step, the replacement of the worldvol- 
ume scalar by its dual vector field, can be achieved 
by promoting d¢ to the status of an independent world- 
volume one-form L while adding a Lagrange multi- 
plier term AdL to impose the constraint dL = 0. Elim- 
inating L by its algebraic equation of motion yields 
the dual action in terms of the fields X” and the world- 
volume field strength two-form F = dA. This action is 


wel [ee vV-Y 
x [V TTT) mmn + boy Fy Pas ~ 1] 


- i fae e” [bik — 3i(OF 190) Ful. 27) 
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where 
Ê; = Fy a bij . (2.8) 


Thus (2.7) is the fully D = 10 Lorentz covariant 
worldvolume action for the D = 10 IA Dirichlet su- 
permembrane. The bosonic action, obtained by set- 
ting the fermions to zero in (2.7), is equivalent to 
the Born-Infeld-type action found by Leigh [22]. The 
equivalence follows from the recent observation of 
Schmidhuber [33] that dualizing the vector to a scalar 
in the action of Leigh yields the action of a D = 11 
membrane, which was precisely the (bosonic) start- 
ing point of the construction presented here $. It is in- 
teresting to note that a sigma-model one-loop calcula- 
tion in the string theory is reproduced by the classical 
supermembrane. 

It can now be seen why it was advantageous to start 
from the HT form of the action; whereas the auxiliary 
metric is simply eliminated from (2.4), leading to the 
standard Dirac-Nambu-Goto (DNG) form of the ac- 
tion, its elimination from (2.7) is far from straightfor- 
ward, although possible in principle. The point is that 
the y,; equation is now the very non-linear, although 
still algebraic, equation 


Vij = (1 + by! Fu Poa) (i +y PaPy) (2.9) 


where gi; = MPT? 1)mn. This equation can be solved 
as a series in F of the form 


yo = By [1 ~ $a a Pu Ppa] + Faby + OP) 
(2.10) 


and the approximation yj; = gij yields the quadratic 
part of the action in Ê. 

Invariance of the action (2.7) under supersymme- 
try requires Ê to be invariant. To see how this comes 
about, we observe that the two-form b in Ê is pre- 
cisely the one that defines the WZ term in the Green- 
Schwarz superstring action; it has the property that 
the three-form A = db is superinvariant, which implies 
that 6.6 = da for some one-form a(€), where € is 
the (constant) supersymmetry parameter. The modi- 
fied two-form field strength Ê is therefore superinvari- 
ant if we choose 6,A = a. The «-transformation of A 


5 The equivalence with Bom-Infeld for p = 1, i.c. the D-string, 
was shown in [39]. 


is similarly determined by requiring «-gauge invari- 
ance of the action, but it can also be deduced directly 
from those of the D = 11 supermembrane given in 
[30]. The result is most simply expressed in terms of 
the variations of the supersymmetric forms I" and Ê, 
which are® 


6,11" = —2i( 5,8) 070 
6,.F = (5,8) 0 mT d0 AT" 
6,05 (1+T)«, (2.11) 
where 

l 


r= eT TTP mnp 


a byt Fu TT maii (2.12) 


and x(£Ẹ) is the D = 10 Majorana spinor parameter. 
The coupling of the action (2.7) to background 
fields can also be deduced from its D = It origin. We 
shall consider here only the bosonic membrane cou- 
pled to bosonic background fields. Consider first the 
NS-NS fields. In the D = 10 membrane action ob- 
tained by direct dimensional reduction from D = 11, 
the NS-NS two-form potential B couples to the topo- 
logical current «dg. In the dual action this coupling 
corresponds to the replacement of F by F — B. The 
coupling to the D = 10 spacetime metric is obvious 
so this leaves the dilaton; to determine its coupling we 
recall (see e.g. [26]) that the D = 11 metric is 


ds?, =e~}¢qs? + etde’, (2.13) 


where ds? is the string-frame D = 10 metric and œ is 
the dilaton. A repetition of the steps described above, 
but now for the purely bosonic theory and carrying 
along the dependence on the NS-NS-spacetime fields, 
leads (after a redefinition of the auxiliary metric to 
the action 


S=} [8E en? Ves 
+ bytyllFy = By)(Fu- Bu) 1], (2.14) 


where now g;; = 4;X"0;X"8mn. The appearance of F 
through the modified field swength F — B could also 


6 As explained in detail in [40], it is not necessary to specify 
the transformation of the metic yj; if use is made of the “1.5 
order’ formalism. 
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have been deduced simply by the replacement of the 
flat superspace two-form potential b in £ by its curved 
Superspace counterpart, since setting the fermions to 
zero then yields precisely F — B. As for the RR fields, 
the coupling to the 3-form potential is of course the 
standard Lorentz coupling while the coupling to the 1- 
form potential has interesting implications which will 
be discussed at the conclusion of this article. 

The above result, and the known form of the bosonic 
p-brane action in the absence of worldvolume gauge 
fields, suggests that the corresponding bosonic part of 
the worldvolume action of the Dirichlet super p-brane 
is 


S=-3 Jate ee VF ya 


+ byty (Fi — Bi) (Fu — Bu) — (p - D] ‘ 
(2.15) 


Since the vacuum expectation value of e® is the string 
coupling constant A, it follows from this result that the 
p-brane tension is ~ A~', as expected for D-branes. Of 
course, the steps leading to this result were particular 
to p = 2 but we shall shortly arrive at the same result 
for p = 4 via a different route. Although the action 
(2.15) is only guaranteed to be correct to quadratic 
order in F for p # 2, this will prove sufficient for 
present purposes. 


3. The D = 11 5-brane as a supermembrane 
D-brane 


Consider now the Dirichlet 4-brane. In this case its 
M-brane interpretation is as a double-dimensional re- 
duction of the D = 11 5-brane. The (partially) gauge- 
fixed field content of the latter consists [41,42] of 
the fields of the N = 4 six-dimensional antisymmetric 
tensor multiplet, i.e. 


{X" (a=l,..., 5), A} (7 =0,1,...,5)3 
v2 1,....4)} (3.1) 


where y’ are chiral symplectic-Majorana spinors in 
the 4 of USp(4) = Spin(5), and A* is the two-form 
potential for a self-dual 3-form field strength F = dA*. 
Because of the self-duality of F we cannot expect to 
find a worldvolume action (at least, not one quadratic 


in F). We might try to find an action that leads to all 
equations except the self-duality constraint which we 
can then just impose by hand, as advocated elsewhere 
in another context [43]. We shall adopt this strategy 
here, but it is important to appreciate an inherent diffi- 
culty in its present application. The problem is that the 
self-duality condition involves a metric and it is not 
clear which metric should be used, e.g. the induced 
metric or the auxiliary metric; the possibilities differ 
by higher order terms in F. Because of this ambiguity 
we should consider the action as determining only the 
lowest order, quadratic, terms in F. With this proviso, 
an obvious conjecture for the D = 11 5-brane action is 


S= -1 [es VEF [aX 3X" nun 
+ boyy Fij Finn — 4] ; (3.2) 


where the fields X“, M = (0,1,...,10), are maps 
from the worldvolume to the D = 1!1 Minkowski 
spacetime. This action has an obvious coupling to the 
bosonic fields (gun, Bawp) of D = 11 supergravity’ . 
The coupled action is 


s= -4 [ae Vre” 


+ }7"y y (Fin — Bin) (Finn — Bin) 4] (3.3) 


where gi?) 


àj is the pullback of the 11-metric gmn and 
Bij is the pullback of the 3-form potential By wp. Up 
to quartic terms in Fij, and setting to zero the RR 
spacetime fields, the double dimensional reduction of 
(3.3) to D = 10 reproduces the action (2.15) with 
p = 4, as required for the M-brane interpretation of the 
Dirichlet 4-brane. In particular, the dilaton dependence 
is exactly as given in (2.15). 

The worldvolume vector of the D = 10 Dirichlet 
p-branes allows not only a coupling to the 2-form 
potential of string theory but also to the endpoints of 
an open string via a boundary action [21,22,44]. Let 
X"(a,7) be the locus in spacetime of the string’s 
worldsheet, with boundary at 7 = 0. If this boundary 
lies in the worldvolume of a p-brane, then 


x™(o.7)| = X™(E(o)), (3.4) 


7 Although consistency with the self-duality condition is now 
problematic. 
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where X™ (£) is the locus in spacetime of the p-brane’s 
worldvolume. It is also convenient to introduce the 
conjugate momenta to the worldsheet scalar fields at 
the worldsheet boundary, 77m, defined by 


dx"(a, 
TmT) = YTE &mn(X(o.7)) ED) 


(3.5) 


The D = 10 Lorentz covariant boundary action can 
then be written as 


S; (string) 


d t 
z fae [A(e(or) E2 + X"(E(0))7m(7)| . 
(3.6) 


Similarly, the worldvolume antisymmetric tensor 
A* of the D = 11 5-brane allows not only a coupling to 
the 3-form potential of D = 11 supergravity but also to 
the boundary of an open membrane. Let X“(o, p,r) 
be the locus in the D = 11 spacetime of the mem- 
brane’s worldvolume, with boundary at r = 0. If this 
boundary lies in the worldvolume of a fivebrane, with 
coordinates €', then 


XM (o,p.7)| =X" (EC), (3.7) 


where X" (£) is the locus in spacetime of the five- 
brane’s worldvolume. Defining, as before, the conju- 
gate momenta zry to the membrane scalar fields at the 
membrane’s boundary, we can write down the follow- 
ing natural generalization of (3.6): 


Sp (membrane) 


= pdodp|ai(é) 


ag dg 


ae as + X™() aru]. (3.8) 


Moreover, the double-dimensional reduction of this 
membrane boundary action reproduces the string 
boundary action (3.6). This suggests that we inter- 
pret the D = 11 5-brane as a Dirichlet-brane of an 
underlying open supermembrane. It seems possible 
that the dynamics of the membrane boundary in the 
fivebrane’s worldvolume might be describable by a 
six-dimensional superstring theory, which one would 
expect to have N = 2 (i.e. minimal) six-dimensional 
supersymmetry (e.g. on the grounds that it is a ‘brane 
within a brane’ [45]). However, since the 3-form 


field strength to which this boundary string couples 
is self-dual, this superstring theory would be, like the 
supermembrane itself, intrinsically non-perturbative. 
The existence of such a new superstring theory was 
conjectured previously [34] in a rather different 
context. 


4. 0-branes from 2-branes and 2-branes from 
0-branes. 


One of the properties expected of the D = 11 super- 
membrane theory or M-theory is that it have D = I1 
supergravity as its effective field theory. Various argu- 
ments for and against this have been given previously 
({23] contains a recent brief review). A further argu- 
ment in favour of this idea is suggested by the recent 
results of Witten concerning the effective action of n 
coincident Dirichlet p-branes [38]. He has shown that 
the (partially gauge-fixed) effective action in this case 
is the reduction from D = 10 to (p + 1) dimensions 
of the U(n) D = 10 super Yang-Mills (YM) theory. 
Consider the 0-brane case for which the super YM the- 
ory is one-dimensional i.e. a model of supersymmetric 
gauge quantum mechanics (SGQM). If the 0-branes 
condense at some point then the effective action will 
be the n — 00 limit of a U(n) SGQM. But this is 
just another description of the supermembrane! It is 
amusing to note that the continuity of the spectrum of 
the quantum supermembrane [46], in the zero-width 
approximation appropriate to its D-brane description, 
might now be understood as a consequence of the zero- 
force condition between an infinite number of con- 
stituent 0-branes. However, it is known that quantum 
string effects cause the D-brane to acquire a finite size 
core [47], consistent with its M-brane interpretation 
as a solution with an event horizon [26], and it was 
argued in [23] that this fact should cause the spectrum 
to be discrete. 

Actually, the supermembrane was usually stated as 
being equivalent to an SU(co) SGQM model [36,37], 
but the additional U(1) is needed to describe the dy- 
namics of the centre of mass motion. Note that a U(1) 
SGOQM is precisely the action for a Dirichlet 0-brane. 
This suggests that there might exist some classical 
closed membrane configuration for which the ground 
state, on quantization, could be identified with the 0- 
brane. For this to be possible it would be necessary 
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for the closed membrane to carry the RR charge as- 
sociated with the O-branes. We now explain how this 
can occur. 

From the D = 11 point of view the RR 0-brane 
charge is just the KK charge, i.e. the electric charge 
that couples to the KK vector field, which we shall 
here call B,,. The coupling of B,, to the D = 10 mem- 
brane can be found by dimensional reduction from 
D = 11. To leading order this coupling has the stan- 
dard Noether form Bm J", where 


I"(x) = [ee V7" aX" ajo 5 (x Hi X(€)) ` 
(4.1) 


is the KK current density. After dualization of the 
scalar field this becomes 


J"e [os ea X" Fy 5!(x — X(€)). (4.2) 


The total KK charge is Q = f d°x.J°. Choosing the 
X? = £? gauge one readily sees that 


Q = $F. i (4.3) 


i.e. the integral of the worldvolume 2-form field 
strength F over the closed membrane. 

Thus, a closed membrane can carry the 0-brane RR 
charge as a type of magnetic charge associated with 
its worldvolume vector field, and its centre of mass 
motion is described by the 0-brane U(1) SQGM. This 
can be interpreted as further evidence that the 0-brane 
is included in the (non-perturbative) supermembrane 
spectrum. However, from the D = 11 point of view 
the 0-brane is just a massless quantum of D = 1] su- 
pergravity and supersymmetry implies the existence 
of all massless quanta given any one of them. Thus, 
we have found a new argument that the spectrum of 
the D = 11 supermembrane (or, perhaps, M-theory ) 
should include the massless states of D = 11 super- 
gravity. 
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Chapter 3 


The eleven-dimensional superfivebrane 


According to the classification of [1] described in chapter 2, no Type IJ p-branes 
with p > 1 could exist. Moreover, the only brane allowed in D = 11 was p = 2. 
These conclusions were based on the assumption that the only fields propagating 
on the worldvolume were scalars and spinors, so that, after gauge fixing, they fall 
only into scalar supermultiplets, denoted by S on the brane scan of table 2.1 of 
chapter 2. Indeed, these were the only kappa symmetric actions known at the time. 
Using soliton arguments, however, it was pointed out in [2, 3] that both Type TIA 
and Type JIB superfivebranes exist after all. Moreover, the Type JIB theory 
also admits a self-dual superthreebrane [4]. The no-go theorem is circumvented 
because in addition to the superspace coordinates X™ and 8°% there are also higher 
spin fields on the worldvolume: vectors or antisymmetric tensors. This raised the 
question: are there other super p-branes and if so, for what p and D? In [5] 
an attempt was made to answer this question by asking what new points on the 
brane scan are permitted by bose-fermi matching alone. Given that the gauge- 
fixed theories display worldvolume supersymmetry, and given that we now wish to 
include the possibility of vector and antisymmetric tensor fields, it is a relatively 
straightforward exercise to repeat the bose-fermi matching conditions of chapter 2 
for vector and antisymmetric tensor supermultiplets. 

Let us begin with vector supermultiplets. Once again, we may proceed in one 
of two ways. First, given that a worldvolume vector has (d — 2) degrees of freedom, 
the scalar multiplet condition (2.5) gets replaced by 


1 1 
D 2= 5 m=; MN. (3.1) 
Alternatively, we may simply list all the vector supermultiplets in the classification 
of [6] and once again interpret D via (2.7). The results [5, 7] are shown by the 
points labelled V in table 2.1. 

Next we turn to antisymmetric tensor multiplets. In d = 6 there is a super- 
multiplet with a second rank tensor whose field strength is self-dual: (Bj, A’, $l), 
I =1,...,4. This has chiral d = 6 supersymmetry. Since there are five scalars, we 
have D = 6 +5 = 11. There is thus a new point on the scan corresponding to the 
D = 11 superfivebrane. One may decompose this (n,,n_) = (2,0) supermultiplet 
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under (n;,n—) = (1,0) into a tensor multiplet with one scalar and a hypermultiplet 
with four scalars. Truncating to just the tensor multiplet gives the zero modes of 
a fivebrane in D = 6+ 1 = 7. These two tensor multiplets are shown by the points 
labelled T in table 2.1. 

Two comments are now in order: 

1) The number of scalars in a vector supermultiplet is such that, from (2.7), 
D = 3,4,6 or 10 only, in accordance with [6]. 

2) Vector supermultiplets exist for all d < 10 [6], as may be seen by dimen- 
sionally reducing the (n = 1,d = 10) Maxwell supermultiplet. However, in d = 2, 
vectors have no degrees of freedom and, in d = 3, vectors have only one degree 
of freedom and are dual to scalars. In this sense, therefore, these multiplets will 
already have been included as scalar multiplets in section chapter 2. There is con- 
sequently some arbitrariness in whether we count these as new points on the scan 
and in [5, 7] they were omitted. For example, it was recognized [5] that by dual- 
izing a vector into a scalar on the gauge-fixed d = 3 worldvolume of the Type ITA 
supermembrane, one increases the number of worldvolume scalars, i.e. transverse 
dimensions, from 7 to 8 and hence obtains the corresponding worldvolume action of 
the D = 11 supermembrane. Thus the D = 10 Type ITA theory contains a hidden 
D = 11 Lorentz invariance [5, 8, 9}! 

However, the whole subject of Type JJ supermembranes underwent a major sea 
change in 1995 when Polchinski [10] realized that Type J7 super p-branes carrying 
Ramond-Ramond charges admit the interpretation of Dirichlet-branes that had 
been proposed earlier in 1989 [11]. These D-branes are surfaces of dimension p on 
which open strings can end. The Dirichlet p-brane is defined by Neumann boundary 
conditions in (p + 1) directions (the worldvolume itself) and Dirichlet boundary 
conditions in the remaining (D —p-— 1) transverse directions. In D = 10, they exist 
for even p = 0,2,4,6,8 in the Type JIA theory and odd p = —1,1,3,5,7,9 in the 
Type JIB theory, in complete correspondence with the points marked V on the 
brane scan of table 3. The fact that these points preserve one half of the spacetime 
supersymmetry and are described by dimensionally reducing the (n = 1,d = 10) 
Maxwell multiplet fits in perfectly with the D-brane picture. 

As we have said, the existence of the eleven-dimensional superfivebrane was 
first established by Gueven [12] who found it as a soliton solution of D = 11 
supergravity. In fact, he showed that it corresponds to the extreme limit of a 
black fivebrane, i.e. one exhibiting an event horizon. Black p-brane solutions of 
Type IIA and Type IIB supergravity had previously been found by Horowitz 
and Strominger [13], and it was subsequently shown that they preserve half the 
spacetime supersymmetry in the extreme mass=charge limit [5]. 

In chapter 2 we learned from [14] that the mass per unit area of the membrane 
Msg is equal to its tension: 

Ms = T3. (3.2) 


This elementary solution is a singular solution of the supergravity equations coupled 
to a supermembrane source and carries a Noether ‘electric’ charge 


1 1 
(*K4 + 5C3 A Ky) = V2K11T3 (3.3) 


V2K11 J 87 2 
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where 117 is the D = 11 gravitational constant. Hence the solution saturates 
the Bogomol’nyi bound V2K1;M3 > Q. This is a consequence of the preservation 
of half the supersymmetries which is also intimately linked with the worldvolume 
kappa symmetry. In this chapter, we learned from [12] that the mass per unit 
5-volume of the fivebrane Mg is equal to its tension: 


Me = Ts. (3.4) 


This solitonic solution is a non-singular solution of the source-free equations and 
carries a topological ‘magnetic’ charge 


1 
O Vry S54 


Hence the solution saturates the Bogomol’nyi bound v2k1ı Me > P. Once again, 
this is a consequence of the preservation of half the supersymmetries. These electric 
and magnetic charges obey a Dirac quantization rule [15, 16] 


P 


Kg = V2 Ts. (3.5) 


QP =2rn n = integer. (3.6) 
Or, in terms of the tensions [17, 18], 
2K11 TaT = 2nn. (3.7) 


This naturally suggests a D = 11 membrane/fivebrane duality. Note that this 
reduces the three dimensionful parameters T3, Ts and ki, to two. Moreover, it was 
then shown [19, 20, 21] that they are not independent: the tension of the singly 
charged fivebrane is given by 


- oe 
= — 3 3.8 
Te 57 3 (3.8) 


It was recognized in 1995 that membrane/fivebrane duality will in general 
require gravitational Chern-Simons corrections arising from a sigma-model anomaly 
on the fivebrane worldvolume [19]. This in turn predicts a spacetime correction to 
the D = 11 supergravity action 


Jy, (Lorentz) = Ty fc A gy agg tr) + wast (3.9) 
Such a correction was also derived in a somewhat different way in [22, 23]. By 
the simultaneous dimensional reduction described in chapter 2, it translates into 
a corresponding prediction for the Type TIA string [24]. In both cases, super- 
symmetry also requires corrections to the Einstein action quartic in the curvature 
[25-28], as described in the paper by Green, Gutperle and Vanhove. These permit 
yet more consistency checks on the assumed dualities between M-theory in eleven 
dimensions and string theories in ten. Although in the D = 10 Type IIA the- 
ory they correspond to one string loop effects, it is important to emphasize that 
in D = 11 these corrections are intrinsically M-theoretic with no counterpart in 
ordinary D = 11 supergravity. It is perfectly true that the same invariants appear 
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as one-loop supergravity counterterms (26, 28]. Their coefficient is either cubically 
divergent or zero according as one uses a regularization scheme with or without 
a dimensionful parameter. However, in M-theory their coefficient is finite and is 
proportional to the membrane tension, as befits intrinsically braney effects. Since 
this tension behaves as a fractional power of Newton’s constant T3 ~ «72/3, these 
corrections could never be generated in perturbative D = 11 supergravity. Finding 
out what process in M-theory, which when doubly dimensionally reduced on S}, 
yields a string one-loop amplitude, may well throw a good deal of light on what 
M-theory really is! 

Having obtained the plane wave, supermembrane, Kaluza-Klein mono- pole 
and the superfivebrane in eleven dimensions, a bewildering array of other solitonic 
p-branes may be obtained by vertical and diagonal dimensional reduction [7, 29, 30}. 
(An important exception is the D = 10 Type JIA eightbrane [31] which corresponds 
to a solution of the massive Type IIA supergravity of Romans [32]. There is as yet 
no satisfactory D = 11 origin for either the eightbrane or the massive supergravity.) 
In particular, when wrapped around K3 which admits 19 self-dual and 3 anti-self- 
dual 2-forms, the d = 6 worldvolume fields of the D = 11 fivebrane reduce to the 
d = 2 worldsheet fields of the D = 7 heterotic string [33, 34]. As a consistency 
check, one reproduces both the Yang-Mills and Lorentz corrections to the Bianchi 
identity of the D = 7 heterotic string, starting from the Bianchi identity of the 
D = 11 fivebrane [19]. If we replace K3 by T4, we obtain the worldsheet fields 
of the D = 7 Type JIA string. An important consequence of this will be the 
eleven-dimensional origin of string/string duality described in chapter 6. 

A covariant kappa-symmetric action and/or field equations for the superfive- 
brane was not achieved until after similar actions for the Type IJ p-branes, spurred 
on by their interpretation as D-branes, were written down. Three groups were res- 
ponsible for the covariant M-theory superfivebrane [35-37] while a non-covariant 
formulation was given by [39]; we have selected [38], which gives a more detailed 
account of the superembedding approach, as a representative. The superfivebrane 
was, in fact, already implicit in [40] where super p-branes were derived by embed- 
ding the worldvolume superspace into the spacetime superspace. Having obtained 
the covariant fivebrane action, it was then possible to verify explicitly that it yields 
the heterotic string action when wrapped around K3 [41]. 
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Various classes of extended black hole solutions of D= || supergravity theory are presented. It is shown that D= || supergravity 
admits a class of “electric” black p-brane solutions for p= 2, 4, 6 and a “magnetic” type of black five-brane solution. Each of these 
solutions is characterized by a mass and a charge parameter. The only supersymmetric members of these families are the extreme 
cases where Bogomol'nyi type of bounds are saturated by the parameters. The extreme cases also allow multi-source generaliza- 
tions. Upon double dimensional reduction these families give rise to two new solutions of Type IA string theory and one of these 


is a black five-brane. 


The studies of the string theory solitons and black 
holes have recently revealed certain interesting fea- 
tures. One of these is the fact that ten-dimensional, 
effective string theories admit black p-brane solu- 
tions [1.2]. These solutions have the structure of a 
p-dimensional extended object surrounded by an 
event horizon and approach the Minkowski space- 
time at spatial infinity. They are characterized by two 
parameters which may be interpreted as the mass per 
unit p-volume and the charge of the object. The ex- 
treme members of these extended black holes, which 
are obtained when the mass and the charge saturate 
a Bogomol’nyi type of bound, are particularly inter- 
esting as they contain the fundamental string solu- 
tion [3,4] and the elementary five-brane [5,6] as 
special cases. At least one of these extreme cases is 
expected to have no higher-order corrections in string 
theory [7] and there are indications that the “brane- 
scan” of the known p-brane actions [8-10] can be 
generalized to include new, supersymmetric ex- 
tended objects [2,11]. 

In this paper we wish to study the black p-branes in 
the framework of D= 1! supergravity theory. Whereas 
strings are described by ten-dimensional actions, su- 
permembranes couple to D= 11 supergravity theory 
[9] and it is known that D= 11 supergravity has fun- 
damental multi-membrane solutions (12]. Upon 
double dimensional reduction [13] these mem- 
branes go over to the string solution of refs. [3,4]. 


Since the inverse route, the double dimensional oxi- 
dation [14], can be used to associate with each Type 
IIA string theory solution a solution of D= 11! super- 
gravity, one may expect that D= 1! supergravity ad- 
mits black membrane solutions whose extremal 
member is the fundamental membrane. Although 
double dimensional oxidation need not respect the 
singularity structure and the asymptotic behavior that 
is appropriate for a black hole, we shail see that this 
expectation is indeed fulfilled. Moreover, we shall see 
that D=11 supergravity possesses a class of “elec- 
tric” black p-branes for p= 2, 4, 6 and a “magnetic” 
type of black five-brane and these are all character- 
ized by the charge and the mass parameters. The only 
supersymmetric members of these solutions turn out 
to be the extreme cases where Bogomol’nyi type of 
bounds are saturated by the parameters. The extreme 
cases also permit multi-source generalizations. Un- 
der double dimensional reduction, these families give 
rise to two new solutions of Type IIA string theory 
and one of these is a black five-brane. 

After neglecting the fermionic degrees of freedom, 
the field variables of D= 11 supergravity may be taken 
to be the metric gx and the four-form field Fi: ww 
and these are governed by the field equations [15] 


Run =} (Py Pecen — Bun FP rof 72) , 
(1) 


df=0, diF+iFaFr=0, (2) 


0370-2693/92/$ 05.00 © 1992 Elsevier Science Publishers B.V. All rights reserved. 


136 The eleven-dimensional superfivebrane 


where Run is the Ricci tensor, f= !Êkrun dX* ^ 
dX+adX“ adX” and ê denotes the D=11 Hodge 
dual. We use the conventions where the signature of 
Zyx is —9 and the Levi-Civita tensor €4gc_y« has the 
component €9)234567g910 = 1 in the tangent space. The 
Ricci tensor is defined as Å uy = Å“ ung, where Rag aw 
is the Riemann tensor. The hats are used to distin- 
guish the D=11 objects from the lower-dimensional 
objects that we shall encounter. 

For black p-branes the D= 11 metric is taken to be 
of the warped product form 


dg? =ds?—e?, dx'dx’, (3) 


where i, j=1, 2, .... p and the (11 —p)-dimensional 
metric 


ds? =e? dt? =e- dr? — R? dR, (4) 


is itself a warped product of a two-dimensional met- 
ric and the metric d3, of a (9—p)-dimensional 
unit sphere S?°~”, Here the metric functions ¢, y, R, 
B are assumed to depend only on the radial coordi- 
nate r. In order to obtain the D=11 Minkowski 
spacetime as a limit, one imposes the boundary con- 
ditions ¢>0, y0, B—0 and R >r as roo, Even un- 
der more general conditions, the ADM mass of such 
solutions may be defined as [16] 


Ms3 g (Daga — Daga) 8% do”, (5) 
öt 


where ga, is the D= 10 spatial metric on the £ = const. 
hypersurfaces È; ġa, is the reference spatial metric 
obtained from the limiting spacetime and D, denotes 
the covariant differentiation with respect to as. The 
integration in (5) is to be performed at the roo 
boundary ðX of = with the surface element do”. 

In the solutions of interest a second conserved 
quantity is to be furnished by the four-form field F. 
The standard conserved quantity associated with F is 
the Page charge [17] 


Q= | GE+3An P). (6) 


where 4 is the potential three-form: f= d4. In anal- 
ogy with the D=4 Einstein-Maxwell theory, (6) can 
be viewed as an “electric” type of charge. Non-zero 
“magnetic” charges 


On= |E, (7) 


on the other hand, can occur in the cases where Ê is 
closed but not globally exact. Clearly, there is an 
asymmetry in the definition of these two charges and 
this reflects the fact that a dual formulation of D= 11 
supergravity theory is not available [18]. Due to this 
property and in contrast to the string theory exam- 
ples, magnetic solutions of the D=11 supergravity 
cannot be obtained from the electric ones by duality 
rotations. 

Ê can easily anchor a non-zero Q, or Qm on the 
metrics of the form (3) when one notes that the last 
Betti numbers of S°~? are non-zero for all p<9. Let 
€9_, be the volume (9—p)-form of S°~? and let 
Vo_p=J€y..». Since Ê is a four-form, ¢F is a seven- 
form and it is natural to try either 


iF=qee (8) 
or 
Fedmts, (9) 


where qe, Gm are constants. In each of these two cases 


_ the four-form field equations (2) are satisfied with- 


out putting any restrictions on the metric functions. 
If the metric can be fixed by solving the Einstein 
equations (1), (8) and (9) will correspond to the 
solutions that have the respective charges Q.=q.V' 
and Qm =mV4. Clearly, (8) implies that p=2, which 
is the case of membranes, whereas (9) requires the 
extended object to be a five-brane. 

In order to take into account other possible values 
of p, one should, of course, assign more general forms 
to F. For the electric case this can be achieved by 
letting 


Faqet pni, (10) 


where J= {J a dx’ a dx* is a certain two-form on the 
p-dimensional euclidean space E” that appears as one 
of the factors in the warped product (3). The symbol 
+ denotes the Hodge dual on E”. Taking the D= 1! 
dual of (10) shows that Ê is always of the form 
F=(«F)aJand satisfies fa F=0. Here F=qeto p 
and +F is a closed two-form on the (11 --p)-dimen- 
sional subspace which has the metric (4) and the dual 
+. Due to these properties, the field equations (2) 
reduce to 
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d/=0, dsJ=0. (11) 


according to which J can be any two-form that is both 
closed and co-closed on E’. Formally, (10) applies 
for every p in the range O<p<9 but Q,=0 unless 
p> 2. Since the black hole metrics cannot have a non- 
zero spherical section for p> 7, the really interesting 
interval is2<p<7. Atp=2, *J=1 and (10) reduces 
to (8). When p> 2, it follows from 


Q.=a%op | FJ (12) 


that qe Vo- p can be interpreted as the charge per unit 
(p—2)-volume of the extended object. 

Considering next the Einstein equations (1), one 
finds that not every p in the range 2<p<7 is admis- 
sible; (3) and (10) are compatible only if p is even 
and J is the Kahler form on E?: 


JJ" ==". (13) 


When these conditions are met, the Einstein equa- 
tions become 


(R°?-° e? + PB g y 


=p zag RP? erte, (14) 
(R°-? e20-w +08 By: 

=(6—p) rqe R? T? eto? (15) 
(R8~? ẹ?9-0+P8 R')' + (p8) R? vt 

= — p gè RIT? evt (4-8, (16) 
pe~’ (e?=* B’)' + (9—p)R~'(e-*R’)’ 

=0, (17) 


where prime denotes differentiation with respect to r 
and p takes on the values 2, 4 and 6. 

Similarly, one may seek a generalization of the 
magnetic case by incorporating the lower-dimen- 
sional spheres into (9). Suppose W,_,; is a (p—5)- 
form which is closed and co-closed on E?” for 5<p<7. 
Then it can be checked that 


Faqmés_p\ Wps, (18) 


satisfies the four-form field equations (2) for each p 
in this range. The Einstein equations, however, turn 
out to be much more restrictive and the only consis- 
tent case occurs at p= 5. This brings us back to (9). 
For the five-branes the Einstein equations require that 


(R4 erte gy dg Rev, (19) 
(R4 e444 58 By = EGA Rt evr, (20) 
(R? ere-wt 5B R z 3R? e” +58 

=- qha R t, Q21) 
5 e-8(e8-¥ BR y +4R-'(e-Y R Yy =0. (22) 
These equations reduce to the p= $ case of (14)-(17) 
when qe =qm=0 but if the source terms are present. 
this correspondence clearly breaks down. The equa- 
tions for p=2 and p= 5 exhibit a duality in the sense 
that these are the only two cases which allow solu- 
tions obeying @= B for non-zero qe and qm. 

To display the black p-brane solutions of these 


equations in a convenient form let us define, for each 
p, the radial functions 


4. =l (r/r), (23) 


where r}, r_ are constants and r,>r_. Then the 
D=11 metric 


d? =4, 420P de? 

4206168 dzl A dr? +r? dp] 

= 416-26 (dx? +... +dx}) , (24) 
together with the dual of (10), 


Fa Be dtadrad, (25) 


constitute the solution for the electric p-branes if p= 2. 
4, 6 and the constants satisfy 
2 


8~p,8-p_ | Ae 
a E z 


The magnetic five-brane solution, on the other hand, 
is obtained by choosing p= 5 in (23) and letting 


di? =4, 42? d? 47'A dr? =r? d 
-4"> (dx? +...+dx3). (27) 
In this case F is given by (9) and the constants obey 
rth = (54m). (28) 
When the ADM masses of these solutions are cal- 
culated according to (5), one finds that r, > f is suf- 


ficient to guarantee the positivity of the mass for all 
even p. When p=5 one must also require r, >0 in 
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order to get a positive mass in the r_=0 limit. Let 
HVs-p be the mass per unit p-volume of the object: 
LVo_.p=M/v, where v, is the p-volume. Then for the 
electric p-branes 


u=21r$ —3r%,  p=2, (29) 
u=15r$ lire, p=4, (30) 
u=9(r} $72), p=6, (31) 


and for the magnetic five-brane solution 
u=12r} =3r}, (32) 


Since (26) and (28) also hold. it follows that the fol- 
lowing Bogomol’nyi type of inequalities are satisfied 
by the mass and the charge parameters: 


MELTE p=2, (33) 
WY, p=4, (34) 
w>(3q.)?, p=6, (35) 
wedi. p=5. (36) 


When r, =r_ these become strict equalities and one 
obtains the extreme solutions. 

In the generic case, r} >r_. each of the solutions 
considered so far has the structure of an extended 
black hole whose event horizon is located at r=r,. 
The singularity at r=r,, which is manifest in (24) 
and (27), is just a coordinate singularity; each solu- 
tion can easily be extended over this surface. Hence 
r=r, is always a regular event horizon. In the generic 
case another surface of interest occurs at r=r_ and 
depending on p, this is either an inner horizon or a 
singular surface which ts hidden behind the horizon. 
For the black six-branes, the spacetime is the global 
product of the D=5 Reissner-Nordstrém manifold 
with Et and r=r_ is a regular inner horizon. For other 
black p-branes r=r_ is a singular surface that lies be- 
hind the horizon. In the extreme cases, these two sur- 
faces coalesce and become regular event horizons un- 
less p=4. The extreme four-brane metric appears to 
be singular at r=r_ 

Under a simultaneous dimensional reduction of the 
spacetime and the world-volumes these solutions go 
over to the black (p— 1 )-brane solutions of the Type 
HA superstring theory. After labelling the D= 11 co- 
ordinates as X“=(X™, x’), the reduction can be 


achieved through a ten-one split of the fields. The 
D=11 metric then gives rise to a D=10 metric gy x 
and a dilaton field ø according to the relations [13] 


Baw HOP? fyn, C= ~8pp - (37) 


The potential three-form A. on the other hand, re- 
duces to two distinct D= 10 potentials 


Bem =A p: Aumn =Ap an. (38) 


By choosing an appropriate Kahler form on E” one 
can check that the p=2 case of (24) reduces to a black 
string solution of ref. [2]. For the remaining two cases 
of (24) both B,.4, and A, mn- turn out to be non- 
trivial and consequently, these give rise to new D= 10 
solutions. The reduction of (27) is a known black 
four-brane solution of the Type IIA string theory [2]. 

Let us next consider the supersymmetry of these 
solutions. In order to maintain supersymmetry in the 
bosonic sector of D=11 supergravity, the spacetime 
must admit Killing spinors which satisfy 


Duét rail NO y — BFC 5%) Fropgé=0, 
(39) 


where é is a Majorana spinor, Dy is the spinor co- 
variant derivative and foro, woro denote the anti- 
symmetrized products of the D=11 Dirac matrices. 
On the above black p-brane backgrounds we have 
verified that (39) is integrable only ifr} =r. There- 
fore, only the extreme black p-brane solutions are 
supersymmetric. 

The extreme solutions not only admit Killing spi- 
nors but also allow generalizations to black multi-p- 
brane configurations. In constracting these generali- 
zations it is convenient to introduce, in addition to 
E”, a second euclidean space E'°-” of dimension 
10—p. Let y= (x°), a=1, 2, .... 1O—p, be the carte- 
sian coordinates on E'°~?. Similarly, let the coordi- 
nates x’ of E?” be represented as x and suppose dots 
denote the standard euclidean inner products. Con- 
sider, in this notation, the fields 


df? = une dr? 
— UP? dy-dy—U?- 9/9 dx-dx, (40) 
Fo3U-2dtadUal, (41) 


where U= U(¥) is a smooth, positive function on 
E'°~” and p takes again the values p= 2. 4. 6. If (40) 
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and (41) are substituted in (1) and (2), all field 
equations reduce to 


AUs=0, (42) 


where A is the Laplace operator on E'°-?. Hence each 
solution of the Laplace equation (42) gives rise to a 
solution of the D=11 supergravity theory. For the 
present problem the relevant solution is 


K 
U=1+ ¥ aRF-$, (43) 
iml 


where R;= |y~y,{ and a, y, are constants. With this 
choice (40) and (41 ) describe the static equilibrium 
of K extreme black p-branes (p=2, 6) which are po- 
sitioned at y=y, in the background space E'°-’. The 
mass and the electric charge of the /th hole of this 
configuration are both given in terms of a, Masses 
are positive if a,> 0. In the particular case p= 2, (40), 
(41) and (43) reduce to the multi-membrane solu- 
tions of ref. [12]. All the extreme cases of (24) are 
obtained by setting K=1 in (43) and changing the 
radial coordinate as R8-? =r8 7P — 8-2, 

For these electric multi-p-branes let us choose the 
orthonormal basis one-forms as 


w= U-7!* de, (44) 
w= UP dye, (45) 
Wwa U-62 dw, (46) 


In this frame the Killing spinor equation can be read- 
ily integrated. Suppose # is a D= 11 Majorana spinor 
which has constant entries in the above frame. In the 
U=1, Minkowski spacetime limit #7 is clearly a 
Killing spinor. When dU/dy* #0 one can check that 


=U À, (47) 
where #, subject to p algebraic conditions 
f= odul h, (48) 


is the general form of the Killing spinor in the electric 
case. The presence of the algebraic conditions means 
that the supersymmetry of the Minkowski spacetime 
is partially broken in the above backgrounds. In a 
Majorana representation of the Dirac matrices (48) 
annihilates the 16, 24 and 28 of the 32 independent, 
real entries of ý when p takes on the respective values 
p=2, 4 and 6. Hence, in this sense, only the }, } and 


4 of the Minkowski supersymmetry survives for p= 2. 
4,6. 

The solution which describes the equilibrium con- 
figuration of K magnetic, black five-branes can be 
written as 


d? =U" (dt? —de-dx) — U7? dy-dy, (49) 
F=F3(3dU), (50) 
where U is the p= 5 case of (43) and ¢ is the Hodge 
dual on E°(y). In this solution a, can be interpreted 
as the magnetic charge parameters of the black holes 


and the K= | specialization gives the extreme mem- 
ber of (27). If one refers the spinors to the frame 


WO me UiS dt, (51) 
We U-'/o dw, (52) 
W% ee YS dy”, (53) 


then the Killing spinors of the magnetic multi-holes 
have the form 


éx UN '29, (54) 


Once again, the constant spinor 4 turns out to be not 
completely arbitrary unless U is constant. Assuming 
that dU/dy* 40, (39) implies 


Aa ti ASA, (55) 


where I, ...°, refer to the E5(y%) part of the frame 
that is given by (53). As a consequence of (55) half 
of the entries of 7 vanish in the Majorana represen- 
tation. The number of the surviving supersymmetry 
parameters is therefore the same for the extreme 
membranes and the five-branes. Another property 
shared by the p= 2 and p=5 extreme solutions is the 
presence of an enlarged symmetry group which in- 
cludes the boosts in the x’ directions. Notice that, un- 
less ¢= B, the metric (3) gives rise to solutions that 
are invariant under RxSO(10~—p)xE(p) where 
E(p) is the p-dimensional euclidean group. When 
=B one gets precisely the p=2 and p=5 extreme 
solutions and the symmetry group extends to 
SO0(10—p) xP(p) where P(p) is the p-dimensional 
Poincaré group. The p=2 and p=5 multi-hole met- 
rics are also invariant under SO(!10—p) X P(p). 

It is well known that (43) satisfies (42) every- 
where except at y=y, where one encounters delta 
function singularities. The y=y, singularities are, 
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however, of no consequence to the field equations and 
the spacetime geometry unless p= 4. If one uses (44)- 
(46) as a basis, the orthonormal frame components 
of (1) and (2) all reduce to U-'7*®)/6 AU=0. When 
one refers (1) and (2) to the basis (51)~(53). the 
field equations for the magnetic case become 
t'-5/3 AU'=0. In each of these bases the field equa- 
tions are satisfied at y=y,. The chosen vielbeins are, 
of course. singular at y=y, but, provided p# 4, this 
can also be remedied. The important point is that the 
coordinates used in (40) and (49) break down when 
U encounters a zero or a singularity. The solutions, 
however, can be extended smoothly over y=y, by 
changing the coordinates. One can check in this way 
that y=y, are regular event horizons of the black holes 
if p=2, 5, 6. The exceptional case is p=4 where the 
singularities at y =y, deserve further study. 

Let us return to the single black hole configurations 
and consider the uncharged solutions. It is obvious 
that (24) and (27) both reduce to two distinct fam- 
ilies of vacuum solutions when ¢,=qm=0. The fam- 
ilies obtained by setting r, =0 have negative masses 
and do not describe black holes. The r. =0 families 
are the global products of the (11 —p)-dimensional 
Schwarzschild solutions with E”. In the black p-branes 
with a Schwarzschild factor p need not be restricted 
to the above values; for each p in the range O<p<7 
there is a valid vacuum solution. There is in fact a 
third family of vacuum solutions where the metric 1s 


Agta gii—9/ +) dp? Az! dr? -r dQ_, 
~ AP") deedx , (56) 


and 0<p<9. At p=2 the third family coalesces with 
the r, =0 specialization of (24) and p=0 corre- 
sponds to the D= 11 Schwarzschild solution. Assum- 
ing thatr_ > 0. the metric (56) gives rise to a positive 
mass only if p=0, 1, 7. The p= 1 member of this fam- 
ily has another interesting aspect: the spacetime is the 
product of the D= 10 euclidean Schwarzschild man- 
ifold with the real line and the string extends over the 
euclidean Schwarzschild time. None of the vacuum 
solutions is supersymmetric. 

So far we have examined the solutions which ap- 
proach the Minkowski spacetime at spatial infinity. 
Let us finally note that there are charged black hole 
solutions of D= 11! supergravity theory which display 
a different asymptotic behavior but share certain in- 


teresting features with the above families. The D=4 
Einstein—Maxwell theory can be consistently embed- 
ded in D=11 supergravity [19] and remarkably, the 
D=4 Reissner-Nordstrém family gives rise to a class 
of D=11 black hole solutions through this embed- 
ding, The resulting spacetimes are of the form M, x T° 
where M, is a U(1)} bundle over the D= 4 spacetime 
and T° is the flat six-torus. The T° factors of these 
solutions can be replaced with E®° without any pen- 
alty. It was described in ref. [20] how the bosonic 
sector of the D=11 supermembrane theory picks. 
among these black holes, only the supersymmetric. 
extreme Reissner—Nordstr6ém solution. Precisely the 
same situation is encountered also in the above black 
membrane family. Let us take the p=2 case of (24) 
and (25) as supermembrane background fields and 
label the membrane coordinates as (t, p, a). Then it 
can be verified that 


t=t, X =f, X% =G. 
XX for XALX. XR, (57) 


where X8 are constants, is a solution of the super- 
membrane field equations of ref. (9] only ifr, =r_. 
The supermembrane theory therefore picks once 
again the extremal member. The D=3 metric in- 
duced on the membrane, in the extreme case, is 


ds} = 42) (dt? —dp?—do?) (58) 


and while the spacetime geometry is regular, the 
membrane metric is singular at the horizon. This su- 
permembrane solution is known to have the fer- 
mionic «-symmetry [12]. 

Another solution of the supermembrane field 
equations which exists only on the generic p= 2 cases 
of (24). (25) and which resides only in the region 
r_<r<r, can also be constructed easily but this time 
the x-symmetry is not available. 
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Abstract 


Membrane/fivebrane duality in D = 11 implies Type HA string/Type IIA fivebrane duality in 
D = 10, which in turn implies Type IIA string/heterotic string duality in D = 6. To test the 
conjecture, we reproduce the corrections to the 3-form field equations of the D = 10 Type IIA 
string (a mixture of trec-level and one-loop effects) starting from the Chern-Simons corrections 
to the 7-form Bianchi identities of the D = 11 fivebrane (a purely tree-level effect). K3 com- 
pactification of the latter then yields the familiar gauge and Lorentz Chern—Simons corrections 
to 3-form Bianchi identities of the heterotic string. We note that the absence of a dilaton in the 
D = 11 theory allows us to fix both the gravitational constant and the fivebrane tension in terms 
of the membrane tension. We also comment on an apparent conflict between fundamental and 
solitonic heterotic strings and on the puzzle of a fivebrane origin of S-duality. 


1. Introduction 


With the arrival of the 1984 superstring revolution [1], eleven-dimensional Kaluza— 
Klein supergravity [2] fell out of favor, where it more or less remained until the recent 
observation by Witten [3] that D = 11 supergravity corresponds to the strong coupling 
limit of the D = 10 Type HA superstring, coupled with the realization that there is a 
web of interconnections between Type IIA and all the other known superstrings: Type 
IIB, heterotic Eg x Eg, heterotic SO(32) and open SO(32). In particular, string/string 
duality [4-10] implies that the D = 10 heterotic string compactified to D = 6 on T* is 
dual to the D = 10 Type IIA string compactified to D = 6 on K3 [11]. Moreover, this 
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automatically accounts for the conjectured strong/ weak coupling S-duality in D = 4, N = 
4 supersymmetric theories, since S-duality for one string is just target-space T-duality 
for the other [8]. In this paper we find further evidence for an eleven-dimensional origin 
of string/string duality and hence for S-duality. 

D = 10 string/fivebrane duality and D = 6 string/string duality can interchange 
the roles of space-time and worldsheet loop expansions [4]. For example, tree-level 
Chern-Simons corrections to the Bianchi identities in one theory may become one-loop 
Green-Schwarz corrections to the field equations in the other. In a series of papers 
[4,7,12-17], it has been argued that this provides a useful way of putting various 
duality conjectures to the test. In particular, we can compare quantum space-time effects 
in string theory with the a-model anomalies for the dual p-branes [18-22] even though 
we do not yet know how to quantize the p-branes! This is the method we shall employ 
in the present paper. We reproduce the corrections to the 3-form field equations of the 
D = 10 Type IA string (a mixture of tree-level and one-loop effects) starting from 
the Chern-Simons corrections to the 7-form K; = *K4 Bianchi identities of the D = 11 
fivebrane (a purely tree-level effect): 


dKy = —4K8 + (21r)4B' Xe , (1.1) 


where the fivebrane tension is given by Ñ = 1/(22)7' and where the 8-form polyno- 
mial Xg describes the d = 6 o-model Lorentz anomaly of the D = 11 fivebrane: 
Ş 1 1 1 
Xp = a -3g (1R? + oer] 1.2 
e= mil 768 TR” ta" ee 
K3 compactification of (1.1) then yields the familiar gauge and Lorentz Chern-Simons 
corrections to 3-form Bianchi identities of the heterotic string: 


dH; = 1a’ (trF* — wR’) . (1.3) 


The present paper thus provides evidence not only for the importance of eleven 
dimensions in string theory but also (in contrast to Witten’s paper) for the importance 
of supersymmetric extended objects with d = p + | > 2 worldvolume dimensions: the 


super p-branes! . 


2. Ten to eleven: it is not too late 


In fact it should have come as no surprise that string theory makes use of eleven 
dimensions, as there were already tantalizing hints in this direction: 

(i) In 1986, it was pointed out [25] that D = 11 supergravity compactified on 
K3 x T"? [26] and the D = 10 heterotic string compactified on T” [27,28] have the 
same moduli spaces of vacua, namely 


E SO(16+n,n) 
~ SO(16 +n) x SO(n) ` 


(2.1) 


l! Super p-branes are reviewed in Refs. |23,24,9]. 
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It was subsequently confirmed [29,30], in the context of the D = 10 Type IIA theory 
compactified on K3 x T"~4, that this equivalence holds globally as well as locally. 

(ii) In 1987 the D = 11 supermembrane was discovered [31,32]. It was then pointed 
out [33] that the (d = 2, D = 10) Green-Schwarz action of the Type IIA superstring 
follows by simultaneous worldvolume/space-time dimensional reduction of the (d = 
3,D =11) Green—Schwarz action of the supermembrane. 

(iii) In 1990, based on considerations of this D = 11 supermembrane which treats the 
dilaton and moduli fields on the same footing, it was conjectured [34,35] that discrete 
subgroups of all the old non-compact global symmetries of compactified supergravity 
[36-39] (e.g. SL(2,R), O(22,6), O(24,8), E7, Eg, E9, E10) should be promoted to 
duality symmetries of either heterotic or Type II superstrings. The case for a target space 
O(22,6;Z) (T-duality) had already been made, of course [40]. Stronger evidence 
for a strong/weak coupling SL(2,Z) (S-duality) in string theory was subsequently 
provided in [5,9,41-51]. Stronger evidence for their combination into an O(24,8; Z) 
duality in heterotic strings was provided in [50,10,52,53] and stronger evidence for 
their combination into a discrete E7 in Type II strings was provided in [11], where it 
was dubbed U-duality. 

(iv) In 1991, the supermembrane was recovered as an elementary solution of D = 11 
supergravity which preserves half of the space-time supersymmetry [54]. (Elementary 
solutions are singular and carry a Noether “electric” charge, in contrast to solitons which 
are non-singular solutions of the source-free equations and carry a topological “mag- 
netic” charge.) The preservation of half the supersymmetries is intimately linked with 
the worldvolume kappa symmetry. It followed by the same simultaneous dimensional 
reduction in (ii) above that the elementary Type IIA string could be recovered as a 
solution of Type ITA supergravity. By truncation, one then obtains the N = 1,D = 10 
elementary string [55]. 

(v) In 1991, the elementary superfivebrane was recovered as a solution of the dual 
formulation of N = 1, D = 10 supergravity which preserves half of the space-time su- 
persymmetry [56]. It was then reinterpreted [57,58] as a non-singular soliton solution 
of the usual formulation. Moreover, it was pointed out that it also provides a solution 
of both the Type IIA and Type HB field equations preserving half of the space-time 
supersymmetry and therefore that there exist both Type ITA and Type IIB superfive- 
branes. This naturally suggested a Type II string/fivebrane duality in analogy with 
the earlier heterotic string/fivebrane duality conjecture [23,59]. Although no Green- 
Schwarz action for the d = 6 worldvolumes is known, consideration of the soliton zero 
modes means that the gauged fixed actions must be described by a chiral antisymmetric 
tensor multiplet (B7, A', 17!) in the case of IIA and a non-chiral vector multiplet 
(Ba, x',A’s,€) in the case of IIB [57,58]. 

(vi) Also in 1991, black p-brane solutions of D = 10 superstrings were found [60] 
for d = 1 (IIA only), d = 2 (Heterotic, IIA and IIB), d = 3 (IIA only), d = 4 
(IIB only) d = 5 (IIA only), d = 6 (Heterotic, IIA and HB) and d = 7 (IIA only). 
Moreover, in the extreme mass-equals-charge limit, they each preserve half of the space- 
time supersymmetry [61]. Hence there exist all the corresponding super p-branes, giving 
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rise to D = 10 particle/sixbrane, membrane/fourbrane and self-dual threebrane duality 
conjectures in addition to the existing string/fivebrane conjectures. The soliton zero 
modes are described by the supermultiplets listed in Table 1. Note that in contrast 
to the fivebranes, both Type IIA and Type IIB string worldsheet supermultiplets are 
non-chiral?. As such, they follow from T* compactification of the Type ILA fivebrane 
worldvolume supermultiplets. 

(vii) In 1992, a fivebrane was discovered as a soliton of D = 11 supergravity 
preserving half the space-time supersymmetry [62]. Hence there exists a D = 11 
superfivebrane and it forms the subject of the present paper. Once again, its covariant 
action is unknown but consideration of the soliton zero modes means that the gauged 
fixed action must be described by the same chiral antisymmetric tensor multiplet in (v) 
above [63,64,9]. This naturally suggests a D = 11 membrane/fivebrane duality. 

(viii) In 1993, it was recognized [61] that by dualizing a vector into a scalar on 
the gauge-fixed d = 3 worldvolume of the Type IIA supermembrane, one increases the 
number of worldvolume scalars (i.e. transverse dimensions) from 7 to 8 and hence 
obtains the corresponding worldvolume action of the D = 11 supermembrane. Thus the 
D = 10 Type IIA theory contains a hidden D = 11 Lorentz invariance! 

(ix) In 1994 [65] and 1995 [66], all the D = 10 Type JIA p-branes of (vi) above 
were related to either the D = 11 supermembrane or the D = 11 superfivebrane. 

(x) Also in 1994, the (extreme electric and magnetic black hole [{50,67!) Bo- 
gomol’nyi spectrum necessary for the E7 U-duality of the D = 10 Type IIA string 
compactified to D = 4 on TÊ was given an explanation in terms of the wrapping of 
either the D = 11 membrane or D = 11 fivebrane around the extra dimensions [11]. 

(xi) In 1995, it was conjectured [64] that the D = 10 Type IIA superstring should 
be identified with the D = 11 supermembrane compactified on S', with the charged 
extreme black holes of the former interpreted as the Kaluza~Klein modes of the latter. 

(xii) Also in 1995, the conjectured duality of the D = 10 heterotic string compacti- 
fied on T* and the D = 10 Type IIA string compactified on K3 [11,3], combined with 
the above conjecture implies that the d = 2 worldsheet action of the D = 6 (D = 7) 
heterotic string may be obtained by K3 compactification? of the d = 6 worldvolume 
action of the D = 10 Type HA fivebrane (D = 11 fivebrane) [68,69]. We shall shortly 
make use of this result. 

Following Witten’s paper [3] it was furthermore proposed [70] that the combination 
of perturbative and non-perturbative states of the D = 10 Type IIA string could be 
assembled into D = 11 supermultiplets. It has even been claimed [71] that both the 
Ex x Eg and SO(32) heterotic strings in D = 10 may be obtained by compactifying 
the D = 11 theory on Æ; and 4 respectively, where 4, and 4 are one-dimensional 
structures obtained by squashing K3! 


? This corrects an error in [61,9]. 
* The wrapping of the D = 10 heterotic fivebrane worldvolume around K3 to obtain a D = 6 heterotic string 
was considered in |7]. 
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Table 1 

Gauge-fixed D = 10 theories on the worldvolume, corresponding to the zero modes of the soliton, are 
described by the above supermultiplets and worldvolume supersymmetries. The D = 11 membrane and 
fivebrane supermultiplets are the same as Type ITA in D = 10 


d= Type HA (Ap, A, 3) n=l 
d =6 Type HA (Biv, Ar’, OP”) 1=1,...,4 (n+, n=) = (2,0) 
Type HB (Bux, Al E) 1=1,2 (ny,n—) = (1,1) 
Heterotic (W1, p°) a=1,...,60 
a=1,...,120 (n.n) = (1,0) 
d=! Type HA (Ap, Al, BIA) T=1,...,4 n=2 
d=4 Type IIB (Bux), el) T=1,...,4 n=4 
d=3 Type HA (x! b) l=1,...,8 n=8 
d=2 Type HA (xL! bx"), (xri Or’) 7=1,...,8 (n+, n) = (8,8) 
Type IIB (xu! pL), (XR br’) 1=1,...,8 (ny,n—) = (8,8) 
Heterotic (0, ØL”), (xR ØR!) =1,...,24 
Tails (n4, n) = (8,0) 


3. D = 11 membrane/fivebrane duality 


We begin with the bosonic sector of the d = 3 worldvolume of the D = 11 super- 
membrane: 


1 5 1 
S3=T; J dE [= jax aX" Oun EVY 
-ea X AX? Cune(X) , (3.1) 


where 73 is the membrane tension, ¿$ (i = 1,2,3) are the worldvolume coordinates, y” is 
the worldvolume metric and X™ (£) are the space-time coordinates (M =0,1,...,10). 
Kappa symmetry [31,32] then demands that the background metric Gmn and back- 
ground 3-form potential Cmyp obey the classical field equations of D = 11 supergravity, 
whose bosonic action is 


1 1 1 
h= 5 [d'av [Ro Kura] - gg | OA Ka Ke » (3.2) 


2K 2-4! 
where K4 = dC; is the 4-form field strength. In particular, K4 obeys the field equation 
d+ Ka == Ke? (3.3) 
and the Bianchi identity 
dK,=0. (3.4) 


While there are two dimensionful parameters, the membrane tension 73 and the eleven- 
dimensional gravitational constant «11, they are in fact not independent. To see this, we 
note from (3.1) that C3 has period 27r/T; so that K4 is quantized according to 


[kK = nn ; n = integer . (3.5) 
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Consistency of such C3 periods with the space-time action, (3.2), gives the relation 
(27)? 
KnT? 

The D = 11 classical field equations admit as a soliton a dual superfivebrane [62,6] 


whose worldvolume action is unknown, but which couples to the dual field strength 
Ky = *K4. The fivebrane tension f is given by the Dirac quantization rule [6] 


4Z. . (3.6) 


21127376 = 2mn n = integer . (3.7) 


Using (3.6), this may also be written as 


nm EZ, (3.8) 


which we will find useful below. Although Dirac quantization rules of the type (3.7) 
appear for other p-branes and their duals in lower dimensions [6], it is the absence of 
a dilaton in the D = 11 theory that allows us to fix both the gravitational constant and 
the dual tension in terms of the fundamental tension. 

From (3.3), the fivebrane Bianchi identity reads 


dk, = -5K ; (3.9) 


However, such a Bianchi identity will in general require gravitational Chern-Simons 
corrections arising from a sigma-model anomaly on the fivebrane worldvolume [7,14,18- 
22]: 


> 1 ae 
dK, = 5 Ka + (2ar)* B' Xs , (3.10) 


where #’ is related to the fivebrane tension by Ts = 1/(22)38’ and where the 8-form 
polynomial Xg, quartic in the gravitational curvature R, describes the d = 6 o-model 
Lorentz anomaly of the D = 11 fivebrane. Although the covariant fivebrane action is 
unknown, we know from Section 2 that the gauge fixed theory is described by the chiral 
antisymmetric tensor multiplet (By! ,¢!1), and it is a straightforward matter to 
read off the anomaly polynomial from the literature. See, for example Refs. [72,73]. 
The contribution from the anti self-dual tensor is 


z 1 1 
XB = OG a 
P (2m) 5760 
and the contribution from the four left-handed (symplectic) Majorana~Weyl fermions is 


1 1 | 
(27r)*4 5760 


|- 1ocerr)? + 28urk’] (3.11) 


X= (rk)? + 21rR'] l (3.12) 


Hence Xg takes the form quoted in the introduction: 


Xs (ter)? + soph (3.13) 


1 
~ (Qary4 |- 768 192 
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Thus membrane/fivebrane duality predicts a space-time correction to the D = 11 super- 
membrane action 


Lı (Lorentz) =n [ A —— (trR?)? + atte) . (3.14) 


1 1 
oe 768 192 
Unfortunately, since the correct quantization of the supermembrane is unknown, this 
prediction is difficult to check. However, by simultaneous dimensional reduction [33] 
of (d = 3,D = 11) to (d = 2,D = 10) on S', this prediction translates into a 
corresponding prediction for the Type IIA string: 


1 252 
ho(Lorentz) = T f Ban ca seq (tek ) + aagttr'] . (3.15) 


where Bz is the string 2-form, T, is the string tension, T2 = 1/27ra', related to the 
membrane tension by 


Ty = 27 RTs , (3.16) 


where R is the S! radius. 

As a consistency check we can compare this prediction with previous results found 
by explicit string one-loop calculations. These have been done in two ways: either by 
computing directly in D = 10 the one-loop amplitude involving four gravitons and one 
By [74-77], or by compactifying to D =2 on an 8-manifold M and computing the B2 
one-point function [17]. We indeed find agreement. In particular, we note that 


Xe = 7 [21 — Ye" |. (3.17) 
where 
i. l 25 
NS,R 22 
see nero me 69 1trR*} , 
Ys atone | ghee oe 
1 
RR 2\2 . l 
y; =a ag V — 28 rR] (3.18) 


Upon compactification to D = 2, we arrive at 


msn= RSF, 
M 
nen = f ; (3.19) 


where in the (NS,R) sector nys r computes the index of the Dirac operator coupled to 
the tangent bundle on M and in the (R,R) sector ngr computes the index of the Dirac 
operator coupled to the spin bundle on M. We also find agreement with the well-known 
tree-level terms 


1 
2K 19" 


JINAK r (3.20) 
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where 
Kii? =2rRkio . (3.21) 


Thus using D = 11 membrane/fivebrane duality we have correctly reproduced the 
corrections to the B2 field equations of the D = 10 Type IIA string (a mixture of 
tree-level and string one-loop effects) starting from the Chern-Simons corrections to 
the Bianchi identities of the D = 11 superfivebrane (a purely tree-level effect). It is now 
instructive to derive this same result from D = 10 string/fivebrane duality. 


4. D = 10 Type IA string/fivebrane duality 


To see how a double worldvolume/space-time compactification of the D = 11 super- 
membrane theory on S! leads to the Type IIA string in D = 10 [33], let us denote all 
(d =3,D = 11) quantities by a hat and all (d = 2, D = 10) quantities without. We then 
make a ten-one split of the space-time coordinates 


RM = (X,Y), M=0,1,...,9 (4.1) 


and a two-one split of the worldvolume coordinates 


at 


&=(é,p), i=1,2 (4.2) 
in order to make the partial gauge choice 
p=, (4.3) 


which identifies the eleventh dimension of space-time with the third dimension of the 
worldvolume. The dimensional reduction is then affected by taking Y to be the coor- 
dinate on a circle of radius R and discarding all but the zero modes. In practice, this 
means taking the background fields G apn and Ĉ anp to be independent of Y. The string 
backgrounds of dilaton ®, string o-model metric Gyy, 1-form Ay, 2-form Byy and 
3-form Cmap are given by 4 


é oO) ie +e? AyAn 2) 
MN = ’ 


e? An e? 
Ĉunr =Cmnp » 
Cuny = Bun - (4.4) 


The actions (3.1) and (3.2) now reduce to 


4 The choice of dilaton prefactor, e~*/3, is dictated by the requirement that Gay be the D = 10 string 
o-model metric. To obtain the D = 10 fivebrane o-model metric, the prefactor is unity because the reduc- 
tion is then space-time only and not simultaneous worldvolume/space-time. This explains the remarkable 
“coincidence” [6] between Gyn and the fivebrane o-model metric. 
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1 ots l 
&=h l dE -3V7 ax" A,X" Gun) - zje aX" aX" Bun(X) +... 


(4.5) 
and 
= l 10 —P 2 l 2 
hoz fa xv —-Ge [Re+ auo -zamn 
L er ge nee PERO lk AK4AB (4.6) 
IDO OMN gal MNPO) T Dpt J DOAREN a 


where the field strengths are given by J4 = K4 + A, H3, H3 = dB and F; = dA). Let us 
now furthermore consider a simple space-time compactification of the fivebrane theory 
on the same S! to obtain the Type IIA fivebrane in D = 10. From (3.4) and (3.10), the 
field equations and Bianchi identities for the field strengths J4, H3, Fz and their duals 
Js = xJ4, Hy = e7? x H3, Fy =*F, now read 


dJ4=FoH;,, dJg = H3J4, (4.7) 
2 ji re es 

dH;=0, dH, = — 540 + FyJg + (2r) P' Xe, (4.8) 

dF, =0, dfg = —H3Jg . (4.9) 


Of course, the Lorentz corrections to the Bianchi identity for H7 could have been derived 
directly from the Type IIA fivebrane in D = 10 since its worldvolume is described by 
the same antisymmetric tensor supermultiplet. Note that of all the Type IIA p-branes 
in Table 1, only the fivebrane supermultiplet is chiral, so only the H7 Bianchi identity 
acquires corrections. 

From (3.7), (3.16) and (3.21), or from first principles of string/fivebrane duality 
[78], the Dirac quantization rule for n = 1 is now 


2K10? = (2r) a B’ . (4.10) 


So from either D = 10 string/fivebrane duality or from compactification of D = 11 
membrane/fivebrane duality, the Bz field equation with its string one-loop correction is 
K102 ~ 


1 2 
d(e~* x H3) = —5 Ja" + Fo Ja + 5s > (4.11) 


which once again agrees with explicit string one-loop calculations [17,74]. 


5. D = 7 string/membrane duality 


Simultaneous worldvolume/space-time compactification of the D = 11 fivebrane on 
K3 gives a heterotic string in D = 7 [68,69]. The five worldvolume scalars produce 
(5L, 5r) worldsheet scalars, the four worldvolume fermions produce (0%, 8g) worldsheet 
fermions and the worldvolume self-dual 3-form produces (19,,3r) worldsheet scalars, 
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which together constitute the field content of the heterotic string. We may thus derive 
the Bianchi identity for this string starting from the fivebrane Bianchi identity, (1.1): 


e 1 ones 
dK; = She + (2ar)*B' Xs . (5.1) 
We begin by performing a seven-four split of the eleven-dimensional coordinates 
XM = (x4, y'), w=0,1,...,6; 1=7,8,9,10 (5.2) 


so that the original set of ten-dimensional fields {.A,} may be decomposed in a basis 
of harmonic p-forms on K3: 


An(X) =X An—p(x)@p(y) . (5.3) 


In particular, we expand C3 as 


l I I 
C3(X) =G) + 5 2 CO) , (5.4) 
where w}, I =1,...,22 are an integral basis of b} harmonic two-forms on K3. We have 


chosen a normalization where the seven-dimensional U(1) field strengths KJ = dC l are 
coupled to even charges 


fe EATZ, (5.5) 


which follows from the eleven-dimensional quantization condition, (3.5). 
Following Ref. [7], let us define the dual (heterotic) string tension 7) = 1/27a@' by 


l 1 


—— = —V ’ 5.6 
dma! (2ar)3 $ T3 
where V is the volume of K3, and the dual string 3-form A by 
Hy = SA J k (5.7) 
Ira’? Orp J i 
K3 
so that H3 satisfies the conventional quantization condition 
fa =4n nd’ , (5.8) 


which follows from the underlying K7 quantization. The dual string Lorentz anomaly 
polynomial, X4, is given by 


~ 768 
K3 K3 


5 5 1 1 1 
t= freaj] (trR? + trR3)? + wager +R) 


1 j| 
= a 19g P (K3) 


1 2 
s-a. (5.9) 
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where p,(K3) is the Pontryagin number of K3 


1 
pi(K3) = ~ 3-5 fer- 48: (5.10) 
K3 


We may now integrate (5.1) over K3, using the Dirac quantization rule, (3.8), to find 
~I 
dis = -> [K3K3d)) +trR’] , (5.11) 


where d7, is the intersection matrix on K3, given by 


dij = f ohna (5.12) 
K3 


and has bł = 3 positive and by = 19 negative eigenvalues. Therefore we see that 
this form of the Bianchi identity corresponds to a D = 7 toroidal compactification 
of a heterotic string at a generic point on the Narain lattice [27,28]. Thus we have 
reproduced exactly the D = 7 Bianchi identity of the heterotic string, starting from a 
D = 11 fivebrane! 


6. D = 6 string/string duality 


Further compactification of (5.11) on S! clearly yields the six-dimensional Bianchi 
identity with two additional U(1) fields coming from S', giving trF? with signature 
(4,20). Alternatively, this may be obtained from K3 compactification of the D = 10 
fivebrane, with Bianchi identity 


dH, = -5è + Fa Je + (2m) B' Xe . (6.1) 


Although in this section we focus just on this identity, we present the compactification 
of the complete bosonic D = 10 Type IIA action, (4.6), in Appendix A. 

The reduction from ten dimensions is similar to that from eleven. There is one subtlety, 
however, which is that J4 is the D = 10 gauge invariant combination, J4 = K4 + A1 H3. 
Compactifying (6.1) to six dimensions on K3, we may identify 22 U(1) fields coming 
from the reduction of J4 and one each coming from F» and Jẹ. Normalizing these 24 
six-dimensional U (1) fields according to (5.5), we obtain 


a’ 
4 
where J} = dC} + Adb! and J4 = dC3 + A\H3. The 22 scalars b' are torsion moduli of 
K3. While we may be tempted to identify these two-forms with U(1) field strengths, 
this would not be correct since dJ} = F,db! + 0 and dJ) = Jidb’d;; + 0. Thus the 
actual field strengths must be shifted according to 


d; = ~— [IL diy — 2F) jy — 160 Xa] , (6.2) 
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Klas} — Fb’, 
Jy = Fy — Fyb' dj) + 4Fyb'b’ dy, , (6.3) 


so that dk} = dJ, = 0. Inverting these definitions and inserting them into (6.2) gives 
finally 


~ 
d; = -7 (RERJ dy) — 2FyJy + trR?] . (6.4) 


In order to compare this result with the toroidally compactified heterotic string, it is 
useful to group the U(1) field-strengths into a 24-dimensional vector 


Frat, h, RI, (6.5) 


in which case the D = 6 Bianchi identity now reads 
i a’ 
dH, = E [FT LF + trR?] , (6.6) 


where the matrix L = [(—o!) @ dj;] has 4 positive and 20 negative eigenvalues. This 
is in perfect agreement with the reduction of the D =7 result, (5.11), and corresponds 
to a Narain compactification on 14.20. 

Note that the heterotic string tension 1/27ré&’ and the Type IIA string tension 1/27ra’ 
are related by the Dirac quantization rule [6,7] 


26? = (2T) na! & , (6.7) 


where «x6? = Ki9’/V is the D = 6 gravitational constant. Some string theorists, while 


happy to endorse string/string duality, eschew the soliton interpretation. It is perhaps 
worth emphasizing, therefore, that without such an interpretation with its Dirac quanti- 
zation rule, there is no way to relate the two string tensions. 


7. Elementary versus solitonic heterotic strings 


Our success in correctly reproducing the fundamental heterotic string o-model ano- 
maly polynomial 


a 1 1 2 2 
w= ra A —trF*) , (7.1) 


by treating the string as a (K3 compactified fivebrane) soliton, now permits a re- 
evaluation of a previous controversy concerning fundamental [79] versus solitonic 
[9,12,78] heterotic strings. In an earlier one-loop test of D = 10 heterotic string/heterotic 
fivebrane duality [14], X4 was obtained by the following logic: the d = 2 gravitational 
anomaly for complex fermions in a representation R of the gauge group is [72,73] 


I ot r 
== 5 F), 7.2 
t= 5 Taye (agit —wRF*) ae) 
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where r is the dimensionality of the representation and R is the two-dimensional cur- 
vature. Since the S$O(32) heterotic string has 32 left-moving gauge Majorana fermions 
(or, if we bosonize, 16 chiral scalars) and 8 physical right-moving space-time Majorana 
fermions, Dixon, Duff and Plefka [14] set R to be the fundamental representation and 
put r = 32 — 8 = 24 to obtain X4 = J4/2, on the understanding that R is now to be 
interpreted as the pull-back of the space-time curvature. Exactly the same logic was 
used in [14] in obtaining the heterotic® fivebrane Šg 


5 ] | 
Xs 


1 I 1 
= = 2 2 242 pos 
nji |24 trF 193 trf" trR + 768 (tR) + 192 trR (7.3) 


and in Sections 3 and 4 above in obtaining the Type IIA fivebrane Xg of (3.13). This 
logic was however criticized by Izquierdo and Townsend [15] and also by Blum and 
Harvey [16]. They emphasize the difference between the gravitational anomaly (which 
vanishes for the fundamental heterotic string [79]) involving the two-dimensional cur- 
vature and the o-model anomaly (which is given by X4 [80]) involving the pull-back 
of the space-time curvature. Moreover, they go on to point out that the 32 left-moving 
gauge Majorana fermions (or 16 chiral scalars) of the fundamental heterotic string do 
not couple at all to the spin connections of this latter curvature. They conclude that 
the equivalence between X4 and /4/2 is a “curious fact” with no physical significance. 
They would thus be forced to conclude that the derivation of the Type HA string field 
equations presented in the present paper is also a gigantic coincidence! 

An attempt to make sense of all this was made by Blum and Harvey. They observed 
that the zero modes of solitonic strings (and fivebranes) necessarily couple to the 
space-time spin connections because they inherit this coupling from the space-time 
ficlds from which they are constructed. For these objects, therefore, they would agree 
that the logic of Dixon, Duff and Plefka (and, by inference, the logic of the present 
paper) is correct. But they went on to speculate that although fundamental and solitonic 
heterotic strings may both exist, they are not to be identified! Recent developments in 
string/string duality [3,8,11,69,68,81}, however, have convinced many physicists that 
the fundamental heterotic string is a soliton after all and so it seems we must look for 
an alternative explanation. 

The correct way to resolve the apparent conflict is, we believe, rather mundane. The 
solitonic string and p-brane solitons are invariably presented in a physical gauge where 
one identifies d of the D space-time dimensions with the d = p + 1 dimensions of the 
p-brane worldvolume. As discussed in [14], this is best seen in the Green~Schwarz 
formalism, which is in fact the only formalism available for d > 2. In such a physical 
gauge (which is only well-defined for vanishing worldvolume gravitational anomaly ) 
the worldvolume curvatures and pulled-back space-time curvatures are mixed up. So, in 
this sense, the gauge fermions do couple to the space-time curvature after all. 


$ Note that the heterotic string X4, the heterotic fivebrane Ñg and the Type IIA fivebrane Ñg are the only 
non-vanishing anomaly polynomials, since from Table 1, these are the only theories with chiral supermultiplets. 
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8. Fivebrane origin of S-duality? Discard worldvolume Kaluza—Klein modes? 


In a recent paper [8], it was explained how S-duality in D = 4 follows as a con- 
sequence of D = 6 string/string duality: S-duality for one theory is just T-duality for 
the other. Since we have presented evidence in this paper that Type IIA string/heterotic 
string duality in D = 6 follows as a consequence of Type IIA string/Type IIA fivebrane 
duality in D = 10, which in turn follows from membrane/fivebrane duality in D = 11, it 
seems natural to expect a fivebrane origin of S-duality. (Indeed, a fivebrane explanation 
for S-duality has already been proposed by Schwarz and Sen [46] and by Binetruy 
[48], although they considered a TÉ compactification of the heterotic fivebrane rather 
than a K3 x T? compactification of the Type IIA fivebrane.) 

The explanation of [8] relied on the observation that the roles of the axion/dilaton 
fields S and the modulus fields T trade places in going from the fundamental string to 
the dual string. Jt was proved that, for a dual string compactified from D =6 to D =4 
on T?, SL(2,Z)s is a symmetry that interchanges the roles of the dual string worldsheet 
Bianchi identities and the field equations for the internal coordinates y” (m = 4,5). 
However, in unpublished work along the lines of [34,35], Duff, Schwarz and Sen tried 
and failed to prove that, for a fivebrane compactified from D = t0 to D = 6, SL(2,Z)s5 
is a symmetry that interchanges the roles of the fivebrane worldvolume Bianchi identities 
and the field equations for the internal coordinates y” (m = 4,5,6,7,8,9). A similar 
negative result was reported by Percacci and Sezgin [82]. 

Another way to state the problem is in terms of massive worldvolume Kaluza- 
Klein modes. In the double dimensional reduction of the D = 10 fivebrane to D = 6 
heterotic string considered in Section 6, we obtained the heterotic string worldsheet 
multiplet of 24 left-moving scalars, 8 right moving scalars and 8 chiral fermions as the 
massless modes of a Kaluza-Klein compactification on K3. Taken in isolation, these 
massless modes on the dual string worldsheet will display the usual 7-duality when 
the string is compactified from D = 6 to D = 4 and hence the fundamental string will 
display the desired S-duality. However, no-one has yet succeeded in showing that this 
T-duality survives when the massive Kaluza-Klein modes on the fivebrane worldvolume 
are included. Since these modes are just what distinguishes a string X“(7,o) from a 
fivebrane X™ (7,0, p') (i = 1,2,3,4), this was precisely the reason in [8] for preferring 
a D = 6 string/string duality explanation for SL(2, Z) over a D = 10 string/fivebrane 
duality explanation. (Another reason, of course, is that the quantization of strings is 
understood, but that of fivebranes is not!) The same question about whether or not 
to discard massive worldvolume Kaluza—Klein modes also arises in going from the 
membrane in D = 11 to the Type IIA string in D = 10. For the moment therefore, this 
inability to provide a fivebrane origin for SL(2,Z) remains the Achilles heel of the 


super p-brane programme °® . 


é Another unexplained phenomenon, even in pure string theory, is the conjectured SL(2,Z) duality of the 
D = 10 Type IIB string | 11], which gives rise to U-duality in D = 4. In this connection, it is perhaps 
worth noting from Table | that the gauged-fixed worldvolume of the self-dual Type IIB superthreebrane is 
described by the d = 4,n = 4 Maxwell supermultiplet {83}. Now d = 4,n = 4 abelian gauge theories are 
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ave d=6, (n_.n_)=(2,0 
d=3, n=8 (a, .n_)=(2,0) D=11 


D=10 


Heteratic 
d=6, (a, .n_)=(1,0) 


Type HA 
d=2, (n,,n_)=(8.8) 


D=6 


d=2, (n,.n_)=(4,4) 


d=3, n=8 d=6, (n, .n_)=(2,0) D=11 


D=10 


Type IA 
d=6, (n, .n_)=(2,0) 


Heterotic 
d=2, (n,,n_)=(8,0) 


d=2, (a,n, )=(8,0) 


d=2, (n, .n_ )=(8,0) 


Fig. 1. Compactifications relating (a,top) the Type IIA fivebrane to the heterotic string and (b,bottom) the 


heterotic fivebrane to the Type IIA string. Worldvolume supersymmetries are indicated. 


expected to display an SL(2,Z) duality. See Refs. [84,85] for a recent discussion. Could this be the origin 
of the SL(2,Z) of the Type IIB string which follows from a T? compactification of the threebrane? Note 
moreover, that the threebrane supermultiplet itself follows from 7? compactification of either the Type IIA or 
Type IIB fivebrane supermultiplet. Compactifications of such d = 6 self-dual antisymmetric tensors have, in 
fact, recently been invoked precisely in the context of S-duality in abelian gauge theories [85]. Of course, the 
gauged-fixed action for the superthreebrane is presumably not simply the Maxwell action but some non-linear 


(possibly Born-Infeld |83]) version. Nevertheless, S-duality might still hold [86]. 
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d=3, n-5 T? d=6, (n, ,n_)=(2,0) D=11 


D=10 
d=2, (n.n, )=(8,8) d=6, (n, ,n_)=(2,0) 
D=7 
d=2,(n_n_)=(8,8) S! d=3, n=8 
d=3, n=8 T d=6, (n ,,n_)=(2,0) D=11 
D=10 


d=2, (n, ,n_)=(8,0) d=6, (n,,n_)=(2,0) 


D=7 


H 


d=2, (n ,n_)=(8,0) = d=3, n=8 


Fig. 2. Compactifications incorporating worldvolume reductions (a,top) and (b,bottom). 
9. Web of interconnections 


We have discussed membrane and fivebranes in D = 11, heterotic strings and Type 
Il fivebranes in D = 10, heterotic strings and membranes in D = 7, heterotic and 
Type II strings in D = 6 and how they are related by various compactifications. This 
somewhat bewildering mesh of interconnections is summarized in Fig. la. There are 
two types of dimensional reduction to consider: lines sloping down left to right represent 
space-time reduction (d, D) -— (d, D — k) and lines sloping down right to left represent 
simultaneous space-time/worldsheet reduction (d, D) — (d—-k, D —k). The worldsheet 
reductions may be checked against Table 1. Note that the simultaneous reduction on Æ of 
the D = 11 membrane to yield the D = 10 heterotic string is still somewhat speculative 
[71], but we have included it since it nicely completes the diagram. 

According to Townsend [68], a similar picture may be drawn relating the Type ITA 
string and heterotic fivebrane, which we show in Fig. 1b, where we have once again 
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D=11 
Type HA 
D=10 
Heterouic 
D=7 
i D=6 


Fig. 3. A superposition of Figs. 1(a) and 1(b), illustrating strong/weak coupling dualities (denoted by the 
dotted lines). 


speculated on a space-time reduction on Æ of the D = 11 fivebrane to yield the D = 10 
heterotic fivebrane. However, one must now explain how T? (or T4) compactification of 
the (120,120) degrees of freedom of the gauge-fixed D = 10 heterotic fivebrane [59] 
can yield only the (8,8) of the D = 7 membrane (or the (87,81), (8x, 8r) of the D =6 
Type IIA string). Townsend has given arguments to support this claim. There are more 
interrelationships one can illustrate by including horizontal lines representing worldsheet 
reduction only, (d, D) — (d — k, D), some of which are shown in Figs. 2a,b. 

Note that these diagrams describe theories related by compactification and so relate 
weak coupling to weak coupling and strong to strong. In Fig. 3, we have superimposed 
Figs. la,b to indicate how the various theories are also related by duality (denoted 
by the dotted horizontal lines) which relates weak coupling to strong. We believe that 
these interrelationships, which have in particular enabled us to deduce supermembrane 
effects in agreement with explicit string one-loop calculations, strengthen the claim that 
eleven dimensions and supermembranes have a part to play in string theory: a triumph 
of diversification over unification [87]. 
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Appendix A. Reduction of the D = 10 Type IIA model on K3 


In Section 6 we presented the reduction of the fivebrane Bianchi identity on K3. For 
completeness, we present the reduction of the bosonic part of the D = 10 Type HA 
supergravity action, (4.6), which we write here in a form notation: 


1 
lhea J d'°x/—Ge-® [Re + (du®)?| 


+ J [Fe NAF, + eH nat + Ja A wa — Ka A Ka Br] , (Al) 


1 
4K10? 
where the ten-dimensional bosonic fields are the metric G, dilaton ® and the 1-, 2- and 
3-form fields A1, B2 and C3. Eleven-dimensional K4 quantization, (3.5), as well as the 
usual Kaluza-Klein condition for Fz, give rise to the ten-dimensional conditions 


4m’nR 
K4 = ; 
/ $ T 
2mn 
Je, 
f Pe=2mr. (A.2) 


Following the decomposition of the fields in Section 5, we write 
R 
A\(X) = z740) ‘ 
20 I I 
B(X) = Ba(x) + FD bi 00), 
G= S0a(x) + ZS Caol) (A3) 
3 =3 3x T; 11) y), $ 
in which case the four-form J4 is given by 


m 


R 
Ja(X) = 5 [Ka(x) + Ai(x)H3(x)] + SOL KS (x) + Ai(x)db! (x) ]04(y) . 
(A.4) 


The constants are chosen so the six-dimensional U(1) fields will be coupled to even 
charges 


Ja €4nZ . (A.5) 


For K3, with Betti numbers bọ = 1, bı = 0, by = 3 and b; = 19, we may choose an 
integral basis of harmonic two-forms, wf with intersection matrix 


an= f ogna i (A.6) 
K3 
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Since taking a Hodge dual of œ on K3 gives another harmonic two-form, we may 
expand the dual in terms of the original basis 


Sw} = 03H", , (A.7) 
where we use * to denote Hodge duals on K3. In this case, we find 

Jo A tw = dixH*,; . (A.8) 

K3 


The matrix H'; depends on the metric on K3, i.e. the by - by = 57 K3 moduli. Because 
of the fact that ê$ = 1, H’, satisfies the properties [69] 


H! jH’ x =5'x, 

dij;H! x =dxjH’, , (A.9) 
so that 

Hi djxH*®, = dy (A.10) 


and hence is an element of SO(3, 19) /SO(3) x SO(19). 
Using these properties of K3, we may compactify the second line of (A.1) to obtain 


Ig= le$ H, A xH + te~% edb! A *db’ dx H* , 
3 2 


E 

2K62 
a’ 

+5 (eF A *Fy + e.a A xda + J} A +I} dix H* ; 

-K! A K} NB dy - 2K, A K30'dy)| . (A.11) 


The six-dimensional dilaton is given by @ = + p where ® is the ten-dimensional 
dilaton and p is the breathing mode of K3: 
1 
e’ = | èl. A.12 
7 ft (A.12) 
K3 
In order to make contact with the compactified heterotic string, we wish to dualize the 
four-form J4. Note, however, that since d(e~?*J4) = Jbdb! dj, the proper expression 
for dualizing J4 is given by (6.3). Performing such a step and rewriting J} as well, we 
finally arrive at 


Ig = [ze A *H3 + Se %ePdb! A «db! djxH* ; 


2K62 
=I 

+5 (eF, A #Fy + (RE + Fob!) A> (R? + Fob!) dix H®; 

+e? (In + Rib’ dy + } Fyb'b’ djs) A (Jy + RK b dt + 5 Fy b* b' dxz) 


-CRE A Ridis ~2F AJ) A Ba) l (A.13) 
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This expression can be brought into a SO(4,20)/SO(4) x SO(20) invariant form. 
As in Section 6, we group the U(1) field strengths into the 24-component vector 


Pa=[Fz, J, Rj)", (A.14) 


which allows us to rewrite the bosonic lagrangian as 


1 6 —¢ 2 l 2 1 
lę = sca fa XV —Ge (r+ (du) = z3 tava + g Mla MLðuML] 


1 


PA] 
toa fF (F: (LML) \ xFy — Fo’ NLP A B2) . (A.15) 
2K6 4 


The matrix L is given by 


—o' 0 
t= | 0 A ` (A.16) 


where g! = f r: The matrix M contains the 1 + 57 + 22 = 80 moduli of K3 with 


torsion, broken up in terms of e”, H’; and b! respectively: 


eP —teP(b'b’dij) eb! 
M= | —}eP(b'b'dy) e7? + bl b dix HK y + Le? (b'b/ dis)? —bK Hx — Seb! (bk b dx) 
ePb! —bK HS k — Leb! (b5 bdg) H! xd? + ePb! b? 
(A.17) 
In the last entry of M, d” is the inverse of dij. We verify that 
M’=M, MLM" =L. (A.18) 


This agrees with the bosonic action given in [81]. 
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Abstract 


Four-graviton scattering in eleven-dimensional supergravity is considered at one loop compactified on one, two and 
three-dimensional tori. The dependence on the toroidal geometry determines the known perturbative and non-perturbative 
terms in the corresponding processes in type Il superstring theories in ten, nine and eight dimensions. The ultra-violet 
divergence must be regularized so that it has a precisely determined finite value that is consistent both with T-duality in 
nine dimensions and with eleven-dimensional supersymmetry. © 1997 Elsevier Science B.V. 


1. Introduction 


The leading term in the M-theory effective action is 
the classical eleven-dimensional supergravity of [1]. 
Although terms of higher dimension must be strongly 
constrained by the large amount of supersymmetry 
they have not been systematically investigated. There 
is known to be an eleven-form, fC‘) A Xg (where Xg 
is an eight-form made out of the curvature R and C®? 
is the three-form potential), which is necessary for 
consistency with anomaly cancellation [2,3]. Eleven- 
dimensional supersymmetry relates this to a particu- 
lar R* term [4] as well as a host of other terms and 
might well determine the complete effective action. 
Furthermore, the effective action of the compactified 
theory depends nontrivially on moduli fields associ- 
ated with the geometry of the compact manifold. This 
dependence is very strongly restricted by consistency 
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with the duality symmetries of string theory in ten and 
lower dimensions. For example, the R* term in M- 
theory compactified on a two-torus must be consistent 
with the structure of perturbative and non-perturbative 
terms in nine-dimensional IIA and IIB superstrings 
[5]. This provides strong evidence that it has the form 
[4] 


2/9 
Ki 


Giese J PNET: Vrk, (t) 
where GQ) is the M-theory metric in the space trans- 
verse to the torus, Q = 9); + iM2 is the complex 
structure of the torus and V) is its volume in eleven- 
dimensional Planck units. The parameter «ıı has di- 
mensions [length]°/? in arbitrary units (and the vol- 
ume of the torus is given by (xi; )4/9Y, in these units). 
The notation tgtgR* (to be defined below) indicates 
the particular contraction of four Riemann tensors that 
arises from integration over fermionic zero modes at 
one loop in superstring theory [6] as well as from in- 
tegration over fermionic modes on a D-instanton [5]. 
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The function A has to be invariant under the action of 
the modular group, S/(2, Z), acting on © and in [5,4] 
various arguments were given for why it should have 
the form 


= -1/2 = 27? 
hQ, Q: V) = V FO) + Va. (2) 


The function f is a modular-invariant non-holomor- 
phic Eisenstein series which is uniquely specified by 
the fact that it is an eigenfunction of the Laplace op- 
erator on the fundamental domain of S/(2,Z) with 
eigenvalue 3/4, 


05 ndaf = 3 f (3) 


(ie. f = €(3)E3, where E, is a Maass waveform 
of eigenvalue s(s — 1) [7]). Significantly, this is the 
kind of Ward identity that the threshold corrections 
in lower-dimensional N = 2 theories satisfy [8] and 
it suggests a very stringent set of geometrical con- 
straints. The expansion of f for large Q2 has two 
power-behaved terms plus an infinite series of ex- 
ponentially decreasing terms. These have exactly the 
correct coefficients to be identified with the tree-level 
and one-loop terms, together with an infinite series of 
D-instanton contributions in type IIB superstring the- 
ory. This identification makes use of T-duality to re- 
late a multiply-charged D-instanton of type IIB with a 
multiply-wound world-line of a multiply-charged D- 
particle of type ITA. Indeed, semiclassical quantization 
around these D-instanton configurations may be car- 
ried out by functional integration around the D-particle 
background, as outlined in [4]. 

In this paper we will show how the sum of the per- 
turbative and D-instanton contributions to the tgtgR* 
term are efficiently encoded in M-theory in the ex- 
pression for the scattering of four gravitons at one 
loop in eleven-dimensional supergravity perturbation 
theory. The particles circulating around the loop are 
the 256 physical states that comprise the massless 
eleven-dimensional supergraviton. It may seem sur- 
prising that perturbation theory is of any significance 
since supergravity has terrible ultra-violet divergences 
in eleven dimensions. Furthermore, the absence of any 
scalar fields means that there is no small dimension- 
less coupling constant. However, there is strong rea- 
son to believe that the one-loop fgtgR* terms are pro- 
tected from receiving higher-loop contributions by an 


eleven-dimensional nonrenormalization theorem since 
they are related by supersymmetry to the C) A Xg 
term. Upon compactification to ten or fewer dimen- 
sions the Kaluza-Klein modes of the circulating fields 
are reinterpreted in terms of the windings of euclidean 
D-particle world-lines. The massive D-particles re- 
produce the D-instanton effects while the massless 
one (the massless ten-dimensional supergraviton) is 
equivalent to the perturbative one-loop string effects. 
The tgtg R* term obtained at tree level in string theory 
arises, somewhat miraculously, from windings of the 
D-particle world-lines in the eleventh dimension. 
The one-loop diagram can, in principle, be obtained 
using covariant Feynman rules by summing over the 
contributions of the component fields circulating in the 
loop the graviton, gravitino and thied-rank antisym- 
metric tensor fields. Alternatively, it can be expressed 
in terms of on-shell superfields. In that case the dy- 
namics is defined by superspace quantum mechanics 
with the massless superparticle action which reduces 
in a fixed parameterization of the world-line to [9], 


l} ; - moe 
Sparticle = p Jerca 7 iOT#O)(X” _ i@l’@), 
(4) 


where © is a 32 component SO(10,1) spinor, uw = 
I,---, 11 and the reparameterization constraint re- 
quires the action density to vanish on physical states. 
For present purposes it will be sufficient to limit con- 
sideration to processes in which the external states 
do not carry momentum in the eleventh dimension 
and which are also not polarized in that direction al- 
though these are not essential conditions. This loop 
amplitude can be calculated by making use of the 
light-cone description of the super-particle in which 
the vertex operator for a graviton has the form 


r r r}i vi l i r 
yi (gr! ) = £6 vk X _ apr YO; ) 


. ] . n, 

x OE ON Ok” e" x (5) 
where i, j-e = 3,---, H, {p is the graviton wave 
function with momentum KP (where (kK)? = O= 
KOHL), 0! is a SO(9) spinor in the light-cone 
gauge defined by TO = 0 and X* = p*r (where 
v+ = y! + V? with timelike V!). This vertex opera- 
tor is attached at a point 7‘? on the world-line and is 
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defined in a frame in which k+ = 0, ¿++ = 0. In 
a canonical treatment of this system the equations of 
motion determine that X! = pir +x! and 6° = S*/,/pt 
and the (anti)commutation relations are [p',x/] = 
—id'/, {S“,S”} = 8% (just as with the zero mode 
components of the corresponding relations in the ten- 
dimensional type IIA superstring theory). 

The loop amplitude reduced to (11 —n) dimensions 
by compactification on an n-dimensional torus, 7”, has 
the form 


AWD bis) l Tr d!!"p 
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where p = p' is the (11 — n)-dimensional loop mo. 
mentum transverse to the compact directions and GY 
(i, J = 1,-++n) is the metric on T” which has vol: 
ume V, = VdetG(. The kinematic factor, K, in the 
second line involves eight powers of the external mo- 
menta and follows from the trace over the components 
of S“. It may also be written as 


4 
K~ fan] (EE KOKOTE” P ATAT, n), 
(7) 


where y is a chiral SO(9, 1) Grassmann spinor. The 
overall normalization will be chosen so that K is the 
linearized approximation to 


teta R? m Hy, RUM RUM, (8) 
where the tensor fy’ “* was defined in [ 10]. The func- 


tion F is a simple function of the external momenta. 
Since we are interested here in the leading term in the 
low-energy limit (the tgtgR* term) we can set the mo- 
menta kf”? to zero in the integrand so that f J] dr? F 
is replaced by 7* giving 


(a) 
Ag’ = 


/2 = P E 
T Ef arn ee Hls (9) 
" 4 {4} 


Though this expression was obtained in a special frame 
we know that there is an (11 — n)-dimensional covari- 
ant extension (including the case n = 0) that would 
follow directly from the covariant Feynman rules and 
should be easy to check by an explicitly calculation 
using the component form of the supergravity field 
theory action. 

The expression for Ai” will contribute to the tgfg R* 
terms in the effective action for M-theory compacti- 
fied on 7”. In order to determine the dependence of 
the amplitude on the geometry of the torus on which 
it is compactified it will be important to express A{” 
in terms of the winding of the loop around 7”. This 
could be obtained directly from the definition of the 
loop amplitude as a functional integral or by perform- 
ing a Poisson summation on the n integers, /;, which 
amounts to inverting the metric in (9). The result is 


oo 
AM” = eR famn Se erred, (10) 
0 {ii} 


where #=77!. 

The ultraviolet divergence of eleven-dimensional 
supergravity comes from the zero winding number 
term, {/;} = 0, in the limit that the loop shrinks to a 
point (7 — oo). We will formally write this divergent 
term as the ill-defined expression, C = f d##!/?.4 
The fact that the one-loop supergravity amplitude is 
infinite is a signal that point-particle dynamics dlone 
cannot determine the short-distance physics of M- 
theory. A microscopic theory - such as Matrix theory 
[12] - should determine the correct finite value of C. 
This is somewhat analogous to the way in which diver- 
gent loop amplitudes in ten-dimensional super Yang- 
Mills are regularized by ten-dimensional string theory 
(for example, the F+ terms in the effective action of 
the heterotic and open string theories [13,14]). In- 
deed, we will soon see that consistency with the du- 
ality symmetries of string theory together with the as- 
sumption that the eleven-dimensional theory can be 
obtained as a limit of the lower-dimensional theories 


4The presence of a cubically divergent fgtgR* term in eleven- 
dimensional supergravity was first suggested in [11]. 
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determines the precise finite renormalized value for 
the constant, C, that is also consistent with eleven- 
dimensional supersymmetry. It is a challenge to Ma- 
trix theory to reproduce this number. 

In the following we will associate the integer Î, with 
the winding number of the loop around a compact di- 
mension of circumference Riz- (forr > 1). Ifa 
single direction is compactified on a circle of circum- 
ference R,; = V, the loop can be expressed as a sum 
over the winding number of the euclidean supergravi- 
ton world-line. 


oO 
Aye =CK+ ak fano Yo enrtiR 
7 0 h>o 


ae aD 


Rather strikingly, the finite R,,-dependent term gives 
a term in the effective ten-dimensional action that is 
precisely that obtained in [15,16] from the tree-level 
IIA string theory (here written in the M-theory frame). 
Although the regularized constant, C, is still undeter- 
mined, we will see later that it must be set equal to 
the coefficient of the one-loop tgtgR* term of the low 
energy effective action of string theory. The absence 
of any further perturbative or nonperturbative terms is 
in accord with the conjectures in [5,4]. 

Compactification on a torus (7 = 2) gives a richer 
structure. In this case the one-loop amplitude has the 
form 
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where the divergent zero winding term, Î=ħh=0 
has again been separated from the terms with non-zero 
winding. The function f in this expression is precisely 
the (finite) -dependent term in (2). In particular, in 
the limit V> — 0 M-theory should reduce to type HB 
superstring theory in ten dimensions [ 17,18] with the 


complex scalar field, p = C!° +ie~®", identified with 
N (where CO is the R & R scalar and œ’ is the IIB 
dilaton). More precisely, the correspondence between 
the parameters in M-theory and in IIB is, 


V = RioRi1 zeit Fh, 


R 
OQ, = a0 ee 


= 13 
Ri (13) 


{where rg is the radius of the tenth dimension ex- 
pressed in the IIB sigma-model frame). Using the fact 
that VG (V) tgtg Rt = \/g8rptgtgR* (where 
2°) denotes the determinant of the IIB sigma-model 
metric in d dimensions) we see that (12) leads, in the 
ten-dimensional IIB limit (rg — oc), to the expres- 
sion suggested in [5]. This has the property that, when 
expanded in perturbation theory (eo = N, — œ), 
it exactly reproduces both the tree-level and one-loop 
tgtgR* terms of the type IIB theory as well as an in- 
finite series of D-instanton terms [5,4]. Importantly, 
the divergent term in (12)is proportional to V} and 
does not contribute in the limit of relevance to ten- 
dimensional type ITB - thus the eleven-dimensional 
one-loop calculation reproduces the complete, finite, 
tgtg R4 effective action in the type IIB theory. 

As before, the coefficient of the tree-level term in 
the type ITB superstring perturbation theory is repro- 
duced by the configurations with i, = 0, in which the 
particle in the loop winds around the eleventh dimen- 
sion but not the tenth (obviously there is a symmetry 
under the interchange of these directions so we could 
equally well consider the terms with Îi = 0). In order 
to expand (12) systematically for large (12 it is nec- 
essary to undo the Poisson summation on Î, for the 
terms with Ê, + 0. These terms are then expressed as a 
sum of multiply-wound D-particle world-lines where 
the winding number is /, and the D-particle charge is 
the Kaluza-Klein charge, lı. In the limit Vz —> O the 
terms with /,; = 0 reproduce the one-loop tgtg R* term 
of ten-dimensional type IIB while the /; # 0 terms 
give the contribution of the sum of D-instantons. The 
precise contribution due to the world-line of a par- 
ticular wrapped massive D-particle (of mass lı and 
winding Ñ) to this instanton sum is identical to that 
obtained by considering semiclassical quantization of 
four-graviton scattering in this background. Super- 
symmetry causes all quantum corrections to vanish. 
The additional tact that the one-loop string theory re- 
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sult is equivalent to the sum of windings of a massless 
D-particle (the supergraviton) is notable [4]. From 
the point of view of the string calculation this term 
arises from wrapping the string world-sheet in a de- 
generate manner around a circle. 

We can now use the additional constraint of T- 
duality to pin down the precise value of C. This is de- 
termined by recalling that the one-loop terms in both 
the IIA and HB theories are invariant under inversion 
of the circumference, r4 «> r3.. This equates the co- 
efficients of the V) term and the ay” terms in 
(12), and the result is that the coefficient C must be 
set equal to the particular value, 


C= 3: (14) 

The fact that the modular function in (2) is a Maass 
wave form satisfying (3) is easily deduced from the 
integral representation, (12). Developing a geometri- 
cal understanding of the origin of this equation would 
be of interest. 

Upon compactifying on T? new issues arise. The 
full U-duality group is S1(3, Z) x SI(2, Z). The seven 
moduli consist of the six moduli associated with the 
three-torus and C Sn the component of the antisym- 
metric three-form on the torus. The latter couples to 
the euclidean three-volume of the M-theory two-brane 
which can wrap around T°. The perturbative eleven- 
dimensional one-loop expression can be expected to 
reproduce the effects of the Kaluza-Klein modes but 
not of the wrapped Membrane world-volume. How- 
ever, these wrapped Membrane effects will be deter- 
mined in the following by imposing U-duality and 
making use of the one-loop results for type II string 
theory compactified on T? [4]. We will write the com- 
plete four-graviton amplitude as 


WA? =r P KH, (15) 


where the scalar function H depends on the seven 
moduli fields, There are several distinct classes of 
terms that will make separate contributions to the com- 
plete function H = 50, Ay. 

The effects of the Kaluza-Klein modes are obtained 
from (10) with x = 3. In order to compare with string 
theory on T? we will choose Ri to be the special M- 
theory direction so that Ry, = e24°/3, where 4 is the 
HA dilaton (although the expression obviously has 


complete symmetry between all three compact direc- 
tions). The sums over windings will be divided into 
various groups of terms. Firstly, there is the term with 
zero winding in all directions which is again divergent 
but will be set equal to the regularised value given by 
C in (14), which implies 


T T 
H =>» = —h, 
=S (16) 
where 7 is the imaginary part of the Kahler structure 
of T?. The sum over Î ¥ 0 with | = i; = 0 once 
again leads to the correct tree-level string contribution 
proportional to (3), 
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The remaining sum is over all values of Îi, h and 
b excluding the i, = ħ = 0 terms. This is usefully 
reexpressed by converting the Îi sum to a sum over 
Kaluza~Klein modes by a Poisson resummation. The 
sum of these terms is 
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In this expression Gj, is the metric on T? in M-theory 
coordinates with the convention that i= 12 — u (i= 
1,2,3) and the components of the ITA string sigma- 
model metric on the two-torus are given by 


GG 
gh = Ru (a, - Seu). (19) 
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where 1, j = 2,3. The components of the R @ R one- 
form potentials in the directions of the two-torus in 
(18) are defined by 

Pees CFT 
AM =, (20) 

Gi 

The expression (18) depends on the R & R one-form, 
the complex structure of the two-torus, 


1 
U= za (eis t ivdets*) (21) 
22 


and the combination Tet", But it does not depend 
separately on the Kähler structure, 


T =B + iv/det gt = CQ +, (22) 


where V3 = Rọ RioR11. In the last step we have used the 
usual identification of the NS & NS two-form with the 
M-theory three-form, C®), and the fact that r4r4 = 
RyRioRi1, where rô is the circumference of the di- 
mension labelled i in the IIA sigma-model frame. 

The expression (18) contains perturbative and non- 
perturbative contributions to the tgtg R* term in the IIA 
effective action. The perturbative term is obtained by 
setting /; = 0. The resulting double sum over Îz and h 
is logarithmically divergent, just as in the analogous 
problem considered in [8]. This is a reflection of the 
fact that the one-loop diagram in eight-dimensional 
supergravity is logarithmically divergent. As in [8,4], 
this divergence may be regularized in a unique manner 
that is consistent with modular invariance by adding 
aterm, È = In(7U2/A*), giving 


U2 


ips hun = In(U2T2/A7) 


H; = 
chada) # (0,0) 
=~ [In(U2|(U)|*) + In(72)] , (23) 


where A? is adjusted to cancel the divergence coming 
from the sum. So we see that the piece of the pertur- 
bative string theory one-loop amplitude that depends 
on U is reproduced by configurations in which a mass- 
less particle propagating in the loop has a world-line 
that winds around the torus. This is the generalization 
of the way in which the IIB one-loop term was re- 
produced earlier by windings of a massless D-particle 
around a circle. 


The terms with /} # 0 in (18) consist of a sum of 
non-perturbative D-instanton contributions, 
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x Ki (arp ila + FU I|) ena shay, 
(24) 


where pî = rhet. Using the fact that Kı (z) = 
Vee 21+ 0( 1/z)) for large z we see that at weak 


TIA coupling, e~* —+ o, these terms are exponen- 
tially suppressed. The contribution of these instanton 
terms in the nine-dimensional case described earlier 
is obtained by letting rf —+ oo. In this case U —+ ioo 
and only the Î = 0 term in (24) survives. The double 
sum over /, and Î becomes the nine-dimensional D- 
instanton sum contained in (12) which was explicitly 
given in [4]. 

So far we have ignored the contributions to the 
tgtgR* term arising from configurations in which the 
world-volume of the M-theory Membrane is wrapped 
around T’. Such contributions are obviously not con- 
tained in the one-loop D = 11 supergravity amplitude. 
As with the contributions that came from circulating 
D-particles, the configurations that contribute to the 
tgtgR* term are described by the multiple windings of 
world-lines of nine-dimensional BPS states in ultra- 
short (256-dimensional) multiplets. Recall that these 
nine-dimensional states are winding states of funda- 
mental strings with no momentum or oscillator exci- 
tations which are configurations of the wrapped M- 
theory Membrane with no Kaluza-—Klein excitations. 
Such contributions are therefore labelled by two inte- 
gers and depend only on the volume of the three-torus, 
det G, and on C“) but are independent of the other 
five components of the metric (i.e., they depend only 
on T and T). These configurations of the IA string 
world-sheet are just those that enter the functional in- 
tegral for the tgtgR* term at one loop in string pertur- 
bation theory. Indeed, as explained in [4] (and in an 
analogous problem in [13,14]), the piece of the one- 
loop string amplitude that depends on T and T is given 
by a sum over non-degenerate wrapped world-sheets 
and contributes 
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where m,n are the integers that label the windings 
of the world-sheet. The sum of Hı, H3 and Hs re- 
produces the full one-loop perturbative string theory 
result. Applying T-duality in one of the toroidal di- 
rections transforms this into the one-loop term of the 
HB theory. The complete non-perturbative structure 
of the ten-dimensional tgtg R? terms of the IIB theory 
can then be recovered using the series of dualities de- 
scribed in [4]. 

The total contribution to the tgfgR* terms in the 
eight-dimensional effective action is given (in ITA 
string coordinates) by 


Sp ~ | d xr/gA®) Ard H tgtgRt, (26) 


where H = ee H; and we have ignored an overall 
constant. This expression is invariant under the requi- 
site S1(3, Z) @SI(2, Z) U- duality symmetry. The par- 
ticle winding numbers (hy, h, f;) transform as a 3 of 
SI(3, Z) while the windings of the Membrane (m, n) 
transform as a 2 of S/(2,Z). The decoupling of the 
two factors in the U-duality group arises from the fact 
that the ultra-short BPS states in nine dimensions do 
not contain both a wrapped Membrane and Kaluza— 
Klein charges. Compactification on 7% to seven dimen- 
sions is more complicated since the U-duality group 
is SI(5, Z), which is not a product of two factors. The 
tgtg R? terms in this case depends on the BPS spectrum 
in cight dimensions, which was discussed in [19]. 
In this paper we have studied properties of the 
one-loop amplitude in eleven-dimensional super- 
gravity compactified on tori to lower dimensions. 
Upon compactifying to nine dimensions on 7? this 
amplitude reproduces the complete perturbative and 
non-perturbative tgtgR‘ terms in the effective actions 
for the corresponding string theories if the ulta-violet 
divergence is chosen to have a particular finite regu- 
larized value (a value that can presumably be derived 
from Matrix Theory). This value is also in agree- 
ment with that obtained by supersymmetry which 
relates it to the C®) A Xg term [4]. In the limit in 
which the two-torus has zero volume, Vz — 0, the 
regularized term does not contribute and the com- 


plete tgtgR* term of the ten-dimensional IIB theory 
is reproduced precisely by the one-loop supergravity 
calculation. It is noteworthy that the tgtgR* terms in 
the IIB theory only get string-theory perturbative con- 
tributions at tree-level and one loop, in addition to the 
non-perturbative D-instanton contributions. This is 
tantalizingly similar to the structure of the F? terms in 
N = 2 super Yang-Mills theory in D = 4 dimensions. 

Upon compactification to eight dimensions on T? 
the one-loop eleven-dimensional supergravity ampli- 
tude reproduces the $/(3, Z)-symmetric piece of the 
tgtgR* term that is associated with Kaluza-Klein in- 
stantons. The remaining piece that arises from the 
wrapped Membrane is uniquely determined by con- 
sistency with the T-duality that relates the IIA and 
IIB theories, together with one-loop string perturba- 
tion theory. We have not addressed the new issues that 
arise in compactification on manifolds of non-trivial 
holonomy or compactification to lower dimensions. 
For example, compactification on T® requires consid- 
erations of the wrapped world-volume of the M-theory 
five-brane. 

In addition to the R4 terms considered here there are 
many other terms of the same dimension involving the 
other fields of ten-dimensional string theory and M- 
theory. In the language of type IIB supergravity some 
of these terms conserve the R-symmetry charge (as 
with the Rê term) while some of them violate it in a 
manner consistent with the instanton effects (such as 
the A!® term described in [5]). 

Since there is no scalar field there is no possibil- 
ity of a well-defined perturbation expansion in pow- 
ers of a small coupling constant in cleven-dimensional 
supergravity. Fortuitously, the relation of the tgtgR* 
term to the eleven-form, C™ A Xg, via supersymme- 
try, implies that the one-loop expression is exact with 
no corrections from higher-loop diagrams (sin e 
normalization of the cleven-form is fixed by ano 
cancellation). This adds to the ever-increasing boa 
evidence that the constraints of maximal supergray 
are profoundly restrictive. 
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Abstract 


We relate Type IIB superstrings compactified to six dimensions on K3 to an eleven-dimensional 
theory compactified on (S!)*/Z2. Eleven-dimensional five-branes enter the story in an interesting 
way. 


1. Introduction 


By now, there is substantial evidence for the existence of an eleven-dimensional 
quantum theory with eleven-dimensional supergravity as its long wave-length limit. 
Moreover, the theory contains two-branes and five-branes at least macroscopically, and 
some of their properties are known; for instance, the x-invariant Bergshoeff-Sezgin- 
Townsend action [1] describes the long wavelength excitations of a macroscopic two- 
brane. 

The description by eleven-dimensional supergravity with two-branes and five-branes is 
expected to be valid when all characteristic length scales (of a space-time and the branes 
that it contains) are large compared to the Planck length. One also has some information 
about the behavior under certain conditions when some dimensions of space-time are 
small compared to the Planck scale. For instance, the eleven-dimensional ““M-theory” 
(where M stands for magic, mystery, or membrane, according to taste) on X x S!, with 
X any ten-manifold, is equivalent to Type IIA on X, with a Type HA string coupling 
constant that becomes small when the radius of S! goes to zero. Likewise, the M-theory 
on Y x K3, with Y a seven-manifold, is equivalent to the heterotic string on Y x T°, 
and the M-theory on X x S!/Zz, with X a ten-manifold, is equivalent to the Eg x Eg 
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heterotic string on X; in each case, the string coupling constant becomes small when 
the volume of the last factor goes to zero. 

The evidence for the existence of the M-theory (beyond the consistency of the 
classical low energy theory) comes mainly from the success of statements deduced 
from the relations of the M-theory to strings. Even a few more similar examples might 
therefore significantly enrich the story. The purpose of the present paper is to add one 
more such example, by arguing that the M-theory on Z x (S!)>/Zz is equivalent to the 
Type HB superstring on Z x K3. Here Z is an arbitrary six-manifold, but as usual in 
such arguments, by scaling up the metric of Z, one can reduce to the case that Z = R6, 
In fact, once an equivalence is established between the M-theory on Z x (S! ys [Z2 and 
Type IIB on Z x K3 when Z is large, it can be followed into the region of small Z. 

The equivalence of the M-theory on RÉ x (S!')5/Z with Type IIB on RÉ x K3 was 
also conjectured recently by Dasgupta and Mukhi [2] who independently pointed out 
a problem - involving anomaly cancellation and the distribution of the twisted sectors 
among fixed points - that will be addressed below. Some general comments about 
Type IIB on K3 as an M-theory orbifold were also made recently by Hull [3]. 


2. The low energy supergravity 


Compactification of the Type IB superstring on K3 gives a six-dimensional theory 
with a chiral supersymmetry which (upon toroidal compactification to four dimensions) 
is related to N = 4 supersymmetry in D = 4. We will call this six-dimensional chiral 
N = 4 supersymmetry (though the number of supercharges is only twice the minimum 
possible number in D = 6). 

The supergravity multiplet of chiral N = 4 supergravity contains, in addition to the 
graviton, five self-dual tensors (that is two-forms with self-dual field strength) plus 
gravitinos. The graviton in six dimensions has nine helicity states, while the self-dual 
tensor has three, so the total number of bosonic helicity states is 9 + 5-3 = 24; the 
gravitinos likewise have 24 helicity states. The supergravity multiplet has gravitational 
anomalies (which cannot be canceled by the Green-Schwarz mechanism alone), so any 
consistent theory with chiral N = 4 supergravity in six dimensions must contain matter 
multiplets also. 

There is actually only one possible matter multiplet in chiral N = 4 supersymmetry. 
It is the tensor multiplet, which contains five spin zero bosons, an anti-self-dual anti- 
symmetric tensor (that is a two-form field whose field strength is anti-self-dual) with 
three helicity states, and 5 + 3 = 8 helicity states of chiral fermions. Cancellation of 
gravitational anomalies requires that the number of tensor multiplets be precisely 21. 

Using only the low energy supergravity, one can deduce (for a survey of such 
matters see [4]) that the moduli space M of vacua is locally the homogeneous 
space SO(21,5)/SO(21) x SO(S). In the particular case of a chiral N = 4 the- 
ory obtained by compactification of Type IIB on K3, the global structure is actu- 
ally (as asserted in Eq. (4.16) of [5]; see [6] for a more precise justification) 
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M = SO(21,5;Z)\SO(21,5)/SO(21) x SO(5). This depends on knowledge of con- 
formal field theory T-duality on K3 [7] together with the SL(2,Z) symmetry of ten- 
dimensional Type IIB superstring theory. 

Note that since there is no scalar in the chiral N = 4 supergravity multiplet, the 
dilaton is one of the 5 x 21 = 105 scalars that come from the tensor multiplets. The 
SO(21,5; Z) discrete symmetry mixes up the dilaton with the other 104 scalars, relating 
some but not all of the “strong coupling” regimes to regions of weak coupling or large 
volume. 


2.1. Five-branes and the tensor multiplet anomaly 


We will need some background about five-branes and gravitational anomalies. 

We want to consider a certain model of global chiral N = 4 supergravity with the 
tensor multiplet. To do this, we begin in eleven-dimensional Minkowski space, with 
coordinates x',...,x!! (x! being the time), and gamma matrices F'!,...,I°!! which 
obey 


TI... T" =1. (2.1) 
Now we introduce a five-brane with world-volume given by the equations 
x=... =x 0. (2.2) 


The presence of this five-brane breaks half of the 32 space-time supersymmetries. The 
16 surviving supersymmetries are those that obey 7”... T"! = 1, or equivalently, in 
view of (2.1), T?...T = 1. Thus, the surviving supersymmetries are chiral in the 
six-dimensional sense; the world-volume theory of the five-brane has chiral N = 4 
supersymmetry. This is global supersymmetry since — as the graviton propagates in bulk 
~ there is no massless graviton on the five-brane world-volume. 

Therefore, the massless world-volume fields must make up a certain number of tensor 
multiplets, this being the only matter multiplet allowed by chiral N = 4 supergravity. 
In fact, there is precisely one tensor multiplet. The five massless scalars are simply 
the fluctuations in x’,...,x!!; the massless world-volume fermions are the Goldstone 
fermions associated with the supersymmetries under which the five-brane is not invariant; 
and the anti-self-dual tensor has an origin that was described semiclassically in [8]. 
The assertion that the massless world-volume excitations of the five-brane consist of 
precisely one tensor multiplet can also be checked by compactifying the x!! direction 
on a circle, and comparing to the structure of a Dirichlet four-brane of Type IIA [9]. 
(In compactifying the M-theory to Type IIA, the five-brane wrapped around x"! turns 
into a four-brane; the tensor multiplet of 5+ 1 dimensions reduces to a vector multiplet 
in 4+ 1 dimensions, which is the massless world-volume structure of the Dirichlet 
four-brane. ) 

Now we want to allow fluctuations in the position of the five-brane and compute the 
quantum behavior at long wavelengths. At once we run into the fact that the tensor 
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multiplet on the five-brane world-volume has a gravitational anomaly. Without picking 
a coordinate system on the five-brane world-volume, how can one cancel the anomaly 
in the one loop effective action of the massless world-volume fields (even at very long 
wavelengths where the one loop calculation is valid)? 

This question was first discussed by Duff, Liu, and Minasian [10]; what follows is a 
sort of dual version of their resolution of the problem.? The tensor multiplet anomaly 
cannot be cancelled, as one might have hoped, by a world-volume Green-Schwarz 
mechanism. Instead one has to cancel a world-volume effect against a bulk contribution 
from the eleven-dimensional world, rather as in [11]. 

This theory has in the long-wavelength description a four-form F that is closed in the 
absence of five-branes, but which in the presence of five-branes obeys 


dF = by (2.3) 


where dy is a delta-function supported on the five-form world-volume V. There is here a 
key point in the terminology: given a codimension n submanifold W of space-time, the 
symbol ôw will denote not really a delta “function” but a closed n-form supported on W 
which integrates to one in the directions normal to W. For instance, in one dimension, 
if P is the origin on the x-axis, then 6p = 6(x) dx where ô(x) is the “Dirac delta 
function” and 6(x) dx is, therefore, a closed one-form that vanishes away from the 
origin and whose integral over the x-axis (that is, the directions normal to P) is 1. With 
ôy thus understood as a closed five-form in the five-brane case, (2.3) is compatible with 
the Bianchi identity d(dF) = 0 and is, in fact, sometimes taken as a defining property 
of the five-brane as it asserts that the five-brane couples magnetically to F. 

Now suppose that in the low energy expansion of the effective eleven-dimensional 
theory on a space-time M there is a term 


AL = J FAh (2.4) 
M 


where l7 is a gravitational Chern-Simons seven-form. Exactly which Chern-Simons 
seven-form it should be will soon become clear. Under an infinitesimal diffeomorphism 
x! — x! + ev! (e being an infinitesimal parameter and v a vector field), J; does not 
transform as a tensor, but rather 77 —> 7 + dJs, where Je is a certain six-form (which 


depends upon v). The transformation of AL under a diffeomorphism is therefore 


AL AL+ | PAdig=at— [dF Ad. (2.5) 


Thus, AL is generally covariant in the absence of five-branes, but in the presence of a 
five-brane, according to (2.3), one gets 


?In the very similar case of ten-dimensional Type IIA five-branes, the dual version was worked out in 
unpublished work by J. Blum and J.A. Harvey. 
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AL > AL — [iv (2.6) 
v 


But gravitational anomalies in n dimensions involve precisely expressions J J, where 
J, is as above (that is, J, appears in the transformation law of a Chern-Simons n + 1- 
form Ina. by In41 — In41 + dJa; see [12] for an introduction to such matters.) Thus 
with the correct choice of /7, the anomaly of AL in the presence of a five-brane precisely 
cancels the world-volume anomaly of the tensor multiplet. This'is thus a case in which 
an interaction in the bulk is needed to cancel on anomaly on the world-volume. Moreover 
(as explained in a dual language in [10]), the presence in eleven dimensions of the 
interaction AL can be checked by noting that upon compactification on a circle, this 
interaction reduces to the H A J; term found in [13] for Type ITA superstrings; here H 
is the usual three-form field strength of the Type ITA theory. 

What has been said to this point is sufficient for our purposes. However, I cannot resist 
a further comment that involves somewhat similar ideas. The seven-form F’ dual to F 
does not obey dF’ = 0 even in the absence of five-branes; from the eleven-dimensional 
supergravity one finds instead 


dF'+ FAF =O. (2.7) 


One may ask how this is compatible with the Bianchi identity d(dF’) = 0 once - in the 
presence of five-branes - one encounters a situation with dF #0. The answer involves 
the anti-self-dual three-form field strength T on the five-brane world-volume. According 
to Eq. (3.3) of [14], this field obeys not - as one might expect - dT = 0, but rather 
aT = F. If then in the presence of a five-brane, (2.7) becomes 


dF’ + 3FAF-TAby=0, (2.8) 


then the Bianchi identity still works even in the presence of the five-brane. The T A dy 
term in fact follows from the coupling in Eq. (3.3) of [14], which gives a five-brane 
contribution to the equation of motion of the three-form A. Thus, we get a new derivation 
of the relevant coupling and in particular of the fact that dT = F. 


3. Type IIB on K3 


We now come to the main focus of this paper. One would like to understand the 
“strong coupling behavior” of the Type IIB theory compactified on K3, or more precisely, 
the behavior as one goes to infinity in the moduli space M of vacua. As explained above, 
this theory has a SO(21,5;Z) discrete symmetry, which gives many identifications of 
strong coupling or small volume with weak coupling or large volume, but there remain 
(as in, [5], Section 3, or [6]) inequivalent limits in which one can go to infinity in 
M. 
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Any limit can be reached by starting at a given point P € M and then considering 
the one-parameter family of vacua P, = e'*P where x is a generator of SO(21,5) and 
t is a positive real number. As t — 00, one approaches infinity in M in a direction 
that depends upon x. In any such limit, by looking at the lightest states, one aims to 
find a description by an effective ten-dimensional string theory or eleven-dimensional 
field theory. The duality group visible (though mostly spontaneously broken, depending 
on the precise choice of P) in this effective theory will include the subgroup I” of 
SO(21,5;Z) that commutes with x (and so preserves the particular direction in which 
one has gone to infinity). 

As in [5,6], one really only needs to consider x’s that lead to a maximal set of light 
states, and because of the discrete SO(21,5;Z), there are only finitely many cases to 
consider. We will focus here on the one limit that seems to be related most directly to 
the M-theory. 

Consider a subgroup SO(16) x SO(5,5) of SO(21,5). Let x be a generator of 
SO(5,5) that commutes with an SL(5) subgroup. Then the subgroup of SO(21,5; Z) 
that commutes with x - and so is visible if one goes to infinity in the direction determined 
by x - contains SO(16) x SL(5,Z). 

Since it will play a role later, let us discuss just how SL(5,Z) can be observed as a 
symmetry at infinity. Instead of making mathematical arguments, we will discuss another 
(not unrelated, as we will see) physical problem with SO(21,5;Z) symmetry, namely 
the compactification on a five-torus of the SO(32) heterotic string to five dimensions, 
with SO(21,5; Z) as the T-duality group. The region at infinity in moduli space in which 
there is a visible SL(5,Z) symmetry is simply the large volume limit, with the torus 
large in all directions. In what sense can SL(5,Z) be “observed”? It is spontaneously 
broken (to a finite subgroup, generically trivial) by the choice of a metric on the five- 
torus, but, if one is free to move around in the moduli space of large volume metrics 
(remaining at infinity in M) one can see that there is a spontaneously broken SL(5, Z). 

Now, actually, the relevant region at infinity in moduli space is parametrized by a large 
metric on the torus, a B-field, and a flat SO(32) bundle described by five commuting 
Wilson lines W;. (For the moment we take the flat bundle to be topologically trivial, 
a point we return to in Subsection 3.4.) If one is free to vary all of these, one can 
certainly observe the full SL(S, Z). Suppose, though, that in some method of calculation, 
the Wilson lines are frozen at particular values, and one can only vary the metric and 
B-field. Then one will only observe the subgroup of SL(5, Z) that leaves the Wilson 
lines invariant. 

For instance, if the Wilson lines are trivial —- a rather special situation with unbroken 
SO(32) - one will see all of SL(5, Z). Here is another case that will enter below though 
it will appear mysterious at the moment. As the W; commute, they can be simultaneously 
diagonalized, with eigenvalues Aj, a = 1,...,32. Suppose that the Aj are all +1, and 
have the property that for each fixed a, [] jap zc. There are 16 collections of five 
+1’s whose product is —1 (namely 1, 1,1,1,—1 and four permutations of that sequence; 
1,1,—1,—1, —1 and nine permutations of that sequence; and —1,—1,—1,—1, —1). Let 
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the Aj be such that each such permutation appears exactly twice. This breaks SL(5, Z) 
to the finite index subgroup I" consisting of SL(5,Z) matrices M'g, j,k =1,...,5 such 
that $- j M/, is odd for each fixed k. If the Wilson lines are frozen at the stated values, 
it is only I and not all of SL(5,Z) that can be observed by varying the metric and 
B-field. 


3.1. Interpretation of the symmetry 


Let us go back to the Type IIB theory on K3 and the attempt to interpret the strong 
coupling limit that was described, the one with a visible SL(S,Z). As in the example 
just discussed, the SL(5, Z) symmetry is strongly suggestive of the mapping class group 
of a five-torus. Thus, one is inclined to relate this particular limit of Type IIB on K3 to 
the M-theory on RÉ times a five-manifold built from (S')>. This cannot be (S')° itself, 
because the M-theory on R® x (S!)° would have twice as much supersymmetry as we 
want. One is tempted instead to take an orbifold of (S')> in such a way as to break 
half of the supersymmetry while preserving the SL(5, Z). 

A natural way to break half the supersymmetries by orbifolding is to divide by a 
Zz that acts as —1 on all five circles. This is actually the only choice that breaks 
half the supersymmetry and gives a chiral N = 4 supersymmetry in six dimensions. In 
fact, dividing by this Z, leaves precisely those supersymmetries whose generators obey 
T’T8...T!'e = e. This condition was encountered in the discussion of the five-brane, 
and leaves the desired chiral supersymmetry. So M-theory compactified on (S!)°/Zz is 
our candidate for an eleven-dimensional interpretation of Type ITB superstrings on K3. 

More precisely, the proposal is that M-theory on (S')>/Z, has the property that when 
any S! factor in (S')*/Z2 goes to zero radius, the M-theory on this manifold goes over 
to a weakly coupled Type IIB superstring. This assertion should hold not just for one 
of the five circles in the definition of (S!)>/Z2, but for any of infinitely many circles 
obtained from these by a suitable symmetry transformation. 


3.2. Anomalies 


Let us work out the massless states of the theory, first (as in [15]) the “untwisted 
states,” that is the states that come directly from massless eleven-dimensional fields, and 
then the “twisted states,” that is, the states that in a macroscopic description appear to 
be supported at the classical singularities of (S!)>/Zo. 

The spectrum of untwisted states can be analyzed quickly by looking at antisymmetric 
tensors. The three-form A of the eleven-dimensional theory is odd under parity (because 
of the A A FAF supergravity interaction). Since the Zz by which we are dividing (S!)5 
reverses orientation, A is odd under this transformation. The zero modes of A on (S!)° 
therefore give, after the Z2 projection, five two-forms (and ten scalars, but no vectors or 
three-forms) on R®°. The self-dual parts of these tensors are the expected five self-dual 
tensors of the supergravity multiplet, and the anti-self-dual parts are part of five tensor 
multiplets. The number of tensor multiplets from the untwisted sector is therefore five. 
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Just as in [15], the untwisted spectrum is anomalous; there are five tensor multiplets, 
while 21 would be needed to cancel the gravitational anomalies. 16 additional tensor 
multiplets are needed from twisted sectors. 

The problem, as independently raised in [2], is that there appear to be 32 identical 
twisted sectors, coming from the 32 fixed points of the Z} action on (S!)5. How can 
one get 16 tensor multiplets from 32 fixed points? We will have to abandon the idea of 
finding a vacuum in which all fixed points enter symmetrically. 

Even so, there seems to be a paradox. As explained in [15], since the eleven- 
dimensional theory has no gravitational anomaly on a smooth manifold, the gravitational 
anomaly of the eleven-dimensional massless fields on an orbifold is a sum of delta 
functions supported at the fixed points. In the case at hand, the anomaly can be canceled 
by 16 tensor multiplets (plus a Green-Schwarz mechanism), but there are 32 fixed points. 
Thus, each fixed point has an anomaly, coming from the massless eleven-dimensional 
fields, that could be canceled by 16/32 = 1/2 tensor multiplets.” The paradox is that 
it is not enough to globally cancel the gravitational anomaly by adding sixteen tensor 
multiplets. One needs to cancel the anomaly locally in the eleven-dimensional world, 
somehow modifying the theory to add at each fixed point half the anomaly of a tensor 
multiplet. How can this be, given that the tensor multiplet is the only matter multiplet 
of chiral N = 4 supersymmetry, so that any matter system at a fixed point would be a 
(positive) integral number of tensor multiplets? 


3.3. Resolution of the paradox 


To resolve this paradox, the key point is that because the fixed points in (s')5 [22 
have codimension five, just like the codimension of a five-brane world-volume, there 
is another way to cancel anomalies apart from including massless fields on the world- 
volume. We can assume that the fixed points are magnetic sources of the four-form F. 
In other words, we suppose that (even in the absence of conventional five-branes) dF 
is a sum of delta functions supported at the orbifold fixed points. If so, then the bulk 
interaction AL = f F A Jy that was discussed earlier will give additional contributions to 
the anomalies supported on the fixed points. 

Since a magnetic coupling of F to the five-brane cancels the anomaly of a tensor 
multiplet, if an orbifold fixed point has “magnetic charge” —1/2, this will cancel the 
anomaly from the eleven-dimensional massless fields (which otherwise could be can- 
celed by 1/2 a tensor multiplet). If an orbifold fixed point has magnetic charge +1/2, 
this doubles the anomaly, so that it can be canceled if there is in addition a “twisted 
sector” tensor multiplet supported at that fixed point. Note that it is natural that a Z2 
orbifold point could have magnetic charge that is half-integral in units of the usual 
quantum of charge. 


? The eleven-dimensional massless fields by obvious symmetries contribute the same anomaly at each fixed 
point. 
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A constraint comes from the fact that the sum of the magnetic charges must vanish 
on the compact space (S')>/Z2. Another constraint comes from the fact that if we 
want to maintain supersymmetry, the charge for any fixed point cannot be less than 
—1/2. Indeed, a fixed point of charge less than —1/2 would have an anomaly that 
could not be canceled by tensor multiplets; a negative number of tensor multiplets or a 
positive number of wrong chirality tensor multiplets (violating supersymmetry) would 
be required. An example of how to satisfy these constraints and ensure local cancellation 
of anomalies is to assign charge —1/2 to 16 of the fixed points, and charge +1/2 to the 
other 16. With one tensor multiplet supported at each of the last 16 fixed points, such a 
configuration has all anomalies locally cancelled in the eleven-dimensional sense. 

Here is another way to cancel the anomalies locally. Assign magnetic charge —1/2 to 
each of the 32 fixed points, but include at each of 16 points on (S')5/Z, a conventional 
five-brane, of charge 1. The total magnetic charge vanishes (as 32(—1/2) +16 = 0) and 
since both a fixed point of charge —1/2 and a conventional five-brane are anomaly-free, 
all anomalies are cancelled locally. Each five-brane supports one tensor multiplet; the 
scalars in the tensor multiplets determine the positions of the five-branes on (S! )$/Z2. 

I would like to suggest that this last anomaly-canceling mechanism is the general one, 
and that the case that the magnetic charge is all supported on the fixed points is just a 
special case in which the five-branes and fixed points coincide. In fact, if a five-brane 
happens to move around and meet a fixed point, the charge of that fixed point increases 
by 1. This gives a very natural interpretation of the “twisted sector” modes of a fixed 
point of charge 1/2. Such a fixed point supports a tensor multiplet, which contains five 
scalars; we interpret the scalars as representing a possible perturbation in the five-brane 
position away from the fixed point. 

If we accept this interpretation, there is no issue of what is the “right” configuration 
of charges for the fixed points; any configuration obeying the constraints (total charge 
0 and charge at least —1/2 for each fixed point) appears somewhere on the moduli 
space. The only issue is what configuration of charges has the most transparent relation 
to string theory. 

Let us parametrize the five circles in (S')° by periodic variables x/, j = 7,..., 11, 
of period 1, with Z acting by x/ — --x/ so that the fixed points have all coordinates 
0 or 1/2. We take SL(5,Z) to act linearly, by x? —> M/,x*, with M/, an SL(5,Z) 
matrix. Thus SL(5,Z) leaves invariant one fixed point P, the “origin” x/ = 0, and 
acts transitively on the other 31. The only SL(5, Z)-invariant configuration of charges 
obeying the constraints is to assign magnetic charge +31/2 to P and —1/2 to each 
of the others. Then each of the 16 tensor multiplets would be supported at the origin. 
This configuration cancels the anomalies and is SL(5,Z) invariant. However, it does 
not seem to be the configuration with the closest relation to string theory. 

To see this, consider the limit in which one of the circles in (S!)> becomes small. To 
an observer who does not detect this circle, one is then left with (S! )4/Zo, which is a 
K3 orbifold. Our hypothesis about M-theory on (S! )*/Z2 says that this theory should 
go over to weakly coupled Type IIB on K3 when any circle shrinks. In (S!')4/Zo, there 
are 16 fixed points; in quantization of Type IIB superstrings on this orbifold, one tensor 
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multiplet comes from each of the 16 fixed points. 

In M-theory on (S!)>/Zp, there are 32 fixed points. When one of the circles is small, 
then ~ to an observer who does not resolve that circle - the 32 fixed points appear to 
coalesce pairwise to the 16 fixed points of the string theory on (S!')4/Z». To reproduce 
the string theory answer that one tensor multiplet comes from each singularity, we want 
to arrange the charges on (S!)>/Z, in such a way that each pair of fixed points differing 
only in the values of one of the coordinates contributes one tensor multiplet. 

This can be done by arranging the charges in the following “checkerboard” config- 
uration. If a fixed point has )),x/ integral, we give it charge —1/2. If 5°, x/ is a 
half-integer, we give it charge +1/2. Then any two fixed points differing only by the 
value of the x/ coordinate - for any given j - have equal and opposite charge, and 
contribute a total of one tensor multiplet. 

Moreover, the four-form field strength F of the M-theory reduces in ten dimensions 
to a three-form field strength H. This vanishes for string theory on K3, so one can ask 
how the string theory can be a limit of an eleven-dimensional theory in a vacuum with 
non-zero F. If we arrange the charges in the checkerboard fashion, this puzzle has a 
natural answer. In the limit in which the jth circle shrinks to zero, equal and opposite 
charges are superposed and cancel, so the resulting ten-dimensional theory has zero H. 

The checkerboard configuration is not invariant under all of SL(5, Z), but only under 
the finite index subgroup J” introduced just prior to Subsection 3.1 (the subgroup 
consisting of matrices M/, such that 5 j Mix is odd for each k). Thus the reduction to 
ten-dimensional string theory can work not only if one shrinks one of the five circles in 
the definition of (S')>/Z», but also if one shrinks any of the (infinitely many) circles 
obtainable from these by a J” transformation. 

Just as in the discussion in which I was introduced, in the checkerboard vacuum, one 
cannot see the full SL(5, Z) if the only parameters one is free to vary are the metric and 
three-form A on (S!)>/Z2. An SL(5, Z) transformation w not in I is a symmetry only 
if combined with a motion of the other moduli ~ in fact a motion of some five-branes 
to compensate for the action of w on the charges of fixed points. 


3.4. Check by comparison to other dualities 


In the study of string theory dualities, once a conjecture is formulated that runs into no 
immediate contradiction, one of the main ways to test it is to try to see what implications 
it has when combined with other, better established dualities. 

In the case at hand, we will (as was done independently by Dasgupta and Mukhi 
{2]) mainly compare our hypothesis about M-theory on (S')5/Z2 to the assertion that 
M-theory on X x S! is equivalent, for any five-manifold X, to Type IIA on X. 

To combine the two assertions in an interesting way, we consider M-theory on R$ x 
S! x (S')°/Z2. On the one hand, because of the S! factor, this should be equivalent to 
Type IIA on R5 x (S!')>/Z>, and on the other hand, because of the (S!')>/Z, factor, it 
should be equivalent to Type IIB on R® x S! x K3. 
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It is easy to see that, at least in general terms, we land on our feet. Type IIB on 
R5 x S! x K3 is equivalent by T-duality to Type ITA on R5 x S! x K3, and the latter is 
equivalent by Type IIA - heterotic duality to the heterotic string on R°xS! xT* = R°xT°, 
and thence by heterotic - Type I duality to Type I on R5 x T°. 

On the other hand, Type IIA on R x (S!)5/Z3 is an orientifold which is equivalent 
by 7-duality to Type I on R> x T° [16,17]. 

So the prediction from our hypothesis about M-theory on (S!)°/Z, — that Type HA 
on (S! )5/Z2 should be equivalent to Type IIB on S! x K3 - is correct. This is a powerful 
test. 


Components of the moduli space 

What remains to be said? The strangest part of our discussion about M-theory on 
(S!)5/Z2 was the absence of a vacuum with symmetry among the fixed points. We 
would like to find a counterpart of this at the string theory level, for Type IIA on 
(S!)>/Zp. 

The Type IA orientifold on (S')5/Z2 needs - to cancel anomalies - 32 D-branes 
located at 32 points in (S')5; moreover, this configuration of 32 points must be invariant 
under Z». It is perfectly possible to place one D-brane at each of the 32 fixed points, 
maintaining the symmetry between them. Does this not contradict what we found in 
eleven dimensions? 

The resolution of this puzzle starts by observing that the D-branes that are not at 
fixed points are paired by the Z2. So as the D-branes move around in a Z,-invariant 
fashion, the number of D-branes at each fixed point is conserved modulo two (if a D- 
brane approaches a fixed point, its mirror image does also). Thus, there is a Z2-valued 
invariant associated with each fixed point; allowing for the fact that the total number of 
D-branes is even, there are 31 independent Z2’s. 

What does this correspond to on the Type I side? A configuration of 32 D-branes on 
(S!)5/Z» is T-dual to a Type I theory compactified on (S!)° with a flat SO(32) bundle. 
However, the moduli space of flat SO(32) connections on the five-torus is not connected 
~ there are many components. One component contains the trivial connection and leads 
when one considers the deformations to the familiar Narain moduli space of the heterotic 
string on the five-torus. This actually corresponds to a D-brane configuration with an 
even number of D-branes at each fixed point. The Wilson lines W; can be simultaneously 
block-diagonalized, with 16 two-by-two blocks. The ath block in W; is 


( COS Oja sin ja ) ) (3.1) 
— sin Âja COS Oja 

with fja, j = 1,...,5 being angular variables that determine the position on (S')> of 
the ath D-brane (which also has an image whose coordinates are ~-0),.). 

There are many other components of the moduli space of flat connections on the 
five-torus, corresponding to the 32 Z2’s noted above. Another component ~- in a sense 
at the opposite extreme from the component that contains the trivial connection - 
is the following. Consider a flat connection with the properties that the W; can all 
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be simultaneously diagonalized, with eigenvalues A;a = +1, a = 1,...,32. Since the 
positions of the D-branes are the phases of the eigenvalues of the Wj, this corresponds 
to a situation in which all D-branes are at fixed points. Pick the A; such that each of 
the 32 possible sequences of five +1’s arises as Ajq for some value of a. Then there 
is precisely one D-brane at each of the 32 fixed points. This flat bundle - call it F 
- cannot be deformed as a flat bundle to the flat bundle with trivial connection; that 
is clear from the fact that the number of D-branes at fixed points is odd. Therefore, 
F does not appear on the usual Narain moduli space of toroidal compactification of 
the heterotic string to five dimensions. However, it can be shown that the bundle F is 
topologically trivial so that the flat connection on it can be deformed (but not via flat 
connections) to the trivial connection. Thus, compactification using the bundle F is 
continuously connected to the usual toroidal compactification, but only by going through 
configurations that are not classical solutions. 

The fact that the configuration with one D-brane at each fixed point is not on the 
usual component of the moduli space leads to a solution to our puzzle. In reconciling 
the two string theory descriptions of M-theory on RÍ x S! x (S!)5/Z2, a key step was 
Type IIA - heterotic string duality relating Type IA on R5 x S! x K3 to the heterotic 
string on RÉ x S! x (S!)4 = R> x TS. This duality holds with the standard component of 
the moduli space on T°, so even though the symmetrical D-brane configuration exists, 
it is not relevant to our problem because it is related to a different component of the 
moduli space of flat SO(32) bundles. 

Working on the Type HA orientifold on (S!)5/Z2 which is T-dual to a flat SO(32) 
bundle on the usual component of the moduli space means that the number of D-branes 
at each fixed point is even. With 32 D-branes and 32 fixed points, it is then impossible 
to treat symmetrically all fixed points. One can, however, pick any 16 fixed points, and 
place two D-branes at each of those, and none at the others. In the quantization, one 
then gets one five-dimensional vector multiplet from each fixed point that is endowed 
with a D-brane and none from the others. Recalling that the vector multiplet is the 
dimensional reduction of the tensor multiplet from six to five dimensions, this result 
agrees with what we had in eleven dimensions: given any 16 of the 32 fixed points, 
there is a point in moduli space such that each of those 16 contributes precisely one 
matter multiplet, and the others contribute none. 

It is possible that the absence of a vacuum with symmetrical treatment of all fixed 
points means that these theories cannot be strictly understood as orbifolds, but in any 
event, whatever the appropriate description is in eleven-dimensional M-theory, we have 


4 In a previous draft of this paper, it was erroneously claimed that the bundle F was topologically non-trivial, 
with non-vanishing Stieffel-Whitney classes. The error was pointed out by E. Sharpe and some topological 
details were clarified by D. Freed. 

5 This is most easily seen by perturbing to a situation in which the pair of D-branes is near but not at the 
fixed point. For orientifolds, there are no twisted sector states from a fixed point that does not have D-branes. 
After the Zz projection, a pair of D-branes in the orientifold produces the same spectrum as a single D-brane 
in an unorientifolded Type IIA, and this is a single vector multiplet, as explained in detail in Section 2 of 
[18]. 
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found a precisely analogous behavior in the ten-dimensional Type IIA orientifold. 


Other similar checks 

One might wonder about other similar checks of the claim about M-theory on 
(S!)5/Z2. One idea is to look at M-theory on R5 x S!/Z2 x (S!)*/Z2. The idea 
would be that this should turn into an Eg x Eg heterotic string upon taking the S! /Z2 
small, and into a Type IIB orientifold on S'/Z) x K3 if one shrinks the (S!)$/Z2. 
However, because the two Z2’s do not commute in acting on spinors, it is hard to make 
any sense of this orbifold. 

A similar idea is to look at M-theory on R* x K3 x (S!)5/Z2. When the last factor 
shrinks, this should become Type IIB on K3 x K3, while if the K3 factor shrinks ther 
(allowing, as in a discussion that will appear elsewhere [19], for how the Z2 orbifolding 
acts on the homology of K3) one gets the heterotic string on (S!)8/Z2. These should 
therefore be equivalent. But one does not immediately have tools to verify or disprove 
that equivalence. 


Relation to extended gauge symmetry and non-critical strings 

A rather different kind of check can be made by looking at the behavior when some 
D-branes — or eleven-dimensional five-branes - coincide. 

Type IIA on K3 gets an extended SU(2) gauge symmetry when the K3 develops an 
A singularity. This is not possible for Type IIB on K3, which has a chiral N = 4 
supersymmetry that forbids vector multiplets. Rather, the weakly coupled Type IIB 
theory on a K3 that is developing an A, singularity develops [21] a non-critical string 
(that is, a string that propagates in flat Minkowski space and does not have the graviton 
as one of its modes) that couples to the anti-self-dual part of one of the antisymmetric 
tensor fields (the part that is in a tensor multiplet, not in the supergravity multiplet). 

This six-dimensional non-critical string theory is a perhaps rather surprising example, 
apparently, of a non-trivial quantum theory in six-dimensional Minkowski space. Re- 
cently, it was argued by Strominger [22] that by considering almost coincident parallel 
five-branes in eleven dimensions, one gets on the world-volume an alternative realization 
of the same six-dimensional non-critical string theory. 

We can now (as partly anticipated by Strominger’s remarks) close the circle and 
deduce from the relation between M-theory on T°/Z, and Type IIB on K3 why Type IIB 
on a K3 with an A; singularity gives the same unusual low energy dynamics as two 
nearby parallel five-branes in eleven dimensions. This follows from the fact that in the 
map from M-theory on T5/Z, to Type IIB on K3, a configuration on T°/Z with twe 
coincident five-branes is mapped to a K3 with an Aj singularity. To see that these 
configurations are mapped to each other, it is enough to note that upon compactification 
on an extra circle of generic radius, they are precisely the configurations that give an 
enhanced SU(2). This may be deduced as follows: 


é We really mean a quantum A, singularity including a condition on a certain world-sheet theta angle {20}. 
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(1) M-theory on RŠ x S! x T5/Z, is equivalent to Type IIA on Rî x T5/Z, with the 
five-branes replaced by D-branes, and gets an enhanced SU(2) gauge symmetry 
precisely when two five-branes, or D-branes, meet. Indeed, when two D-branes 
meet, their U(1) x U(1) gauge symmetry (a U(1) for each D-brane) is enhanced 
to U(2) (from the Chan-Paton factors of two coincident D-branes), or equivalently 
a U(1) is enhanced to SU(2). 

(2) Type IIB on R° x S! x K3 is equivalent to Type IIA on R® x S! x K3 and therefore 
- because of the behavior of Type HA on K3 - the condition on the K3 moduli 
that causes a U(1) to be extended to SU(2) is precisely that there should be an 
A, singularity. 


Other orbifolds 

Dasgupta and Mukhi also discussed M-theory orbifolds R!!-” x (S!)"/Z». The Z2 
action on the fermions multiplies them by the matrix F = P!'~#t!pll-at2 oll, and 
the orbifold can therefore only be defined if T? =1 (and not —1), which restricts us to 
n congruent to 0 or 1 modulo 4. 

The case n = 1 was discussed in [15], n = 4 gives a K3 orbifold, and n = 5 has 
been the subject of the present paper. The next cases are n = 8,9. For n = 8, as there 
are no anomalies, it would take a different approach to learn about the massless states 
from fixed points. For n = 9, Dasgupta and Mukhi pointed out the beautiful fact that 
the number of fixed points - 2° = 512 - equals the number of left-moving massless 
fermions needed to cancel anomalies, and suggested that one such fermion comes from 
each fixed point. Since the left-moving fermions are singlets under the (chiral, right- 
moving) supersymmetry, this scenario is entirely compatible with the supersymmetry 
and is very plausible. 


Reduced rank 

Finally, let us note the following interesting application of part of the discussion above. 
Toroidal compactification of the heterotic (or Type I) string on a flat SO(32) bundle 
that is not on the usual component of the moduli space (being 7-dual to a configuration 
with an odd number of D-branes at fixed points) gives an interesting and simple way 
to reduce the rank of the gauge group while maintaining the full supersymmetry. Since 
2n + 1 D-branes at a fixed point gives gauge group SO(2n + 1), one can in this way 
get gauge groups that are not simply laced. Models with these properties have been 
constructed via free fermions [23] and as asymmetric orbifolds [24]. 
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Abstract 


The component form of the equations of motion for the 5-brane in eleven dimensions is derived from the superspace 
equations. These equations are fully covariant in six dimensions. It is shown that double-dimensional reduction of the 
bosonic equations gives the equations of motion for a 4-brane in ten dimensions governed by the Bom-Infeld action. © 


1997 Elsevier Science B.V. 


1. Introduction 


It is now widely believed that there is a single under- 
lying theory which incorporates all superstring theo- 
ties and which also has, as a component, a new theory 
in eleven dimensions which has been christened “M- 
theory”. Opinion is divided as to whether M-theory 
is itself the fundamental theory or whether it is one 
corner of a large moduli space which has the five con- 
sistent ten-dimensional superstring theories as other 
corners. Whichever viewpoint turns out to be correct 
it seems certain that M-theory will play a crucial role 
in future developments. Not much is known about this 
theory at present, apart from the fact that it has eleven- 
dimensional supergravity as a low energy limit and 
that it has two basic BPS p-branes, the 2-brane and 
the 5-brane, which preserve half-supersymmetry. The 
former can be viewed as a fundamental (singular) so- 
lution to the supergravity cquations whereas the lat- 


1 Research supported in part by NSF Grant PHY-941 1543. 
2 Permanent address. 


ter is solitonic. It is therefore important to develop a 
better understanding of these branes and in particular 
the 5-brane, since the Green-Schwarz action for the 
2-brane has been known for some time. 

In a recent paper [1] it was shown that all branes 
preserving half-supersymmetry can be understood as 
embeddings of one superspace, the worldsurface, into 
another, the target superspace, which has spacetime as 
its body, and that the basic embedding condition which 
needs to be imposed is universal and geometrically 
natural. The results of [ 1 ] were given mainly at the lin- 
carized level; in a sequel [2] the eleven-dimensional 
5-brane was studied in more detail and the full non- 
linear equations of motion were derived. However, 
these were expressed in superspace notation. It is the 
purpose of this paper to interpret these equations in a 
more familiar form, in other words to derive their com- 
ponent equivalents. In the context of superembeddings 
the component formalism means the Green-Schwarz 
formalism since the leading term in the worldsurface 
0-expansion of the embedding describes a map from 
a bosonic worldsurface to a target superspace. 


0370-2693 /97/$17.00 © 1997 Elsevier Science B.V. All rights reserved. 
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Partial results for the bosonic sector of the eleven- 
dimensional fivebrane have been obtained in [3-6]. 
More recently, a non-covariant bosonic action has 
been proposed [7,8]. In this approach, only the 
five-dimensional covariance is manifest. In [9], a 
complete bosonic action has been constructed. The 
action contains an auxiliary scalar field, which can 
be eliminated at the expense of sacrificing the six- 
dimensional covariance, after which it reduces to the 
action of [7,8]. 

In this paper we will show that the covariant super- 
field equations of motion of the eleven-dimensional 
superfivebrane presented in [1,2] can be written in x- 
invariant form, and that they do have the anticipated 
Born-Infeld structure. The x-symmetry emerges from 
the worldsurface diffeomorphism invariance of the su- 
perspace equations, the parameter of this symmetry 
being essentially the leading component in the world- 
surface 0-expansion of an odd diffeomorphism. We 
find neither the need to introduce a scalar auxiliary 
field, nor the necessity to have only five-dimensional 
covariance. As long as one does not insist on having 
an action, it is possible to write down six-dimensional 
covariant equations, as one normally expects in the 
case of chiral p-forms. 

In order to show that our equations have the 
expected Born-Infeld form we perform a double- 
dimensional reduction and compare them with the 
equations of motion for a 4-brane in ten dimensions. In 
Section 4, we do this comparison in the bosonic sector, 
and flat target space, and show that the Born-Infeld 
form of the 4-brane equations of motion does indeed 
emerge. The work of Refs. [1,2] is briefly reviewed 
in the next section, and in Section 3 the equations of 
motion are described in Green-Schwarz language. 


2. Equations of motion in superspace 


The 5-brane is described by an embedding of the 
worldsurface M, which has (evenlodd) dimension 
(6]16) into the target space, M, which has dimension 
(11)32). In local coordinates z% = (x£, 6") for M 
and z™ for M the embedded submanifold is given as 
2¥@(z)3. We define the embedding matrix E44 to be 


2We shall also denote the coordinates of M(M) by z = 
(x,0)(z = (x,8)) if it is not necessary to use indices 


the derivative of the embedding referred to preferred 
bases on both manifolds: 


E44 = E4” ômz*Ey$, (1) 


where Ey4 (E,4™) is the supervielbein (inverse su- 
pervielbein) which relates the preferred frame basis 
to the coordinate basis, and the target space superviel- 
bein has underlined indices. The notation is as follows: 
indices from the beginning (middle) of the alphabet 
refer to frame (coordinate) indices, latin (greek) in- 
dices refer to even (odd) components and capital in- 
dices to both, non-underlined (underlined) indices re- 
fer to M (M) and primed indices refer to normal di- 
rections. We shall also employ a two-step notation for 
spinor indices; that is, for general formulae a spinor 
index æ (or a’) will run from 1 to’ 16, but to inter- 
pret these formulae, we shall replace a subscript œ 
by a subscript pair ai and a subscript a’ by a pair 
2, where a = 1,...,4 andi=1,...,4 reflecting the 
Spin(1,5) x USp(A) group structure of the N = 2, d = 
6 worldsurface superspace. (A lower (upper) œ in- 
dex denotes a left-handed (right-handed) d = 6 Wey] 
spinor and the d = 6 spinors that occur in the theory 
are all symplectic Majorana-Weyl.) 
The torsion 2-form T4 on M is given as usual by 


TA = dE + EN pt, (2) 


where Q is the connection 1-form. The pull-back of 
this equation onto the worldsurface reads, in index 
notation, 


VAEB ~ (~1)4?V BEaS + Tap’ Ec& 
= (1) Ep EAT ap, (3) 


where the derivative V4 is covariant with respect to 
both spaces, i.e. with respect to both underlined and 
non-underlined indices, the connection on M being, 
at this stage at least, independent of the target space 
connection. 

The basic embedding condition is 


Eat =0, (4) 
from which it follows that (using (3)) 
Eat EpfTa g = Tap EE. (5) 


If the target space geometry is assumed to be that of 
(on-shell) eleven-dimensional supergravity equation 
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(4) actually determines completely the induced ge- 
ometry of the worldsurface and the dynamics of the 5- 
brane. In fact, as will be discussed elsewhere, it is not 
necessary to be so specific about the target space ge- 
ometry, but it will be convenient to adopt the on-shell 
geometry in the present paper. The structure group 
of the target superspace is Spin(1,10) and the non- 
vanishing parts of the target space torsion are [10,11] 


Tapt = ~i(T)ag, (6) 
Heete 3 
(7) 


Tag” = —& (122) p* Have — 349 (ated) g% 


where Hapeq is totally antisymmetric, and the dimen- 
sion 3/2 component Tan. Hatca is the dimension-one 
component of the closed superspace 4-form H4 whose 
only other non-vanishing component is 


Hapys = UT ap) ye - (8) 
With this target space geometry equation (5) becomes 
Eg “Eg® (TE) ag = Tap Ek. (9) 


The solution to this equation is given by 


Eat = Uat + haf up, (10) 
and 
E= ma? uy’, (11) 


together with 


Topo = ~i" ap > ~in ap. (12) 


with n; = —n;; being the USp(4) invariant tensor 
and the pair (4%, Uq) together making up an ele- 
ment of the group Spin(1, 10). Similarly, there is a 
Hq such that the pair (uat, 4“) is the element of 
SO(1, 10) corresponding to this spin group element. 
(The inverses of these group elements will be de- 
noted (ha? Ug” ) and (tal, ty" ).) The tensor Na? 
is given by* 


hf sy hails = 16d (oy agħar , (13) 


4 We have rescaled the Ham and Atan of Refs. | 1.2| by a factor 
of 6. 


where habc is self-dual, and 
ma? = Ôa” — 2acah”™ . (14) 


This solution is determined up to local gauge transfor- 
mations belonging to the group Spin(1,5) x USp(4), 
the structure group of the worldsurface. One also has 
the freedom to make worldsurface super-Wey] trans- 
formations but one can consistently set the conformal 
factor to be one and we shall do this throughout the 
paper. 

It is useful to introduce a normal basis Ey = 
Eq ASE ‘4 Of vectors at each point on the worldsurface. 
The inverse of the pair (E,4, E44) is denoted by 
(E44, Ea 4’) The odd-odd and even-even compo- 
nents of the normal matrix E44 can be chosen to be 


Eqt® = Ug, (15) 
and 
Eye zug. (16) 


Together with (10) and (11), it follows that the in- 
verses in the odd-odd and even-even sectors are 


Eq” = Ua", Ee = Wa” _ Ugh hp™ ; (17) 
and 
Eq! = ua’ (m), E” = Ua” 4 (18) 


Later, we will also need the relations [2] 


Ua @ugh (Tag = (I )apuat, (19) 
Ug “ug (Tag = (T arpha", (20) 
Uap ETE) ap = (I apa’. (21) 


which follow from the fact that the x’s form a 32 x 32 
matrix that is an element of Spin(1, 10). 

The field hane is a self-dual antisymmetric tensor, 
but it is not immediately obvious how it is related to 
a 2-form potential. In fact, it was shown in [2] that 
there is a superspace 3-form H3 which satisfies 


dH; = ~}4H4, (22) 


where H; is the pull-back of the target space 4-form, 
and whose only non-vanishing component is Hab 
where 


| 
Hape = mg Mp” hede- (23) 
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Jations of motion of the 5-brane can be ob- 
tained by systematic analysis of the torsion equation 
(3), subject to the condition (4) [2]. The bosonic 
equations are the scalar equation 


NP Kan = EV YP” La piv (24) 
and the antisymmetric tensor equation 


È Rabe = — gn" (Yla) Zol gjyk 


+ A Yab) Ze piyk) + (25) 
where 
Zag” = Epb EtTag*Ey” — Ea” V gE” , (26) 
and 
Vahbea = Valtbea ~ 3Xaab" Rede» (27) 
with 
Xap = (Valle tc. (28) 


In the scalar equation we have introduced a part of 
the second fundamental form of the surface which is 
defined to be 


Kan® = (VAEB Ech. (29) 
Finally, the spin one-half equation is simply 

(P x5 =0, (30) 

where 

Xa” = EgtEa” . (31) 


We end this section by rewriting the equations of 
motion (24), (25) and (30) in an alternative form 
that will be useful for the purposes of the next section: 


Ef Eg? (“p° =0, (32) 
OT EE,” = — ETP)? Zap” . (33) 
W hate = — (UT apy Zeg” - (34) 


It will also prove to be useful to rewrite (26) as 
Zap” = Ep® (Tag* — Kag”) E”. (35) 
with the matrices T, and K, defined as 

Tag? = EafTag* . (36) 
Kag” = E®Eg” (V yE? ) Eg. (37) 


3. Equations of motion in Green-Schwarz form 
3.1. Preliminaries 


In this section we derive the component equations 
of motion following from the superspace equations 
given in the last section. The idea is to expand the 
superspace equations as power series in 6“ and to 
evaluate them at @ = 0. We may choose a gauge in 
which the worldsurface supervielbein takes the form 


Ent (x,0) = En“(x) +00), 

Em" (x,0) = En? (x) + 0O(8), 

E,."(x,0) =0 + O(8), 

E,“(x,0) =ô," + O(8), (38) 
and the inverse takes the form 

Ea" (x,0) = Eo" C) + O(8), 

Ea” (x,0) = Ł,“(x) + O(8), 

Ea” (x80) =0 + OV), 

Ex” (x, 0) = ôa" + O(8), (39) 


where Ea” (x) is the inverse of E,,“(x). The compo- 
nent field E° (x) is the worldsurtace gravitino, which 
is determined by the embedding, but which only con- 
tributes terms to the equations of motion which we 
shall not need for the purpose of this section. The field 
E,” (x) is linearly related to the gravitino. From the 
embedding condition (4) we learn that 


OetEyt=0 at0=0, (40) 
so that 

i F a” Ent ad=0, (41) 
E,® = Ey™E,= tOO, (42) 


where we have used the definitions 
Ewl(X) = Ans Eyt aad, (43) 
Em 2X) = Oy # Eyt at =O. (44) 


These are the embedding matrices in the Green- 
Schwarz formalism, often denoted by Il. From (11) 
we have 


>p wd 
Eu Ep Nah = Ma M Nea» (45) 
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this equation being true for all @ and in particular for 
8 = 0. Therefore, if we put 


€a" = ( (m7 )aP Ep”) (x), (46) 


we find that €„” is the sechsbein associated with the 
standard GS induced metric 


Emn (x) = Em 0 Nab: (47) 


There is another metric, which will make its appear- 
ance later, which we define as 


GI = Ea” (X) EK" (2) n” (48) 
=((m) Pe," ep") (x) : (49) 

We also note the relation 

Ua” = Ea” Ent ` (50) 


which follows from (11), (41) and (46). 
For the worldsurface 3-form H3 we have 


Huwe = Ep Eg" E4” Hage 


x {pý BHA M+ (PHC) MAN)) (51) 


Evaluating this at 0 = 0 one finds 

Hap (X) = (Em! En? Ep Harc) (x) (52) 
so that, using (23) and (46), one finds 

Rane(x) = my”eg"'ep"ec” Annp (x) « (53) 


We are now ina position to write down the equations 
of motion in terms of Em*, Em and Aimy (x). The ba- 
sic worldsurface fields are x, 0© and Byn(x), where 
Bun is the 2-form potential associated with Hinp as 
Hy = dB, - $C and C; is the pull-back of the target 
space 3-form. We begin with the Dirac equation (30). 


3.2. The Dirac equation 


In order to extract the Dirac equation in «-invariant 
component form, it is convenient to define the projec- 
tion operators 


Eg’ Ea% = 4(1+P)q*, (54) 
Eg" Ew? = 41 = D)o. (55) 


The l-matrix, which clearly satisfies [? = 1, can be 
calculated from these definitions as follows. We ex- 
pand 


5 

Eq* Eg =) CUS (Taa) a”? (56) 
n=O 

where C’s are the expansion coefficients that are to 

be determined. Tracing this equation with suitable T- 

matrices, and using the relations (19)-(21), we find 

that the only non-vanishing coefficients are 


C=}, Gi 
cee x bh guy uc. , (58) 
CAs = -e te i “Hag” k (59) 


Substituting these back, and comparing with (54), we 
find 


1 
” 61V=8 


x (Pin emg + 40L m -m Am-m) > (60) 


my---m6 


r € 


where we have used (50) and the definitions 

Tn = En Ta, (61) 

hmnp = Cm en? ep havc - (62) 
The matrix I can also be written as 

T = (1+ WP" Any U0) 5 (63) 


where 
(64) 


Itis now a straightforward matter to derive the com- 
ponent for the Dirac equation (32). We use (19) to 
replace the worldsurface I'-matrix by the target space 
T-matrix multiplied by factors of u, and recall (15), 
(17), (50) and (55) to find 


nh (1 ~T) Taa pE tE = 0. (65) 


We recall that €,4 = ep"Emt and that E% = 
m,” €4"Ent. Using these relations, the Dirac equation 
can be written as 


Ea(1 -Cm = 0, (66) 
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where T? = F" e„“ and the target space spinor indices 
are suppressed. 

The Dirac equation obtained above has a very sim- 
ilar form to those of D-branes in ten dimensions [ 12- 
16], and indeed we expect that a double-dimensional 
reduction would yield the 4-brane Dirac equation. 

The emergence of the projection operator (1 — F) 
in the Dirac equation in the case of D-branes, and the 
other known super p-branes is due to the contribution 
of Wess-Zumino terms in the action (see, for example, 
Ref. [17] for the eleven-dimensional supermembrane 
equations of motion). These terms are also needed for 
the «-symmetry of the action. It is gratifying to see 
that the effect of Wess-Zumino terms is automatically 
included in our formalism through a geometrical route 
that is based on considerations of the embedding of a 
world superspace into target superspace. 


3.3. The scalar equation 


By scalar equation we mean the equation of mo- 
tion for x(x), i.e. the coordinates of the target space, 
which are scalar fields from the worldsurface point 
of view. In a physical gauge, these describe the five 
scalar degrees of freedom that occur in the worldsur- 
face tensor supermultiplet. 

The scalar equation is the leading component of the 
superspace equation (33) which we repeat here for 
the convenience of the reader: 


VE Eg! = kT"? Zag”. (67) 
The superspace equation for the covariant derivative 
Va = Ee Vin + E” V p (68) 


when evaluated at 0 = O involves the worldsurface 
gravitino E,“(x) which is expressible in terms of the 
basic fields of the worldsurface tensor multiplet. Since 
it is fermionic it follows that the second term in the 
covariant derivative will be bilinear in fermions (at 
least), and we shall henceforth drop all such terms 
trom the equations in order to simplify life a little. 
We shall temporarily make a further simplification by 
assuming that the target space is flat. The tensor Z, as 
we saw earlier, has two types of contribution, one (T4) 
involving Haba, and the other (Ka) involving only 
terms which are bilinear or higher order in fermions. 


In accordance with our philosophy we shall henceforth 
ignore these terms. 

To this order the right-hand side of the scalar equa- 
tion vanishes as does the right-hand side of the tensor 
equation (25). Multiplying the scalar equation (67) 
with Ep£, we see that it can be written in the form 


NP (Va E ~ Kaf E£) =0, (69) 


where Kap‘ is defined below. Using the relation E,£ = 
mp4ugS and the definition of Xap in (28) we find that 


Kav := VaEpt Ea’ 

= (Vamp!) (mo! )a® + Xav". (70) 
Using the relation 
nV ame = 0, (71) 


which we will prove later, we conclude that 9° Kap! = 
NË Xan. As a result, we can express the scalar equa- 
tion of motion in the form 


OV EE =0. (72) 


where Ñ, Est = Va Ebt ~ Xas4 Eas. Relation (71) al- 
lows us to rewrite the scalar equation of motion in the 
form 


m” ups = 0. (73) 


The next step is to find a explicit expression for 
the spin connection Ô, p° associated with the hatted 
derivative. Using the definition of Xa,“ given in (28), 
we find that this spin connection is given by 


Ôa = Nap’ + Xap = Ea" (Amur ue! . (74) 


Recalling (50) and (46), we find that the hatted spin 
connection takes the form 


Bay = me! eg" (Ines Bmpe” + en" InEm? Epa e) - 
(75) 


From this expression it is straightforward to derive the 
following result; given any vector V,, one has 


VaV, =. me! eg” en" V „Vy (76) 
where 
V n Vp = On Vn — Dam” Vp (77) 
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and 
Pam” = In Em Ese g” . (78) 


It is straightforward to verify that to the order to which 
we are working this connection is indeed the Levi- 
Civita connection for the induced metric gmn- 

We are now in a position to express the scalar equa- 
tion in its simplest form which is in a coordinate basis 
using the hatted connection. Using the above result we 
find that (73) can be written as 


GV mEn* = 0. (79) 


It remains to prove (71). Using the expression for 
ma? given in (14) we find that 


PV amy’ = —2V?(Apaeh™) = —2hygeV? ho 
—FhpaeV hode = —4 V° (hoaeh”) = 0. (80) 


In carrying out the above steps we have used the hanc 
equation of motion and the self-duality of this field. 
In the case of a non-flat target space the derivation 
is quite a bit longer and the steps will be discussed 
elsewhere. One finds that the right hand side of the 
scalar equation in the form of (67) is given by 


nV aE E" = -h o Zir PJH eee, 
+ bma” H” beah” , (81) 

where 

ka? := haca h” . (82) 


Using the steps given above this result can be ex- 
pressed in the form 
G”! mEnE = =(1 = f tr Kjemi m 
1 
x (grg mom F 3 He mann Hmamsme ) 
X (OaE — Ea” Em*) » (83) 


where the target space indices on H4 and H7 have been 
converted to worldvolume indices with factors of €,,¢ 
and 


5 Fi Edy ath 2, Hoes, (84) 


where H7 is the seven-form that occurs in the dual 
formulation of eleven-dimensional supergravity. One 


can verify that the ratio between the two terms on the 
right hand side is precisely what one expects were this 
term to have been derived from the expected gauge 
invariant Wess-Zumino term of the form Cg+4C3/A H3. 
We also note that the last factor in (83) implies that 
the RHS of the equation vanishes identically when 
multipled with €“, as it should, indicating that only 
five of the eleven equations, which correspond to the 
Goldstone scalars, are independent. 


3.4. The tensor equation 


The tensor equation can be manipulated in a similar 
fashion. If we consider the simplest case of ignoring 
the fermion bilinears and assuming the target space to 
be fiat we have, from (34) 


OV ahia =0. (85) 


We can relate A to H using (53) and take the factor 
of m past the covariant derivative using (71) to get 


mV alerede Hnnp) =0. (86) 
Using similar steps to those given in the proved in 
the previous subsection and converting to a coordinate 
basis we find the desired form of the tensor equation 
in this approximation, namely 


GV mHnpg = 0. (87) 
In the case of a non-trivial target space a lengthy cal- 
culation is required to find the analogous result. One 
first finds that 


wid eee | £ EJEEZe. 
V habe = seq MF E feerererea H MANR 


] d eee 
ye H €abde eres HE : $ 


+ 6k hy Om Heere 
+ Fah A OO Mm Harez = Yab- (88) 
It is possible to rewrite Yap in the form 


Yan = (K + mK + tmmK) (89) 


ab 

Pe 1 le Pa a, 
where Kan = — ygi Eabede fH, (mK ) ah = mM yKojes 
(mmK ) ap = mom4 Kca. The scalar equation of motion 
can also be expressed in the form 


l 

C™ V n Anpg = Trg ga crea AY + Amy + mm ) os ‘ 
“3 

(90) 
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where mY and mmY are defined in a similar way to 
the mK and mmK terms above. 


3.5. The x-symmetry transformations 


The «-symmetry transformations are related to odd 
worldsurface diffeomorphisms. Under an infinitesimal 
worldsurface diffeomorphism 52” = —v™ the varia- 
tion of the embedding expressed in a preferred frame 
basis is 


8z4 = 8z Ep4 = AEA. (91) 
For an odd transformation (v7 = 0) one has 


622 =0, 


The vanishing of the even variation 6z¢ is typical of 
«-symmetry and follows from the basic embedding 
condition (4). 

The relation between the parameter v” and the 
familiar « transformation parameter «* can be ex- 
pressed as 


v” = KXEy?. (93) 


62% =v" Eat. (92) 


Therefore, recalling (54), the « transformation rule 
(92) takes the form 


8z% = KU(1+T),%, (94) 


where we have absorbed a factor of two into the defini- 
tion of x. It is understood that these formulae are to be 
evaluated at 0 = 0, so that they are component results. 

There remains the determination of the «-symmetry 
transformation of the antisymmetric tensor field Brn. 
It is more convenient to compute the « transforma- 
tions rule for the ficld Agpe (x). (The relation between 
the two fields is described earlier.) Thus we need to 
consider 


Shabe = KXEy"Vahabe 


By including a Lorentz transformation we may write 
this transformation as 


habc = KYE," V ahabe : (96) 


até=0. (95) 


We have calculated Ẹ rhan, and the derivation of the 
result will be given elsewhere [18]. Using this result, 
we find 


Share =~ eM al” Ed = TT ae Ks (97) 


where Ta = "ema and the target space spinor indices 
are suppressed. One can check that the RHS is self- 
dual, modulo the Dirac equation (66). 


4. Double-dimensional reduction 


The procedure we shall adopt now is to use double- 
dimensional reduction [19] to obtain a set of equa- 
tions for a 4-brane in ten dimensions and then to com- 
pare this set of equations with the equations that one 
derives by varying the Born-Infeld action. We shall 
take the target space to be flat and we shall ignore 
the terms bilinear in fermions on the right-hand-side 
of (24) and (25), that is, we drop the terms in these 
equations that involve the quantity Z defined by (26) 
and we also ignore terms involving the worldsurface 
gravitino. From the previous section, we read off the 
resulting equations of motion: 


GV nEn* =0, (98) 
CY nH ang =O. (99) 

We can further simplify matters by considering the 
corresponding bosonic problem, i.e. by neglecting @ as 


well. In this limit, and recalling that we have assumed 
that the target space is flat, one has 


Ent oe On x4, (100) 


In order to carry out the dimensional reduction we 
shall, in this section, distinguish 6- and 1 1-dimensional 
indices from 5- and 10-dimensional indices by putting 
hats on the former. We have 


x? = (x,y) (101) 
and 
xÊ = (x,y), (102) 


so that the sixth dimension of the worldsurface ts iden- 
tified with the eleventh dimension of the target space; 
moreover, this common dimension is taken to be a 
circle, and the reduction is effected by evaluating the 
equations of motion at y = 0. The metric is diagonal: 


Bini = (Emn 1), (103) 


and the sechsbein can be chosen diagonal as well: 


(104) 


en = (ms 1), 
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where both the five-dimensional metric and its asso- 
ciated fiinfbein are independent of y. Since the fields 
do not depend on y, and since the connection has non- 
vanishing components only if all of its indices are 
five-dimensional, the equations of motion reduce to 


GN m Öp xE =0, ( 105) 
GV n Fap = 0, (106) 
where 

Fin = Anny . (107) 


Since / in six dimensions is self-dual, and since H is 
related to A it follows that we only need to consider 
the py component of the tensor equation. It will be 
convenient to rewrite these equations in an orthonor- 
mal basis with respect to the five-dimensional met- 
ric; this basis is related to the coordinate basis by the 
fiinfbein. Using a, b, etc., to denote orthonormal in- 
dices, the equations of motion become 


GV gapx# = 0, (108) 
GV aF nc = 0, (109) 
where 

GY =m)”, (110) 


and where we have introduced a hat for the six- 
dimensional m-matrix for later convenience. 

The claim is that these equations are equivalent 
to the equations of motion arising from the five- 
dimensional Born-Infeld Lagrangian, 


L=V-dek, (111) 
where 
Kin = 8m + Fans (112) 


gmn being the induced metric. To prove this we first 
show that the Born-Infeld equations can be written in 
the form 


L” V môn xt = 0, (113) 
L” „Fap = 0, (114) 
where 


L=(1 = F°). (115) 


When matrix notation is used, as in the last equation, 
it is understood that the first index is down and the 
second up, and F? indicates that the indices are in 
the right order for matrix multiplication. L”” is then 
obtained by raising the first index with the inverse 
metric as usual. To complete the proof we shall then 
show that G is proportional to L up to a scale factor. 
The matrix K is 1 + F so that its inverse is 


K! =(1+ F)! =(1-— F)L, (116) 
from which we find 


(K7! jean) = pm 

(KT!) = —(FL)”"", (117) 
the right-hand side of the second equation being auto- 
matically antisymmetric. Varying the Born-Infeld La- 


grangian with respect to the gauge field Am (F = dA), 
gives 


On /—det K(K7') (ly = 0. (118) 


Carrying out the differentiation of the determinant, 
switching to covariant derivatives, and using’ the 
Bianchi identity for F, one finds 
V, (K™' zima] + (KHPA, Fag KO! pima] 

=0. (119) 
Using the identity 
(K7! N Fy = 5,” = L (120) 
and the expression for (K~!)!""! in terms of L and 
F one derives from (119) 
Lt Vg F"? Lp”) + FP" Ly! V gly” = 0. (121) 


On differentiating the product in this equation one 
finds that the two terms with derivatives of L van- 
ish by symmetry. Multiplying the remaining term by 
(L~')," then yields the claimed result, namely (114). 
A similar calculation is used to derive (113). 

To complete the proof we need to show that G™” is 
proportional to L™”. We begin by setting 


fab = haps » (122) 
Fab = Ca” ep" Fin . (123) 
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We then find 
Rate = t €abede f” 5 (124) 
Fan = (ma fens (125) 


where m? = ñi”. The first equation follows from the 


a 
self-duality of Ase, while the second equation follows 
from (53), (104), (107) and (122). 


We set 
Ma? = (tg? stig’, ts, Ms?) (126) 
= (me, Ma, M?, N). (127) 
Recalling that 
tng’ = (1 — 2h), (128) 
one finds 
my? = 8a (1 = 21) + BC f?)a", (129) 
Ma = ~Eapede JE f", (130) 
N=(1+2t), (131) 


where fy = tr( f?). Noting that fa? M, = 0, as can be 
seen by symmetry arguments, it follows from (125) 
that 


Fa’ Mp =0. (132) 


Now, by a direct calculation, starting from (110) one 
finds that 


Gab = ANab + 16(f? abs (133) 
where 
A=1 = 4t —4(1)? + 1602, (134) 


and we have defined ft = tr( ft). Now, multiplying 
Gap = Cm?) ay + MaMa with (F*)°, and recalling 
(125), one finds 


GF? = f°. (135) 
Using this relation in (133) we find 
G=A(1—16F?)~!. (136) 


Therefore we have shown that (after a suitable 
rescaling of F), G is proportional to L and hence the 


equations of motion arising from the superspace for- 
mulation of the 5-brane, when reduced to a 4-brane in 
ten dimensions, coincide with those that one derives 
from the Born-Infeld Lagrangian. 


5. Conclusions 


The component form of the equations of motion for 
the 5-brane in eleven dimensions are derived from the 
superspace equations. They are formulated in terms of 
the worldsurface fields x”, 0“, Ban. These equations 
are fully covariant in six dimensions; they possess 
six-dimensional Lorentz invariance, reparametrization 
invariance, spacetime supersymmetry and x symme- 
try. We have also derived the « transformations of the 
component fields. The fivebrane equations are derived 
from the superspace embedding condition for p-branes 
which possess half the supersymmetry found previ- 
ously [1] and used to find superspace equations for the 
5-brane in eleven dimensions in [2]. In the superem- 
bedding approach advocated here, the -symmetry is 
nothing but the odd diffeomorphisms of the worldsur- 
face and as such invariance of the equations of motion 
under «-symmetry is guaranteed. 

We have also carried out a double-dimensional re- 
duction to obtain the 4-brane in ten dimensions. We 
find agreement with the known Born-Infeld formula- 
tion for this latter theory. The result in ten dimensions 
which emerges from eleven dimensions appears in an 
unexpected form and that generalises the Born-Infeld 
structure to incorporate the worldsurface chiral 2-from 
gauge field. 

In a recent paper [7] it was suggested that it was 
impossible to find a covariant set of equations of mo- 
tion for a self dual second rank tensor in six dimen- 
sions. However, in this paper we have presented just 
such a system whose internal consistency is ensured 
by the manner of its derivation. We would note that 
although the field habc which emerges form the su- 
perspace formalism obeys a simple duality condition, 
the field strength Hy», of the gauge field inherits a 
version of this duality condition which is rather com- 
plicated. Using the solution of the chirality constraint 
on the 2-form, we expect that our bosonic equations 
of motion will reduce to those of [7,8]. 

In Ref. [9], an auxiliary field has been introduced 
to write down a 6D covariant action. It would be in- 


The World in Eleven Dimensions 197 


teresting to find if this field is contained in the formal- 
ism considered in this paper. We note, however, that 
in the approach of Ref. [9] one replaces the nonman- 
ifest Lorentz symmetry with another bosonic symme- 
try that is equally nonmanifest, but necessary to elimi- 
nate the unwanted auxiliary field and that the proof the 
new symmetry involves steps similar to those needed 
to prove the nonmanifest Lorentz symmetry [9]. Fur- 
ther, it is not clear if a 6D covariant gauge fixing pro- 
cedure is possible to gauge fix this extra symmetry. 

In a forthcoming publication, we shall give in more 
detail the component field equation and the double- 
dimensional reduction [ 18]. We also hope to perform 
a generalized-dimensional reduction procedure to the 
worldsurface, but staying in eleven dimensions. In the 
approach of this paper, there is little conceptual differ- 
ence in whether the worldsurface multiplet is a scalar 
multiplet (Type I branes), or vector multiplets (D 
branes), or indeed tensor multiplets (M branes) and 
we hope to report on the construction of all p-brane 
solutions from this view point. 

We conclude by mentioning some open problems 
that are natural to consider, given the fact that we 
now know the 6D covariant field equations of the M- 
theory five-brane. It would be interesting to consider 
solitonic p-brane solutions of these equations, perform 
a semiclassical quantization, explore the spectral and 
duality properties of our system and study the anoma- 
lies of the chiral system. Finally, given the luxury of 
having manifest worldsurface and target space super- 
symmetries at the same time, it would be instructive 
to consider a variety of gauge choices, such as a static 
gauge, as was done recently for super D-branes [14], 
which would teach us novel and interesting ways to 
realize supersymmetry nonlinearly. This may provide 
useful tools in the search for the “different corners of 
M-theory”. 


6. Note added 


While this paper was in the final stages of being 
written up, we saw two related papers appear on the 
net [20,21]. We hope to comment on the relationship 
between these papers and the work presented in a sub- 
sequent publication. 
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Chapter 4 


M-theory (before M-theory was cool) 


This chapter addresses the question [1]: ‘Should we have been surprised by the 
eleven-dimensional origin of string theory?’ The importance of eleven dimensions 
is no doubt surprising from the point of view of perturbative string theory; from 
the point of view of membrane theory, however, there were already tantalizing hints 
in this direction: 

(i) K3 compactification 

In 1986, it was pointed out [2] that D = 11 supergravity on R!°-" x K3xT"~$ 
[3] and the D = 10 heterotic string on R!°-" x T” [4] not only have the same 
supersymmetry but also the same moduli spaces of vacua, namely 


SO(16 4+ n,n) 
SO(16 +n) x SO(n)” 


It took almost a decade for this ‘coincidence’ to be explained, but we now know 
that M-theory on R!°-" x K3x T”~$ is dual to the heterotic string on R!°-" x T”. 

(it) Superstrings in D=10 from supermembranes in D=11 

As described in chapter 2, eleven dimensions received a big shot in the arm 
in 1987 when the D = 11 supermembrane was discovered [5]. It was then pointed 
out [6] that in an R!° x S! topology the weakly coupled (d = 2, D = 10) Type 
ITA superstring follows by wrapping the (d = 3, D = 11) supermembrane around 
the circle in the limit that its radius R shrinks to zero. In particular, the Green- 
Schwarz action of the string follows in this way from the Green~Schwarz action 
of the membrane. It was necessary to take this R — 0 limit in order to send to 
infinity the masses of the (at the time) unwanted Kaluza—Klein modes which had 
no place in weakly coupled Type IIA theory. The D = 10 dilaton, which governs 
the strength of the string coupling, is just a component of the D = 11 metric. A 
critique of superstring orthodoxy circa 1987, and its failure to accommodate the 
eleven-dimensional supermembrane, may be found in (7]. 

(iii) Membrane at the end of the universe 

Being defined over the boundary of AdS4, the OSp(4|8) singleton! action [12] 


M = (4.1) 


1 We recall that singletons are those strange representations of AdS first identified by Dirac 
[8] which admit no analogue in flat spacetime. They have been much studied by Fronsdal and 
collaborators f9, 10]. 
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is a three dimensional superconformal theory with signature (—, +, +) describing 8 
scalars and 8 spinors. With the discovery of the eleven-dimensional supermembrane 
[5], it was noted that 8 scalars and 8 spinors on a three-dimensional worldvolume 
with signature (—,+,+) is just what is obtained after gauge-fixing the super- 
membrane action! Moreover, kappa-symmetry of this supermembrane action forces 
the background fields to obey the field equations of (N = 1, D = 11) supergravity. It 
was therefore suggested in 1987 [11] that on the AdS4x S7 supergravity background, 
the superconformal OSp(4|8) singleton action describes a supermembrane whose 
worldvolume occupies the S! x S? boundary of the AdS4: The membrane at the 
end of the universe [13]. Noting that these singletons also appear in the Kaluza~ 
Klein harmonic expansion of this supergravity background, this further suggested 
a form of bootstrap [11] in which the supergravity gives rise to the membrane on 
the boundary which in turn yields the supergravity in the bulk. This was thus a 
precursor of Maldacena’s AdS/CFT correspondence [14], discussed in chapter 6, 
which conjectures a duality between physics in the bulk of AdS and a conformal 
field theory on the boundary. The other two supergroups in table 1.2 of chapter 1 
also admit the so-called doubleton and tripleton supermultiplets [15] as shown in 
table 4.1. 


Supergroup Supermultiplet Field content 

OSp(4|8) (n = 8,d = 3) singleton 8 scalars,8 spinors 

SU (2, 2)4) (n = 4,d = 4) doubleton 1 vector,4 spinors,6 scalars 

OSp(6, 244) ((n4,n—) = (2,0),d=6) 1 chiral 2-form,8 spinors, 
tripleton 5 scalars 


Table 4.1. Superconformal groups and their singleton, doubleton and tripleton represen- 
tations. 


(iv) Membranes and matrix models 

As mentioned in chapter 2, the D = 11 supermembrane in the lightcone gauge 
has a residual area preserving diffeomorphism symmetry. In 1988 it was shown 
to be described by a quantum mechanical matrix model [16] corresponding to a 
dimensionally reduced D = 10 Yang-Mills theory with gauge group SU(k) as k —> 
oo. This Hamiltonian has recently been resurrected in the context of the matrix 
model approach to M-theory [18, 17] discussed in chapter 6. 

(v) U-duality (when it was still non-U) 

Based on considerations of this D = 11 supermembrane, which on further 
compactification treats the dilaton and moduli fields on the same footing, it was 
conjectured [19] in 1990 that discrete subgroups of all the old non-compact global 
symmetries of compactified supergravity [20, 21] (e.g SL(2, R), O(6,6), E7) should 
be promoted to duality symmetries of the supermembrane. Via the above wrapping 
around St, therefore, they should also be inherited by the Type IIA string [19]. 

(vi) D=11 membrane/fivebrane duality 

In 1991, the supermembrane was recovered as an elementary solution of D = 11 
supergravity which preserves half of the spacetime supersymmetry [22]. In 1992, 
the superfivebrane was discovered as a soliton solution of D = 11 supergravity 
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also preserving half the spacetime supersymmetry [23]. This naturally suggests a 
D = 11 membrane/fivebrane duality. 

(vii) Hidden eleventh dimension 

We have seen how the D = 10 Type IIA string follows from D = 11. Is it 
possible to go the other way and discover an eleventh dimension hiding in D = 10? 
In 1993, it was recognized [24] that by dualizing a vector into a scalar on the 
gauge-fixed d = 3 worldvolume of the Type IIA supermembrane, one increases the 
number of worldvolume scalars (i.e. transverse dimensions) from 7 to 8 and hence 
obtains the corresponding worldvolume action of the D = 11 supermembrane. Thus 
the D = 10 Type JIA theory contains a hidden D = 11 Lorentz invariance! This 
device was subsequently used [25, 26] to demonstrate the equivalence of the actions 
of the D = 10 Type JJ A membrane and the Dirichlet twobrane [27]. 

(viii) U-duality 

Of the conjectured Cremmer-Julia symmetries referred to in (v) above, the 
case for a target space O(6,6; Z) (T-duality) in perturbative string theory had 
already been made, of course [28]. Stronger evidence for an SL(2, Z) (S-duality) in 
string theory was subsequently provided in (29, 30] where it was pointed out that 
it corresponds to a non-perturbative electric/magnetic symmetry. In 1994, stronger 
evidence for the combination of S and T into a discrete duality of Type TI strings, 
such as E7(Z) in D = 4, was provided in [31], where it was dubbed U-duality. 
Moreover, the BPS spectrum necessary for this U-duality was given an explanation 
in terms of the wrapping of either the D = 11 membrane or D = 11 fivebrane around 
the extra dimensions. This paper also conjectured a non-perturbative SL(2, Z) of 
the Type JIB string in D = 10. 

(tz) Black holes 

In 1995, it was conjectured [32] that the D = 10 Type IIA superstring should 
be identified with the D = 11 supermembrane compactified on S', even for large 
R. The D = 11 Kaluza-Klein modes (which, as discussed in (it) above, had no 
place in the perturbative Type IIA theory) were interpreted as charged extreme 
black holes of the Type ITA theory. 

(x) D=11 membrane/fivebrane duality and anomalies 

Membrane/fivebrane duality interchanges the roles of field equations and Bian- 
chi identities and, as we saw in chapter 3, membrane/fivebrane duality thus predicts 
a spacetime correction to the D = 11 supergravity action [33, 34]. This prediction 
is intrinsically M-theoretic, with no counterpart in ordinary D = 11 supergravity. 
However, by simultaneous dimensional reduction [16] of (d = 3,D = 11) to (d = 
2,D = 10) on S}, it translates into a corresponding prediction for the Type TIA 
string. Thus using D = 11 membrane/fivebrane duality one can correctly reproduce 
the corrections to the 2-form field equations of the D = 10 Type JIA string (a 
mixture of tree-level and string one-loop effects) starting from the Chern—Simons 
corrections to the Bianchi identities of the D = 11 superfivebrane (a purely tree- 
level effect). 

(xi) Heterotic string from fivebrane wrapped around K3 

In 1995 it was shown that, when wrapped around K3 which admits 19 self-dual 
and 3 anti-self-dual 2-forms, the d = 6 worldvolume fields of the D = 11 fivebrane 
(or Type ITA fivebrane) (B~ „u, 7, ¢/1) reduce to the d = 2 worldsheet fields of 
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the heterotic string in D = 7 (or D = 6) [35, 36]. The 2-form yields (19,3) left 
and right moving bosons, the spinors yield (0,8) fermions and the scalars yield 
(5,5) which add up to the correct worldsheet degrees of freedom of the heterotic 
string (35, 36]. A consistency check is provided [33] by the derivation of the Yang- 
Mills and Lorentz Chern—Simons corrections to the Bianchi identity of the heterotic 
string starting from the fivebrane Bianchi identity. We also note that if we replace 
K3 by T* in the above derivation, the 2-form now yields (3, 3) left and right moving 
bosons, the spinors now yield (8, 8) fermions and the scalars again yield (5,5) which 
add up to the correct worldsheet degrees of freedom of the Type ITA string [1]. In 
this case, one recovers the trivial Bianchi identity of Type IIA. 

(xii) N=1 in D=4 

Also in 1995 it was noted [37-43] that N = 1 heterotic strings can be dual 
to D = 11 supergravity compactified on seven-dimensional spaces of G2 holonomy 
which also yield N = 1 in D = 4 [44]. 

(xiii) Non-perturbative effects 

Also in 1995 it was shown [45] that membranes and fivebranes of the Type 
IIA theory, obtained by compactification on S', yield e~!/9 effects, where gs is 
the string coupling. 

(xiv) SL(2,Z) 

Also in 1995, strong evidence was provided for identifying the Type IIB string 
on R? x S! with M-theory on R? x T? [46, 43]. In particular, the conjectured 
SL(2,Z) of the Type IIB theory discussed in (viii) above is just the modular 
group of the M-theory torus. Two alternative explanations of this SL(2, Z) had 
previously been given: (a) identifying it with the S-duality [33] of the d = 4 Born- 
Infeld worldvolume theory of the self-dual Type IIB superthreebrane [47], and (b) 
using the four-dimensional heterotic/Type [1A/Type IIB triality [48] by noting 
that this SL(2, Z), while non-perturbative for the Type TIB string, is perturbative 
for the heterotic string. 

(av) Eg x Eg heterotic string 

Also in 1995 (that annus mirabilis!), strong evidence was provided for identi- 
fying the Ex x Eg heterotic string? on R!° with M-theory on R! x S1/Z [50]. 

This completes our summary of M-theory before M-theory was cool. The 
phrase M-theory (though, as we hope to have shown, not the physics of M-theory) 
first made its appearance in October 1995 [46, 50]. We shall return to M-theory in 
chapter 6. 
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The type IIA superstring in ten dimensions is derived from the supermembrane in eleven dimensions by a simultaneous dimen- 


sional reduction of the world volume and the spacetime. 


It is well known that N=2a supergravity in ten 
dimensions (Emn, Am P3 Wm X; Amnp Amn) May be 
obtained by dimensional reduction from N=1 
supergravity in eleven dimensions (&,;,;; Wis Anap): 
On the other hand, n= 2a supergravity is also the field 
theory limit of the type Ila superstring. Does this 
imply a connection between D= 11 supergravity and 
strings? Bergshoeff, Sezgin and Townsend [1] have 
recently found a niche for D= 11 supergravity within 
the framework of extended objects, but the extended 
object in question is a three-dimensional membrane 
rather than a two-dimensional string *'. The purpose 
of this letter is to derive the type IIA superstring from 
this supermembrane by a dimensional reduction of 
the world volume from three to two dimensions and, 
simultaneously, a dimensional reduction of the 
spacetime from eleven to ten. 

To describe the coupling of a closed three-mem- 
brane to a d=11 supergravity background, let us 
introduce world-volume coordinates & (/=1, 2, 3) 
and a world-volume metric ĵ;( ê with signature ( —, 


On leave of absence from the Blackett Laboratory Imperial 
College, London SW7 2BZ, UK. 

? On leave of absence from the Mathematics Department, King’s 
College, The Strand, London WC2, UK. 

On leave of absence from RIFP, Kyoto University, Kyoto 606, 
Japan. 

It is interesting to note that the three-cight split SOQ, 
10) >SO(1, 2) XSO(8) implied by the membrane had previ- 
ously been invoked in refs. [2,3] to exhibit the hidden SO(16) 
of D=11 supergravity. 


+, +). The target space is a supermanifold with 
superspace coordinates #”=(%”", 64) where m=1, 
y 11 and i= 1, .... 32 with spacetime signature (—, 
+,..., +). We also define ÊA = ( 0;2”)£,4(2) where 
E,/ is the supervielbein and Â= (4, &) is the tan- 
gent space index (â= 1, .... 1] and &=1, ..., 32). The 
action is then given by [1] 


S= f DELS ~ 7 PEF E; nas 
~ be MEA ESE Aesi iP). (1) 


Note that there is a Wess—Zumino term involving 
the super three-form A jg¢(2) and also a world-vol- 
ume cosmological term. In addition to world-vol- 
ume diffeomorphisms, target-space superdiffeo- 
morphisms, Lorentz invariance and three- 
form gauge invariance, the action (1) is invariant 
under a fermionic gauge transformation [1] whose 
parameter k“(£) is a 32-component spacetime 
Majorana spinor and a world-volume scalar. This is 
a generalization to the case of membranes of the 
symmetry discovered by Siegel [4] for the super- 
particle and Green and Schwarz [5] for the superstr- 
ing in the form given by Hughes, Liu and Polchinski 
[6]. We shall return to this later in eq. (23). 

To see how the dimensional reduction works, let 
us first focus our attention on the purely bosonic sec- 
tor for which the action (1) reduces to 


s= fag [ 4/3 PIOR OR" Bry (X) iz I=? 


+4 OR IR? Aal) - (2) 


0370-2693/87/$ 03.50 © Elsevier Science Publishers B.V. 
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Varying with the respect to the metric },; yields the 
embedding equation 


Pom By HOR" OX" Baal) , (3) 


while varying with respect to £” yields the equation 
of motion 


(WS = B84 JB BF ARYL 4p" 8,39; 7 
= BF 440) ORP OE FSE. (4) 


where F,aap is the field strength of A nap ; 


Franpg = 40 mA npar + (5) 


We now make a two-one split of the world-volume 
coordinates 


&=(E',p), i=1,2, (6) 
and a ten—one split of the spacetime coordinates 
$” = (x,y), m=l,.., 10, (7) 


in order to make the partial gauge choice 
p=y, (8) 


which identifies the eleventh spacetime dimension 
with the third dimension of the world volume. The 
dimensional reduction is then affected by demand- 
ing that 


6,x"=0, (9) 
and 
OB =0=0,A nap : (10) 


A Suitable choice of ten-dimensional variables is now 
given by 


ias -2( Sm Ad, eo 


A, p? 
Ânn = (Arnos Âmny) =(Amnp» Amn) - (11) 


From (3), the induced metic on the world sheet is 
now given by 


p gn But DAA; a] 
z=% ( PA, Q? > 


where 


(12) 


Bij =O, XOX" mn, AEX” Anm. (13) 


Note that 


/-é= J-2 7 (14) 
Substituting these expressions into the field equa- 
tions (4) yields in the case 2” =x" 


(A — 8) 0/8 BY Ox") +I np" ix" axr g! 


=4F™ px a xr ËSE, (15) 
where Fmnp is the field strength of Amn, 
Fmnp = 36 mAnpy = Emnpy . (16) 


In the case %*=y, (4) is an identity, as it must be 
for consistency. But (15) is just the ten-dimensional 
string equation of motion derivable from the action 


s=fareay —y YI, XOX" Emn 


+4690," ÂX” Amn) - (17) 


Comparing with (2), we see that the overall effect is 
to reduce the eleven-dimensional membrane to a ten- 
dimensional string, to replace the three-form by a 
two-form in the Wess-Zumino term and to eliminate 
the world-volume cosmological constant. Note that 
the other ten-dimensional bosonic fields A mnp, Am and 
® have all decoupled. They have not disappeared 
from the theory, however, since their coupling still 
survives in the fermionic @ sector, to which we shall 
turn shortly. First, we make some remarks. 

As is well known, the dimensional reduction (10) 
corresponds to a Kaluza—Klein compactification of 
spacetime on a circle in which one discards all the 
massive modes. The difference from conventional 
Kaluza-Klein is that by identifying the eleventh 
spacetime dimension with the third dimension on 
the world volume as in (8), the world volume is also 
compactified on the same circle. The condition (9) 
means that we are discarding the massive world-sheet 
modes at the same time. By retaining all the U(1) 
singlets but only the U(1 ) singlets, these truncations 
are guaranteed to be consistent [7] with the mem- 
brane equations of motion and, as we shall see, with 
the equations of motion of the background fields. As 
an extra check on consistency, we have been careful 
to substitute the Kaluza—Klein ansatz into the equa- 
tions of motion rather than directly into the action. 
The signal for consistency is that the %”=y com- 
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ponent of the field equations (4) is an identity. Hav- 
ing established consistency one may then, if so 
desired, substitute directly into the action (2) and 
integrate over p. The result is not quite the action 
(17) but an equivalent one which yields the same 
equations of motion. To see this, let us recall that 
since we are now treating },; and %” as independent 
variables in (2), we should make independent 
Ansätze for both. Thus we write 


a rae Pa 
y ¢°V, ¢? 3. 


where y,, V, and ¢ are, a priori, unrelated to g,,, A; 
and ® of (12). Substituting into the action (2) and 
integrating over p yields 


s= [are (4/—y Pp 


x [y gy +94, = VA; -V 40-787] 


(18) 


~} =y +468 xX" ÂX" Amn}. (19) 


Since the equations of motion for y,, V; and ¢ are 
algebraic, we may eliminate all of them to yield the 
action 


s=fare (SIR 4e, x" ð x" Amn) 5 (20) 


which is the action we would have obtained by writ- 
ing (2) in Nambu-Goto form 


S= [ae (/TE+ t08 B65" Ann) : (21) 


Alternatively, we may eliminate just V; and ¢ to 
obtain (17). It is interesting to note that the string 
action (17) we obtain by dimensional reduction is 
conformally invariant even though the membane 
theory we started from was not. 

The foregoing discussion is readily generalized to 
a superspace setting. To facilitate a discussion of the 
fermionic symmetry, it is convenient to eliminate the 
world-volume metric as an independent variable. In 
this way we avoid having to discuss the rather com- 
plicated transformation rule for the metric. The 
action (1) then takes on its Nambu-Goto form 


S= fare (V -det EE; Nab 


— ge F EA EAE“ Âesa) - (22) 


It is invariant under the transformation [1] 


824 =82“ Égi =0, 


824 =52 Epá =RF (+I), (23) 
where 
gt = 06/6) FEA EP EEL ase)gt » (24) 


In (24) g, is the metric on the world volume induced 
from the bosonic metric on superspace, 


by = EAE mas - (25) 


In order for (22) to be invariant under this trans- 
formation, it is necessary that the background super- 
geometry be constrained. The constraints found in 
ref. [1] are 


fagt= ilf ap, Fagea=il l ca)as » 
Fagys =fepja=0 , (28) 


Tase=nicda, Fasea= T sea)a Ag - (27) 


Although these equations are not the standard equa- 
tions of on-shell D=11 supergravity in superspace 
[8], they are equivalent to them. That is to say, by 
suitable redefinitions of the superconnections and 
parts of the supervielbein, we may set Âe, fag’ and 
Tast to zero, 


Fast = ag? = Paga =0 . (28) 


Eqs. (26) and (28) are the on-shell supergravity 
equations, as may be checked using the Bianchi iden- 
tities. Since we are always free to make such rede- 
finitions, we may take the superspace constraints to 
be (26) and (28). This is therefore a stronger result 
than that given in ref. [1]; the fact that conventional 
constraints can be imposed was noted in the context 
of N=1 D=10 supersymmetric particles and strings 
in ref. [9]. 

The Kaluza—Klein Ansatz for the N=ł D=11 
supervielbein is 


tai(Q ge gn): a» 


7 a Eu” +Aux* p 


0 x ® (30) 
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where Ey/4=(Eyx’, Ex“) is the N=2a D=10 super- 
vielbein, A,, the superspace U(1) gauge field, and ® 
and x“ are superfields whose leading components are 
the dilaton and the dilatino respectively. In writing 
(23), we have made a partial D=11 local Lorentz 
gauge choice to set £,7= 0. For the superspace three- 
index potential Â yxs we have 


Amwe=Aunp , (31) 


Auny =Ayy . (32) 


All of the D=10 superfields E,,.4, ¥°%, Am ®, Amm 
Aywnp are taken to be independent of y. Note also that 
ten-dimensional spinor indices run from 1 to 32 so 
that a and & can be identified. With 2 = (z”, y) we 
also impose 


ðpz™" =0, (33) 
and fix 
y=p. (34) 


Substituting the Ansätze (30), (31) and (32) into 
(22) and using (33) and (34) yields the action for 
a type IIA superstring coupled to a supergravity 
background 


S= fare (D/Z det E E; Nas 
~ $et0,z” ð z" Anm) « (35) 


Purely for convenience in superspace calculations, 
we have omitted an overall factor of ®-?” in the 
Ansatz (29); the factor of Ø in (35) can be removed 
by a suitable rescaling of the supervielbein. To find 
the fermionic symmetry of the dimensionally reduced 
action (35), one substitutes the Kaluza—Klein 
Ansätze into (23). It is straightforward to show that 


=(1/2./—g) FEM EOL al 11) 9% (36) 
and that 
82% 82% =z Ey" =P (1r) . (37) 


However, y also transforms under (23): 
ò, =- Kf (1+I)g“Aa (38) 


and a compensating infinitesimal world-volume dif- 
feomorphism with parameter 


(0, 0, KP(1 +I") g%Aq) (39) 


must be made in order to maintain the gauge y=p. 
Since (22) is invariant under (23) when the D=11 
field equations are satisfied, it follows that the 
reduced action (35) will be invariant under (37) if 
the N=2a D=10 supergravity field equations are 
satisfied. This is because the compactification of the 
N=1 D=1} field theory ona circle is known to yield 
the N=2a D= 10 field theory, though to the best of 
our knowledge this is the first time it has been done 
in superspace. Note that all of the N= 2a supergrav- 
ity fields are now coupled, including A mnp, Am and Ø 
which decoupled from the purely bosonic sector. 
The transformation (37) can be recast into the 
Green-Schwarz [5,6] form by introducing 


A h(E BEAK (L al i)a" 5 (40) 
so that (37) becomes 
S2 =E; [A + (€4/,/—g) dF] 


H(A — (6I 8AE Pade” » (41) 
where 
AG =A AET a)" . (42) 


In conclusion, we have succeeded in deriving (for 
the first time °?) the action of the type IIA super- 
string coupled to an N= 2a D= 10 supergravity back- 
ground starting from the action of the 
supermembrane coupled to the background of N= 1 
supergravity in D=11. The dimensional reduction 
corresponds to a compactification of both the space- 
time and the world volume on the same circle and 
then discarding the massive modes. Classically, this 
is equivalent to letting the membrane tension a3 tend 
to infinity and the radius of the circle R tend to zero 
in such a way that the string tension 


5=2nRay 


remains finite. The type IIA superstring is known to 
be a consistent quantum theory; the most urgent 
question for the supermembrane is whether it too is 
a consistent quantum theory in its own right, 


We are grateful for discussions with Chris Pope and 
Ergin Sezgin. 


2 The type LIB action is given in ref. [10]. 
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In analogy with a previous treatment of strings, it is shown that membrane theories exhibit 
global noncompact symmetries which have their origin in duality transformations on the 
three-dimensional worldvolume which rotate field equations into Bianchi identities. However, in 
contrast to the string, the worldvolume metric also transforms under duality by a conformal 
factor. In this way the Cremmer-Julia hidden symmetries of supergravity are seen to be a 
consequence of supermembrane duality. Moreover, the string duality follows from that of the 
membrane by simultaneous dimensional reduction. Generalization to higher-dimensional objects 
is straightforward. 


1. Introduction 


The purpose of this paper is to explore the phenomenon of “duality” in 
membrane theories. The word duality has come to acquire many meanings but 
here a duality transformation will mean a symmetry that rotates field equations 
into Bianchi identities on the worldvolume of the extended object. In a previous 
paper [1] devoted to duality rotations in string theory, we saw that in the case of a 
bosonic string compactified on an n-torus, these continuous transformations were 
described by an SO(n, n) symmetry of the equations of motion in the presence of 
the massless background fields. The discrete subgroup, SO(n, n; Z) which survives 
as a symmetry of the spectrum, contains the typical R«a’/R transformations 
whose fixed points correspond to points of enhanced gauge symmetries and which 
have led to speculations about a minimum length in string theory [2]. As a 
preliminary to investigating questions of enhanced symmetry or minimum length in 
membrane theory, therefore, we first wish to discuss the continuous duality 
transformations. 

In fact, our original motivation for studying duality on the worldvolume of 
extended objects sprang from the old observation that four-dimensional supergrav- 
ity theories exhibit global noncompact continuous symmetries corresponding to 
duality symmetries that rotate space-time field equations into Bianchi identities 


* Work supported in part by NSF grant PHY-9045132. 
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[3,4]. These were frequently referred to as “hidden” symmetries since their 
presence is far from obvious by inspection of the four-dimensional lagrangian. 
Indeed, they were originally best understood as a consequence of compactifying a 
higher-dimensional theory [4]. Nowadays, of course, supergravity theories are 
regarded as being merely the field theory limit of a superstring or supermembrane, 
and so it is natural to conjecture that these symmetries have their origin on the 
worldvolume of the appropriate extended object. Some evidence in favor of these 
ideas may be found in refs. [5, 6]. For example, considerations of bosonic strings on 
group manifolds led us to expect a global SO(n, n) in the lower dimension, where 
n = dim G. In the case of the four-dimensional heterotic string this is replaced by 
global SO(6, n). This latter symmetry is known to be present in four-dimensional 
N = 4 supergravity coupled to a Yang-Mills supermultiplet. The 6n scalars in the 
Yang-Mills sector are described by a nonlinear o-model given by the coset 
SO(6, n)/SO(6) x SO(n). (There are also two scalars in the supergravity sector 
described by SUC, 1)/U(). The stringy origin of this coset is described in sect. 6.) 
Cosets of this kind were also encountered by Narain [7] in his torus compactifica- 
tior of the heterotic string but where n = rank G. By group manifold considera- 
tions, we were led to the larger symmetry with n = dim G. It should be emphasized 
that these larger symmetries with n = dim G are broken by gauge interactions but 
they nevertheless exactly describe the nonlinear o-model of the scalars. Similarly, 
one might expect that the global E}, Cremmer—Julia [4] symmetry of N = 8 
supergravity in four-dimensions has its origin on the worldvolume of the eleven- 
dimensional supermembrane [8] compactified on a seven-torus [4] or a seven-sphere 
[9]. Once again, in the case of the seven-sphere the E,,,7) will be broken by SO(8) 
gauge interactions but the E,,, ,,/SU(8) coset still describes the nonlinear o-model 
of the scalars [10]. 

The proof of these conjectures (in the case of the string) was supplied by Cecotti 
et al. [11], who first pointed out that the two-dimensional worldsheet origin of 
these symmetries is quite similar to the way they appear in four-dimensional 
space-time i.e. through generalized duality transformations of the kind discussed in 
detail by Gaillard and Zumino [12]. Thus our task in this paper is to generalize the 
arguments of Cecotti et al. to the three-dimensional worldvolume of the mem- 
brane. We shall confine our attention in this paper to torus compactification and 
focus mainly on the bosonic sector. Moreover, we shall follow the approach 
described in ref. [1] for treating string duality which lends itself to generalization to 
membranes and other higher-dimensional objects. Let us therefore first recall 
string duality. 


2. Review of string duality 


The n-dimensional string is described by a two-dimensional o-model with 
worldsheet coordinates é'=(7,0), worldvolume metric y,(&) and target-space 
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coordinates x“(€), with 

L= yT y y ORY Ox guy t fe! ox" Oxo (2.1) 
We shall consider the case where x” correspond to the compactified coordinates 
with the background fields g,, and b,, (u = 1,...,n) being x-independent. These 


backgrounds will admit the interpretation of scalar fields in space-time and hence 
will still depend on the space-time coordinates X™. Let us define 


SPS yyy ax, Fit sella, (2.2), (2.3) 
Fb FO by FH = ILI". (2.4) 


Then there is a symmetry between the equations of motion, 

a,7', =0, (2.5) 
and the Bianchi identities, 

aF™=0. (2.6) 
The invariance is summarized by the equations 

BFH = A* FP + BOG) ,, EF a E Ca FP DEF, (2.7) 

where A, B, C and D are constant parameters. We must also establish invariance 
of the equation of motion obtained by varying with respect to y; namely the 


vanishing of the energy-momentum tensor 


28S nn a Beh 
iyi =yŅy-y [x Ox” Buy T TYY" 9x" x” gur] =0. (2.8) 


V Yô; 


To fix the group structure more precisely, we introduced in ref. [1] a “dual” 
o-model for which the roles of field equations and Bianchi identities are inter- 
changed. One begins by noting that the equations of motion (2.5) may equivalently 
be derived from a first-order lagrangian with independent variables x” and F,*, 


L= =y yy 5F "Fe, eR” F b, 


+a” ( y= y y E 8p + EF bu). (2.9) 
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Varying with respect to 0.x", we have 
AL,/0 9x" = YZY YF, By + EOF, gy 
and with respect to F,“, we have 
aL, /aFt = -Y= y y"F, guy ~ eFF,"b,, 
+y- yy” PX” guo t g” ðx”b, =0. 
This latter equation says 


F," =x", 


t 
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(2.10) 


(2.11) 


(2.12) 


and then eq. (2.10) yields the same equation of motion as in the second-order 


(2.13) 


formalism. 
Next consider a different first-order lagrangian with independent variables y, 
and F,", 
mee ee es ij v lip HRY? -ijp H 
Ly =53 yy F; "F, BoT zE” FF, Bis + dy E” F, : 
We have 


d.L,/9 dy, = 67 F;", 
OL, /ðF;" = =Y y”F "g, + e”F, b, — dy, =0. 
This is an algebraic equation for F,” with the solution 


F” =p*"(1/V- y yje” xy, tq" day, , 


where p*” =p" and q*" = ~q” are related to g,,=g,, and b,, = —6,, 


Puy = Sur + b,ag Pb, , Pug” = bugg? ? 
where p,, is the inverse of p#”. From eq. (2.14) the equation for y, is 
a,(eF,") =0, 


which implies (2.12), at least locally. 


(2.14) 


(2.15) 


(2.16) 


by 


(2.17) 


(2.18) 
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Putting these results together, we find 


E” a E a,x" = Suv yy” ðjx + bure” jx > 
EV ox" = 50 y = pH = yy” ay, +q””e" 0y. (2.19) 
iYu 


Thus the field equations of the original lagrangian -⁄/. are the Bianchi identities 
for the “dual” lagrangian -⁄,, and vice versa. 
To see the SO(n, n) symmetry explicitly, define 


2i =V yy ay. (2.20) 


Then eq. (2.19) may be written 


Fi = BF +b 


a wË, FH =p Gi +q p, (2.21) 


or, in compact notation, 


Nun DN = Gun P”, (2.22) 
where M, N = 1,...,2n and where 
. gr iv . F 
iN — o. IN , 
p B ; p (5 | . (2.23) 


The 2n X 2n matrices 2 and G are given by 


0 68 
Quy = wy, 2.24 
MN | 0 | (2.24) 


(2.25) 


Gyn = 


Euv + b,ag b,g bag ® 
g“Pb,g gh 


The desired SO(n, n) symmetry is now manifest since the group SO(n, n) may be 
defined by parameters A™“,, for which 


Nuy = —APyOpy ~ A ny Quyp =9- (2.26) 
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Moreover, 


GypQ?°Gon = Quyn (2.27) 


and hence G is an element of SO(n, n). Thus eq. (2.22) is manifestly SO(n, n) 
invariant with É~ and ©” both transforming as the 2n-dimensional vector 
representation 


SPM =A" ,b?, 8PM = AMG? (2.28) 
The explicit transformation rules are those of eq. (2.7) with the restrictions 
Bes = BP! = APP , 


av av? 


Cav = Ciar =A 


D,P =A,P = -AP (2.29) 


corresponding to the n(2n — 1) parameters of SO(n, n). Thus 
SF =A", F” + BOG, BR, =Car FA. g (2-30) 
and similarly for F’ and J’, The transformation rule for Gyw is 


and hence 
ÔE uy = =A’ 8 pv ~ AP 8 up ~ braB 8p ~ Eua BP bgu > 
6b,, = A’ pbp —A?,b,, ~ b,a BP bg, — ByqgB eg, +C,,- (2.32) 


The action of SO(n, n) on the background fields g,,, and b,,, is nonlinear. A linear 
realization may be obtained by rewriting eq. (2.22) as 


$i = 94, (2.33) 
where 
P'a =NaBE DN, Di, = Epa P (2.34) 
and where E,,“ is the “vielbein” for which 


Gun = Ey Enya - (2.35) 
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Multiplying (2.33) by E,“ and using the fact that Ex‘ is also an element of 
SO(n, n), 


En Q4gEx “funs (2.36) 


we recover (2.22). As usual, the price to pay for a linear realization of G is a local 
symmetry H where H CG. In this case 


E > ApEn (2.37) 
where A is an element of SO(n) x SO(n), the maximal compact subgroup of 
SO(n,n), whose elements commute with 2. The n? physical scalar fields described 


by Gun parametrize the coset SO(n, n)/ SO(n) X SO(n) and their self-interaction 
is described by the corresponding nonlinear o-model. 


3. Membrane duality 


The bosonic sector of the n-dimensional supermembrane is described by a 
three-dimensional o-model with worldvolume coordinates ¢! = (r, ø, p), worldvol- 
ume metric y,(€) and target-space coordinates x“(€), with 


Z= 3y yy dx" Ox" gt ao ôx“ Ox" ðk xP bs = sy ey (81) 


with background fields g,,, and b,,,(u = 1,..., n). Define 
F= yyt, Fie selik axa, x” (3.2), (3.3) 
Gi = 8p FË + bpp F MP =AL/Ia,x" (3.4) 


In the case when the background fields g,, and b,,,, are independent of the 
coordinate x“, its equation of motion is just 


ð’ =0, (3.5) 
whereas the Bianchi identity is 
a,.F iM” =0. (3.6) 


Thus there is a duality symmetry that rotates field equations into Bianchi identi- 
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ties. The invariance is summarized by the equations 
G inv _ l guv gipo uvp gi 
BF H = SA” a I O + BOR pa 


82i = Cupo F + DES, (3.7) 
where A, B, C and D are constant parameters. Thus the first major difference 
from the string is that the duality transformations are nonlinear in the “field 
strength” d.x“ by virtue of #'#”, given in (3.3). We must also establish invariance 
of the equation of motion obtained by varying with respect to y,,;, namely the 
vanishing of the energy-momentum tensor 


26S 
VY; = 5y” =y>y [ax Ox” Bay = byyy" apx" A,X” Buv + 1Y] =0. (3.8) 


This equation is just the statement that y;; is the induced metric on the world- 
volume 


Vij =9,X" OX? Euv- (3.9) 
Here we encounter the second major difference from the string case, where the 
worldsheet metric is invariant under duality transformations. For the membrane, 
we must allow the possibility that y;; also transforms under duality. 


The equations of motion (3.4), (3.5) and (3.8) may equivalently be derived from a 
first-order lagrangian with independent variables x“ and F,” 


L = —3V y VIFF, "8, o ge FYE, F bpp 
+x” y= y yE gp + EF FE buo) 3V7 Y - (3.10) 


Varying with respect to 0.x“, we have 


at, 
aa,x" 


= V- yy”F "Bur + 36 F, FB yup i (3.11) 
and with respect to F,”, we have 


ALOR, = -YZY VE yy EE Fup 


+y = yY IX guo tE Ox Fob, =0- (3.12) 
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This latter equation says 


F" =x" (3.13) 


and then eq. (3.11) yields the same equations of motion as in the second-order 
formulation. 

Now consider a different first-order lagrangian with independent variables y,, 
and F,” 


Up 


| 1 
L= aV VEE, By + ore R R Feb 


+ eK ay p BFE 3y Y . (3.14) 
We have 
bL 3d Yp = EFR" FE (3.15) 


IL SOF" = yY- y yF, 8, + yE F FE b, 2e dy,,F, = 0. (3.16) 


This is an algebraic equation for F,” with the (implicit) solution 


FY = 2p" (U/V— v rye Wok” — 2G? ð; Ypo (3.17) 
where p*” = p”* and q°* = q'??*] are related to g,, =g,, and b, = Biuvp BY 
= Birt aDyape P buya 
Pav dP” = zdyys8 PY, (3.18) 
where p,,, is the inverse of p”*” and where 
g 2b? = ( garg ho — gadgbr) | (3.19) 
In proving eq. (3.17), we have madc use of the identities 
glk glnn  y(yilyimykn 4 yinyilykm 4. yim ing kl 
myy yn — yimyily kn — yimyimy kl), 
elkeim = y( yy” — yy"), 
eel =2yy", eke, = Oy (3.20) 
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and have also used the field equation (3.9). From eq. (3.15) the equation for y,,, is 
d(e FF) =0, (3.21) 

which implies (3.13), at least locally. Putting these results together, we find 


b 
ð ð x 


2e 0y Ok” SB iV VY OR poco Ox dex”, 


e bL, eee B 
gk Ox" ð x” = aan = 2p” -y YO; Ypo t 2qurreltk IY 9,X% (3.22) 


i? uv 


where p%87° is defined by 
grbyo = prs + qa" p sae 7 (3.23) 


Thus the field equations of the original lagrangian .~ are the Bianchi identities 
for the “dual” lagrangian .“,, and vice versa. 


4. A specific case: n = 4 


In the case of the string, the n G A and the n #™ transform as the same 
2n-dimensional vector representation of the same orthogonal group, SO(n, n), for 
all n. In the case of the membrane, however, we shall see that each n tells a 
different story. The n ‘, and the n(n — 1)/2 Fi” will transform as an 
(n(n + 1)/2)-dimensional representation of some noncompact group. Then the 
n(n +1)/2 g,, and the n(n — 1Xn — 2)/3! b,,, will parametrize some (n(n? + 
5)/3!)-dimensional coset. (In fact, we shall see in sect. 5 that this is valid only for 
n <4 and that the cases n >5 require a separate treatment). The group and the 
coset will be different for each n. 

In this section we shall focus explicitly on n = 4. Then the 4 2 ‘a and 6 Fine 
will transform as a 10-dimensional representation of the duality group which will 
turn out to be SL(5, R), and the 10 &,, and 4 b,,,, will parametrize the 14-dimen- 


pvp 


sional coset SL(5,R)/SO(). To see this explicitly, define 
F's, SAV vv" Yuve (4.1) 
Then eq. (3.22) may be written 
2i iv l ziv 
P'a =g” + abp f 


GF inv a Sper Ge + qh G, i (4.2) 
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Now define iy, = ~P'yy(M, N =1,...,5) via 


- 1 < ~ 


= Sot wvapF , B= G', (4.3) 
§ 
and @'MN = -PIM via 
pi = lg~l/Sgrreo gi Pe ag /5 7 in (4 4) 
£ pa? ` . 
where g is the determinant of g,„,. Then eq. (4.2) may be written 
P'un = (GurGno T GuygGyp) PP? (4.5) 
where Gy, is the 5 X 5 symmetric matrix for which 
Gy, =g K ’ 
1 
x — — g7 2/5 aBysd — 
Gus 7 3! g / Snake Y beys T Gs, 7 
3/5 1 aug BY g yp 
Gog = er l1 + zgbagy8 grg Pb]. (4.6) 
We note that 
det Gyy = 1, (4.7) 


and hence that Gy, is an element of SL(5, R). Eq. (4.5) is thus manifestly SLG, R) 
invariant with i~~ transforming as the 10-dimensional representation 


5D y= -A y Bin -An BO yp (4.8) 
where A”, is a traceless 5 x 5 constant matrix. Similarly, we have 
SDIMN .. AM PIPN 4 AN PMP, (4.9) 
The explicit transformation rules are those of (3.7) with the restrictions 
AM = OMA, OP AN, + O AM, — OF AY, — 6H 8" AM, tOO AN, 
Bere = Blorel = — HPPA? Cy = Civ) = ~ 1/8) Eppa 475 


D} = —A?, +8", A%,, (4.10) 
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corresponding to the 24 parameters of SL(5, R). Thus 
EF iv = At, Fine + At Fier +A’ Five + BAF i, 
Zi npa gi o gi 1 zi 
O'SA a n A p ot Cua o . 


Whereas, 


l 2 1 l , 
DF | 14 - [BP bugy | FH AAE FH IBES g 


33 
8¥',, = |2A% -Z l posyp gi -A* $' -AX G' IMC E 
py 3 a 3 31 apy | pv H av v pa puy 
The transformation rule for Gy, is given by 
Gun = —A?yGup — AP Gpn > 
and hence 
Ôg uy = 5A% Buy SA Boy — A", Bu 
2 1 apy 1 paß ] app 
+ 3 318 bapy Euv ~ 28pB bape ~ 2b, apB Bpv> 
Bbuvp = 2A* Buvp =A" boro e Diop ~A? buvo 


1 
_ ap ap 
3! Be Baby Pup + BB a8 vp8py + Curo’ 
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(4.11) 


(4.12) 


(4.13) 


(4.14) 


This action of SL(5,R) on the background fields is nonlinear. A linear realization 


of SL(5, R) may be obtained by rewriting eq. (4.5) as 
B45 = 2845 > 
where 
Psy = EM, EN Pi wy, P' 4p = Eya EnB P”, 
with Ey the “fünfbein” for which 


Gun = Ey Ena , 


(4.15) 


(4.16) 


(4.17) 


where E™, is its inverse. Multiplying eq. (4.15) by E/E,” we recover eq. (4.5). 
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As usual the price to pay for a linear realization of G is a local symmetry H 
where H cG. In this case 


Ey > A4R Ey’, (4.18) 


where A is an element of SO(S5), the maximal compact subgroup of SL(, R). The 
14 physical scalar fields described by Gy, parametrize the coset SL(S,R)/SO(G) 
and their self-interaction is described by the corresponding nonlinear o-model. 

Finally, we should also discuss the transformation properties of the membrane 
metric. From eqs. (3.2) and (3.9) we have 


yy =g p FEF. (4.19) 


Thus from the transformation rules for g,,, of (4.14) and ¥™ of (4.12) we may 
deduce 


1 
By; = 3 | Aa zB bay =E | Yi» (4.20) 
where 
1 
ny E" IXY Ig X” Ig X? Bye BupBpy BoP. (4.21) 


Thus y;; transforms conformally with a worldvolume coordinate-dependent confor- 
mal factor. The invariant 


$ip =0 (4.22) 


as a consequence of eq. (3.9) which just restates, in a manifestly SL(S,R) invariant 
way, the vanishing of the energy-momentum tensor (3.8). 


5. Comparison with d = 11 supergravity 


By compactifying the membrane on T4, we discovered in the last section that the 
duality symmetry is SL(5,R) and that the 14 background fields g,,, and b,,, 
parametrize the 14-dimensional coset SL(S,R)/SO(S5). But this duality symmetry 
and this coset are precisely those obtained by Cremmer and Julia [4] from 
compactification of d = 11 supergravity on T*. Once we have accepted that duality 
symmetries of supergravity can in principle have their origin on the worldvolume of 
the supermembrane, this correspondence should not be surprising since we know 
that the x-symmetry of the d = 11 supermembrane [8] forces the background fields 
of the three-dimensional g-model to be solutions of the d= 11 supergravity 
equations [13]. With the exception of the graviton, which is a singlet under duality, 
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TABLE 1 
The hidden global symmetries G and local symmetries H that result from compactifying D = 11 
supergravity on T”. For n < 5, these are compatible with the coset parametrized 
by the membrane background fields g,,, and 5,,,, only. Extra space-time scalars 
must be included for n > 6 


n G H dim G/H n(n? + 5)/3! 

1 R 1 1 1 v 
2 GL(2, R) SO(2) 3 v 
3 SL(3, R) x SL(2, R) SOG) x SO(2) 7 y 
4 SL(5, R) SOG) 14 14 v 
5 SOG, 5) SOG) x SO(5) 25 25 v 
6 Eg +6) USp(8) 42 41 x 
7 Ex 43) SU(8) 70 63 x 
8 Egor SOU6) 128 92 x 


all the space-time fields in the supergravity multiplet, gravitinos, vectors, spinors, 
scalars and antisymmetric tensors, will transform under duality. By retaining only 
the backgrounds g,,,, and 5,,,,, we have so far been treating only the space-time 
scalars. The scalars alone are nevertheless sufficient to determine the duality 
symmetries. If we repeat the n =4 analysis of sect. 4 for n <4, one finds the 
duality symmetries listed in table 1 with the n(n? + 5)/3! g,, and b,,,, parametriz- 
ing the corresponding coset. These once again agree with those of Cremmer and 
Julia. Moreover the n(n + 1)/2 “field strengths” Ži, and ¥” transform as the 
same representation of G as do the space-time vector fields*. 

For n > 6, however, there is a mismatch with the number of space-time scalars 
as shown in table 1. The mismatch with the number of space-time vectors occurs 
already for n > 5 as shown in table 2. The reason for this is easy to explain and 
does not present a serious problem. By focussing only on those space-time scalars 
arising from g,,, and b,,,,, we have ignored those arising from other sources [4]. 
For n = 6, we get | extra by dualizing the space-time three-form bunp( M, N, P = 
1,...,5); for n = 7 we get 7 extra by dualizing the space-time two-form buy,(M, N 
= 1,...,4); for n = 8 we get 28 extra by dualizing the one-form b,,,,, and 8 extra by 
dualizing g,y,(M@ = 1,2,3). This correctly accounts for the mismatch in table 1. 
Similarly, by focussing on the ficlds strengths A and F iH, we have been 
ignoring others that couple to space-time vectors arising from dualization. For 
n = 5, we get | extra by dualizing the three-form byyp, for n = 6 we get 6 extra by 
dualizing the two-form buy, This correctly accounts for the mismatch in table 2. 
The cases n = 7,8 are special. The 28 space-time vectors field strengths combine 
with 28 dual field strengths to form a 56 of E, 3, whereas for n = 8 all vectors are 


* We are grateful to Ergin Sezgin for pointing out the importance of this. 
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TABLE 2 
Representations of the duality symmetry under which the spin-1 space-time fields 
of compactified D = 11 supergravity transform. For n < 4, these are compatible 
with the representations of the membrane “field strengths” 2i, and ¥'#” only. 
Extra field strengths must be included for n > 5 


n G spin-1 reps. n(n + 1)/2 

l R l 1 y 
2 GL(2, R) 3 3 v 
3 SL(3, R) x SL(2. R) (3,2) 6 v 
4 SL(5, R) 10 v 
5 SO(5, 5) 16 15 x 
6 Egz 27 2t x 
7 ee 56 28 x 
8 a +8) — 36 x 


dual to scalars. Thus we expect that all the hidden symmetries of Cremmer and 
Julia, including those for n > 5, will follow from membrane duality provided we 
start with an enlarged o-model that includes the couplings to those background 
fields we could safely ignore for n < 4. We intend to return to this point elsewhere. 


6. String duality from membrane duality 


The dimension of the extended object (p + 1 for a “p-brane”) and the dimen- 
sion of space-time (D) in which it moves, are severely limited by supersymmetry. 
Classically, one requires that in a physical gauge there be equal numbers of bosons 
and fermions on the worldvolume [14]. There are 12 possibilities displayed on the 
“brane-scan” of fig. 1. They fall into 4 sequences and the equations of motion for a 
lower member of the sequence may be obtained from those of a higher member in 
the same sequence by the process of ‘simultaneous dimensional reduction” [13]. 
This is illustrated by the diagonal lines in fig. 1 which terminate on the strings 
(p= 1) in D = 3, 4, 6 and 10. In particular, the Type ITA superstring in D = 10 
follows from the supermembrane in D= 11. One suspects, therefore, that the 
string duality of sect. 2 should follow from the membrane duality of sect. 3 by the 
same simultaneous dimensional reduction. We shall now show that this is indeed 
the case, using the explicit n = 4 example of sect. 4. 

Let us denote all membrane variables by a hat. Thus the equations of motion 
(3.5) and Bianchi identities (3.6) now read 


ag =0, aF =(), (6.1), (6.2) 


i 


Similarly, we denote the membrane background fields by g,, and Bsns and the 


SLG,R) parameters by Ae Here f runs over | to 3, ù over | to 4 and M over | 
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D ne va (B+8) 


gL. Quantum 
consistent 


0 1 2 3 4 5 


Strings 


Fig. 1. The “brane-scan”. 


to 5. In this notation, eq. (3.9) becomes 
Vij = 8" OR” Bas. (6.3) 
Following ref. [13], we now make a two-one split of the worldvolume coordinates 
G  1=1,2, (6.4) 
and a three-one split of the target-space coordinates 
$Ê = (x", x7), w= 1,2,3, (6.5) 


in order to make the partial gauge choice 
G=x*, (6.6) 


which identifies the fourth target-space dimension with the third worldvolume 
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dimension. The dimensional reduction is then effected by demanding that 

dx" Jae? =0. (6.7) 
(The other requirement of ref. [13], namely 


88,;/ax4 = 0 =ab,,,/dx", (6.8) 
is here superfluous since we are already assuming that the background fields are 
independent of all ĉĉ.) A suitable choice of four-dimensional variables is now 


Eu t $°A,, A, pA, 


5 2/3 
a $A, $ 


; (6.9) 


bas = (burps buva) = (Burp Bar) - (6.10) 


The background fields g,,, and b,,, will be identified with the string backgrounds 
of sect. 2 with n = 3, and ġ will be the string dilaton. The fields A, and 5,,, are 
the extra backgrounds that appear in the Type IIA but not the bosonic or heterotic 
strings. By working in a Green-Schwarz formalism and focussing only on the 
bosonic sector, we shall see that $, A, and b,,,, in fact all decouple from the 


equations of motion. Note, for example, that 


p 


=g. (6.11) 


If we now make the following identifications 


SETE ma Si 4 pi a 
Frs gpm, pis, (6.12), (6.13) 
and substitute (6.9) and (6.10) into the membrane equations (6.1) and (6.2), we 
correctly recover the string equations (2.5) and (2.6). The ¥ im and J a equations 
are identities, as they must be for consistency. Similarly, if we now make the 
identifications 


At,=AX,—5",AP,, Be = Ader”, Cu =(1/8) sE» (6-14) 


set to zero A®,, A's, A*,, A”, and £, and substitute into the membrane 
transformation rules (4.11), (4.12) and (4.14), we correctly recover the string 
transformation rules (2.30) and (2.32). Once again, the extra equations not corre- 
sponding to string variables are just identities. 

Thus in this explicit example, we have seen how the duality symmetry of the 
string equations of motion for n = 3, namely SO@, 3), follows as a consequence of 
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TABLE 3 
String duality from membrane duality via simultaneous dimensional reduction ( -> ). The string 
symmetries are actually larger than SO(n, n), where n is the number of compactified 
string dimensions 


n membrane duality > string duality SO(n, n) 
1 GL(2, R) > soa, 1) x SO(1,1) sod, 1) 
2 SLG, R) x SLQ, R) > SO(2, 2) x SO, 1) SO(2, 2) 
3 SL(5, R) > SO(3,3) x SOU, 1) $O(3, 3) 
4 SO(S, 5) > SO, 4) x SOG, 1) SO(4, 4) 
5 Ewro > SO(5, 5) x SOC, 1) SO(5,5) 
6 Ewan -> SO, 6) x SO, 1) SO, 6) 
7 Eso > SO(8, 8) SO(7, 7) 


the SL(5, R) duality symmetry of the membrane for n = 4. It is not difficult to see, 
from a group theoretical point of view, how this would work for other values of n. 
The results are shown in table 3. 

In fact, the string duality symmetries listed in the second column are larger than 
the SO(n, n) appearing in the third column and discussed in sect. 2. The reason is 
that the SO(n, n) refers to the coset parametrized by g,, and b,, only. However, 
even for the string, space-time scalars may arise from other sources. First there is 
the dilaton # which, although decoupling from the bosonic sector, still survives in 
the fermi-fermi couplings. If we retain the Â, component of Â’, there is an 
extra SO(1, 1) under which g,,,, b,, and ġ transform by conformal factors. In four 
space-time dimensions we also have the axion by, (coming from buni of the 
D= 11 supermembrane) which is dual to a scalar and which, together with œ 
parametrizes the coset SOQ, 1)/U(1). In three space-time dimensions we have 14 
more scalars coming from $y; and byy;,,. These conspire with the dilaton and 49 

g,, and b,, to parametrize SO(8, 8)/SO(8) x SO(8). For the heterotic string we 
promote each SO(n, n) to SOC(16 + n, n) corresponding to the extra 16 left-moving 
modes. Thus in D = 3, we would have SO(24, 8). 

Of course, we could retain all the space-time background fields in the dimen- 
sional reduction including those that appear only in fermi—fermi couplings and 
thereby obtain the duality symmetries of the Type IIA superstring. Its duality 
symmetries would then be given by the first column in table 3 i.e. the same as those 
of the D = 11 supermembrane. 


7. Higher extended objects 


So far we have considered strings (p = 1) and membranes (p = 2), but similar 
duality symmetries will be present for other “p-branes” with p > 3. The lagrangian 
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takes the form with i= 1,...,p +1, 
Lay a,x" 9,2" 8,,~ Hp VY 


1 


+ (po) nan D ellie tp ax" d xh re SEO a ie (7.1) 


with background fields g,,, and b,,, (un =1,...,n). Define 


Fit = y- yyt ax", (7.2) 

Fiery = giiia xy etn, (7.3) 
gi Giv 1 Grip H 

Ae =E I” +t —b E PER (7.4) 


p! HHI bey 
Then once again there is a symmetry that rotates field equations 


3’ =0 (7.5) 
into Bianchi identities 


oF it Ho =, (7.6) 


The dual coordinate now has p indices: y,,...„„, and the analogue of eqs. (2.19) 
and (3.22) becomes 


leii eip A, _ yh2 yb 
D-é Rs X +6, X á 


= ðZ /ð ð; x" 


y 1 oe 
=e yy"? a,x” + pi onë nois x T E 
ae) Xt... Ye =90.L5/09: Yu. uw, 


=p!pr Pe” tol yy Fay, |, 


PA ee a ee v yx, 
st pighy Petr toa Va, v, Ok ten Fes (7.7) 
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where p4#” =p’* and q"! #r = ql#1--#»l are related to Sur =8,, and borin 
Pring ag] by 


Div = Bet Oink "byns Bad = Oa (7.8) 


where p,, is the inverse of p*". Here we have adopted a condensed notation 
where the index m means 


m=([p,..-2,], 


and where a repeated m index means 


a,,0" = CUP Gi gs Ber Er. (7.9) 
The quantity g”” is given by 
gn ght Hott tp Y ( ~ 1) Pgh. gerr, (7.10) 
P 


In this notation, the equations analogous to eqs. (2.21) and (4.2) may be written 


GBF +b 


an 


Fin ; Fim = png! + qg"! G!, (7.11) 
where 


va v 
a ~ y pP 
sk aA -0X ; 


F = ple rð, y 


GEP pwav =(P EYY Yaw? (7.12) 


gi" = pm + q" Ppr”. (7.13) 
This may be rewritten as 
gi +b mnh b mn F 
| i a | = ee umg vn ums || l |: (7.14) 
Fim gb, eg” f, 


As remarked in ref. [1] in the context of strings, increasing the dimension of the 
target space, with coordinates x", to include the extra y,, coordinates is strongly 
reminiscent of a Kaluza—Klein procedure. This analogy is seen to be even closer 
when we compare the matrix in eq. (7.14) with the typical Kaluza—Klein decompo- 
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sition of the metric 


— Su tA, BmnAy A, Emn 


n 


Gun 
Emn Ay Emn 


(7.15) 


Thus the role of the gauge field A,” is played by the antisymmetric tensor b, m- 
Untypical is the fact that the number of “internal” dimensions {7 } is determined 
by the number of “space-time” dimensions, n, with the curious twist that the role 
of the “internal” metric g,,,, is played by g™”” which is built out of the inverse of 
the “space-time” metric g”” as in eq. (7.10). Indeed, if we introduce as in ref. [1] a 
target space with n + ( p) dimensions and coordinates 


ZM=(x",y,) (7.16) 


the equations of motion and Bianchi identities may be united into a single 
equation, since after some rearrangement eq. (7.7) may be written 


Qum mg a Z 0 Z" = Guy yy aN, (7.17) 


where Guy is the matrix appearing in (7.14) and Num... Mp = P mm.. Mol is a 
numerical tensor whose nonvanishing components are given by 


QPI, o= a OO AP, ae, (118) 
where 
8ce y= Y(-1) 787,58, ...8%,. (7.19) 
P 
Note that 
Nimm, ...m, = 95 (7.20) 


and so, multiplying both sides of eq. (7.17) by ô&Z™ we learn that 
—y y” aZ” Guy ðZ =0 (7.21) 


as may also be verified explicitly. 

Although eq. (7.17) is an elegant way of summarizing the combined field 
equations and Bianchi identities of an arbitrary p-brane in a target space of 
arbitrary D, one must not be lulled into thinking that all the hidden symmetries 
are thus rendered manifest. This is because, with the exception of the string, 2 is 
not an invariant tensor under the full duality transformations and aZ™M does not 
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transform as a vector. Rather, the manifest symmetry is only a subgroup of the full 


duality group, and turns out to be SL(n,R) x R‘°’, under which y;; does not 
transform. To obtain the complete duality symmetry we must adopt a different 
route along the lines described in sect. 3. What will these p-brane symmetries be? 

The first observation to make is that a p-brane couples to a (p+ 1)-form 
background byy,.m, (M=1,...,D) whose field strength F =db is a (p + 2)- 
form. But in D space-time dimensions a (p+ 2)-form F is dual (in the sense of 
Poincaré duality) to a (D — p — 2)-form F =db where b is (D — p — 3) form that 
couples to (D — p — 4)-brane. Hence we expect the duality symmetry of a p-brane 
in D dimensions compactified on T” to be the same as that of (D — p — 4)-brane 
in D dimensions compactified on T”. A good example is provided by the string in 
D = 10 and the 5-brane in D = 10. The former couples to the background fields of 
D = 10 supergravity with a 2-form byy, while the latter couples to the fields of the 
dual formulation of D = 10 supergravity in which the 2-form is replaced by a 
6-form bunpors- Thus we anticipate that the 5-brane duality symmetries will be 
exactly the same as those for the string listed in table 3. Of course, to achieve this 
it will be necessary, as described in sect. 5, to augment the n-dimensional 
background scalar fields g,,, and buy paor With those arising from other sources and 
similarly for the field strengths 2‘, and Sirer, 

Note, incidentally that whereas in space-time one must replace the field-strengths 
Funn,...N, of the gauge (p + 1)-forms by their duals in order to get equivalent 
degrees of freedom, for the compactified coordinates (where the (p + 1)-form 
potentials are space-time scalars) one must replace the potentials byu,...u, them- 
selves by their duals. Similar remarks apply when working with the space-time 
fields in the light-cone gauge rather than covariantly. 

If we consider the full superspace (x*, 6%) couplings and keep all the back- 
ground fields, then the duality symmetry is preserved by the simultaneous dimen- 
sional reduction e.g. as discussed in sect. 6, the D = 11 membrane duality leads to 
the D=10 Type IIA superstring duality. Thus there are really just four duality 
schemes corresponding to the four sequences on the “brane-scan” of fig. 1. Just as 
the largest duality group is E,,,) for the octonionic sequence, a process of 
counting degrees of freedom and truncating leads to the three groups shown in 


TABLE 4 
Maximal (finite dimensional) duality symmetries for the 4 sequences of extended objects 


Sequence G H dim G/H 
O Ey +s) SO(16) 128 
H SO(8, 8) SO(8) x SO(8) 64 
C SO(4, 4) SO(4) x SO(4) 16 
R SO(2, 2) SO(2) x SO(2) 4 


232 M-theory (before M-theory was cool) 


table 4 for the quaternionic, complex and real sequences when compactified to 
D = 3 space-time dimensions. Of course, one might conjecture that these may be 
enlarged even further to infinite-dimensional symmetries, for example E, [4] and 
E io [5, 6, 19] in the octonionic case. 


8. Conclusions 


We have seen how the Cremmer—Julia hidden symmetries of supergravity have 
their origin in duality transformations on the three-dimensional worldvolume of 
the D=11 supermembrane, and how the string duality symmetries follow from 
those of the membrane by simultaneous dimensional reduction. The duality 
symmetries for a general p-brane in D space-time dimensions, will be the same as 
those of (D — p — 4)-brane, to which it is related by Poincaré duality, an example 
being provided by the string and the 5-brane in D = 10. Several questions now 
spring to mind. 

First, we have succeeded in writing the equations in a manifestly duality 
invariant way. Since these symmetries are not symmetries of the p-brane action, 
however, their presence will never be obvious starting from the o-model with 
physical background scalar fields g,,, and Dies ce However, it would be interest- 
ing to see whether we could write the p-brane action coupled to all the scalars of 
Ey‘ which describes both physical and unphysical modes. In this way, at least the 
local group H, which is the maximal compact subgroup of G, might then be 
manifest. 

Secondly, alf the continuous symmetries discussed here follow by demanding 
that the background ficlds are independent of the compactified coordinates. This 
corresponds to a naive dimensional reduction in which it is not even necessary to 
specify the topology of the extra dimensions. In reality, we must pick a specific 
topology and geometry e.g. the flat torus T”, and keep all the Fourier modes. 
These symmetrics will then be broken by the massive states. Moreover, there will 
be quantization conditions imposed by the torus topology. For the string, the 7 
components of both Fi, and .¥‘# will be quantized, thus 


P, =. =y=m,, A= FH =x =n", (8.1) 


where m, and n” are integers. From the point of view of the original ø-model .⁄%, 
m,, corresponds to the momentum modes and n“ to the winding modes. Whereas 
from the point of view of the dual o-model .%,, the roles are reversed [1]. Thus 
there is a discrete subgroup of SO(n, n) given by 


(m) 75 "(m) 


G > STGS (8.2) 
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where G is given by eq. (2.25). This is the SO(, n; Z) referred to in sect. 1 and 
which leaves the string spectrum invariant. Thus the question arises whether there 
are also discrete subgroups of the membrane duality symmetries which leave the 
membrane spectrum invariant. The equations analogous to (8.1) are 


P= GF", =x", Yuh AMY = FH a [hy (8.3) 


where the Lie bracket is defined by 
{X,Y} =e 3, Xð, Y. (8.4) 


Unfortunately, this is a difficult question to answer since the membrane spectra 
are, as yet, unknown. (This is primarily because the usual light-cone gauge [15] 
action for a p-brane is highly nonlinear except for p= 1. An alternative gauge 
which linearizes the equations of motion has been proposed [16], at the expense of 
introducing a highly nonlinear constraint. Incidentally, on the subject of the 
light-cone gauge, we note that except for p= 1, it is inhomogeneous in the 
components of y;;, namely 


Yj 5 | T hes] (93) 


where h = deth,, and a,b = 1,..., p. Consequently, the duality symmetry, under 
which y;; rescales by a conformal factor (4.20), would be obscured in this gauge. 
The conformal gauge of ref. [16], which for p = 2 looks like 


At —-A,A, -A,A, 
¥ij;=|-A4,A, AY —A,A, (8.6) 
-A,A, -A,A, Aš 


would be much more suitable.) If such discrete subgroups do leave the membrane 
spectrum invariant, does the R > a'/R idea continue to apply, and hence does the 
idea of a “minimum length” also hold for membranes? We would expect so, since 
as we saw in sect. 6, G (string) C G (membrane). It would also be interesting to see 
whether the fixed points correspond to enhanced gauge symmetries. 

Finally, is the similarity of the duality symmetry of the string in D = 10 and the 
5-brane in D = 10 indicative of a deeper relationship? The two formulations of 
D = 10 supergravity, one with a 3-form field strength and one with a 7-form field 
strength, has long been something of an enigma from the point of view of 
superstrings. As field theories, each seems equally as good. In particular, provided 
we couple them to Eg X Eg or SO(32) Yang-Mills, then both are anomaly-free 
[17,18]. Since the 3-form version corresponds to the low-energy limit of the 
heterotic superstring (or Type-I superstring) it is naturally to conjecture, as was 
done some time ago [19], that there exists a “heterotic 5-brane” (or “Type-I 
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5-brane”) whose low energy limit is the 7-form version. However, this would 
require a coupling of the super-5-brane to background Yang-Mills fields which, to 
date, has not been achieved. It was speculated that such a coupling might exist, 
making use of the property that a one-time and five-space dimensional worldvol- 
ume admits real self-dual three forms (and/or Weyl spinors). 

This possibility has now become a virtual certainty thanks to the recent remark- 
able observation by Strominger [20] that the heterotic string admits the heterotic 
5-brane as a soliton solution. The soliton interpretation of membranes was the 
motivation for the original supermembrane paper of Hughes et al. [21] and has 
also been pursued by Townsend [22]. Strominger went on to conjecture that the 
heterotic string and heterotic 5-brane might be “dual” in the sense of Olive and 
Montonen [23] and that the 5-brane describes the strong coupling limit of the 
string. Clearly, the many meanings of the word “duality” in theories of extended 
objects have still not been exhausted. 


We are grateful to Paul Howe, Chris Pope and Ergin Sezgin for useful conversa- 
tions. M.J.D. acknowledges the hospitality extended by members of the Theory 
Division at the Rutherford Laboratory, UK, where part of this work was carried 
out. 
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Abstract 


The effective action for type II string theory compactified on a six-torus is N =8 
supergravity, which is known to have an E, duality symmetry. We show that this is broken 
by quantum effects to a discrete subgroup, £,(Z), which contains both the T-duality group 
O(6, 6; Z) and the S-duality group SL(2; Z). We present evidence for the conjecture that 
E,(Z) is an exact ‘U-duality’ symmetry of type II string theory. This conjecture requires 
certain extreme black hole states to be identified with massive modes of the fundamental 
string. The gauge bosons from the Ramond—Ramond sector couple not to string excitations 
but to solitons. We discuss similar issues in the context of toroidal string compactifications 
to other dimensions, compactifications of the type II string on K, x T? and compactifica- 
tions of 11-dimensional supermembrane theory. 


1. Introduction 


String theory in a given background can be formulated in terms of a sum over 
world-sheet fields, (super-) moduli and topologies of a world-sheet sigma-model 
with the background spacetime as its target space. Different backgrounds may 
define the same quantum string theory, however, in which case they must be 
identified. The transformations between equivalent backgrounds generally define a 
discrete group and such discrete gauge symmetries are referred to as duality 
symmetries of the string theory. An example is T-duality, which relates spacetime 
geometries possessing a compact abelian isometry group (see [1] and references 
therein). The simplest case arises from compactification of the string theory on a 
circle since a circle of radius R defines the same two-dimensional quantum field 
theory, and hence the same string theory, as that on a circle of radius a’/R. 
T-dualities are non-perturbative in the sigma-model coupling constant a’ but valid 
order by order in the string coupling constant g. Some string theories may have 
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additional discrete symmetries which are perturbative in a’ but non-perturbative 
in g. An example is the conjectured S-duality of the heterotic string compactified 
on a six-torus [2-4]. In this paper we investigate duality symmetries of the type II 
string compactified to four dimensions and present evidence for a new ‘U-duality’ 
symmetry which unifies the S- and T-dualities and mixes sigma-model and string 
coupling constants. 

Consider a compactified string for which the internal space is an n-torus with 
constant metric g;; and antisymmetric tensor b,,. The low-energy effective field 
theory includes a spacetime sigma-model whose target space is the moduli space 
O(n, n)/{O(n) x O(n)] of the torus, and the constants g,, and b,; are the expecta- 
tion values of the n? scalar fields. There is a natural action of O(n, n) on the 
moduli space. In general this takes one string theory into a different one, but a 
discrete O(n, n; Z) subgroup takes a given string theory into an equivalent one. 
This is the T-duality group of the toroidally compactified string and the true 
moduli space of the string theory is the moduli space of the torus factored by the 
discrete T-duality group. There is a generalization to Narain compactifications on 
the ‘(p, q)-torus’ T(p, q) for which the left-moving modes of the string are 
compactified on a p-torus and the right-moving ones on a q-torus [5]. In this case 
the moduli space is O(p, g)/[O(p) X O(q)] factored by the T-duality group 
O( p, q; Z). The T(6, 22) case is relevant to the heterotic string compactified to 
four dimensions which has O(6, 22; Z) as its T-duality group. At a generic point in 
the moduli space the effective field theory is N = 4 supergravity coupled to 22 
abelian vector multiplets, giving a total of 28 abelian vector gauge fields [6] with 
gauge group U(1)”. It follows from the compactness of the full gauge group for all 
28 vector gauge fields that any electric or magnetic charges are quantized. The 
effective field theory has an SL(2; R) x O(6, 22) invariance of the equations of 
motion which, due to the charge quantization and the fact that states carrying all 
types of charge can be found in the spectrum, is broken to the discrete subgroup 
SLQ2; Z) x O(6, 22; Z). The O(6, 22; Z) factor extends to the T-duality group of 
the full string theory. It has been conjectured that the SL({2; Z) factor also extends 
to a symmetry of the full string theory [3]. This is the S-duality group of the 
heterotic string. It acts on the dilaton field @ and the axion field y (obtained by 
dualizing the four-dimensional two-form gauge field b,, that couples to the string) 
via fractional linear transformations of the complex scalar y +ie~® and on the 
abelian field strengths by a generalized electric-magnetic duality. One of the 
SL(2; Z) transformations interchanges the electric and magnetic fields and, when 
y =0, takes ® to —® which, since the expectation value of e? can be identified 
with the string coupling constant g, takes g to 1/g, and so interchanges strong 
and weak coupling. 

Consider now the compactification of the type IIA or type IIB superstring to 
four dimensions on a six-torus. The low-energy effective field theory is N = 8 
supergravity [7], which has 28 abelian vector gauge fields and 70 scalar fields taking 
values in E,7/{SU(8)/Z,]. The equations of motion are invariant under the 
action of En [7], which contains SL(2; R) x O(6, 6) as a maximal subgroup. We 
shall show that certain quantum mechanical effects break En to a discrete 
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subgroup which we shall call E,(Z), and this implies a breaking of the maximal 
SL(2; R) x O(6, 6) subgroup to SL(2; Z) x OC6, 6; Z). The O(6, 6; Z) factor ex- 
tends to the full string theory as the T-duality group, and it is natural to conjecture 
that the SL(2; Z) factor also extends to the full string theory as an S-duality group. 
In fact, we shall present-evidence for the much stronger conjecture that the full 
E,(Z) group (to be defined below) extends to the full string theory as a new unified 
duality group, which we call U-duality. U-duality acts on the abelian gauge fields 
through a generalized electromagnetic duality and on the 70 scalar fields, the 
constant parts of which can each be thought of as a coupling constant of the 
theory. The zero-mode of the dilaton is related to the string coupling g, while 21 
of the scalar zero-modes are the moduli of the metric on the 6-torus, and the 
others parameterise the space of constant antisymmetric tensor gauge fields on the 
six-torus. U-duality implies that all 70 coupling constants are on a similar footing 
despite the fact that the standard perturbative formulation of string theory assigns 
a special rôle to one of them. 

Whereas T-duality is known to be an exact symmetry of string theory at each 
order in the string coupling constant g, the conjectured S-duality and U-duality 
are non-perturbative and so cannot be established within a perturbative formula- 
tion of string theory. However, it was pointed out in [4] in the context of the 
heterotic string that there are a number of quantities for which the tree level 
results are known to be, or believed to be, exact, allowing a check on S-duality by a 
perturbative, or semi-classical, calculation. We shall show that U-duality for the 
type II string passes the same tests. 

First, for compactifications of the type II string that preserve at least N= 4 
supersymmetry, the low-energy effective field theory for the massless modes is a 
supergravity theory whose form is determined uniquely by its local symmetries and 
is therefore not changed by quantum corrections. Duality of the string theory 
therefore implies the duality invariance of the equations of motion of the super- 
gravity theory. This prediction is easily checked because the symmetries of the 
N > 4 supergravity /matter theories have been known for some time. In particular, 
the equations of motion of N =8 supergravity are U-duality invariant. Second, 
another quantity that should be, and is, duality invariant is the set of values of 
electric and magnetic charges allowed by the Dirac-Schwinger- Zwanziger quanti- 
zation condition. Third, the masses of states carrying electric or magnetic charges 
satisfy a Bogomolnyi bound which, for the compactifications considered here, is 
believed to be unrenormalized to arbitrary order in the string coupling constant. 
Duality invariance of the string theory requires this bound to be duality invariant. 
For soliton states the Bogomolnyi bound can be found from a classical bound on 
field configurations of the effective supergravity theory carrying electric or mag- 
netic charges that generalizes the bound obtained in [8] for Maxwell—Einstein 
theory. We present this bound for N = 8 supergravity and show that it is U-duality 
invariant. Fourth, the spectrum of ‘Bogomolnyi states’ saturating the Bogomolnyi 
bound should also be duality invariant. These states include winding and momen- 
tum modes of the fundamental string and those found from quantization of 
solitons. We shall assume that soliton solutions of the type II string can be 
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identified with those of its effective N = 8 supergravity theory, and these, as we 
shall see, include various types of extreme black hole '. 

One of the main concerns of this paper will be the Bogomolnyi states of the 
type II string theory that break half the supersymmetry. As we shall see, the soliton 
states in this category arise from quantization of a particular class of extreme black 
hole solution of N = 8 supergravity. It is essentially automatic that all soliton states 
of the type II string fall into representations of the U-duality group because this is 
a symmetry of the equations of motion of which the solitons are solutions ?. A 
similar argument can be made for solitons of the heterotic string; for example, 
extreme black hole solutions of the low-energy field theory corresponding to the 
heterotic string fit into SL(2; Z) representations [10]. There are two points to bear 
in mind, however. First, a duality transformation not only produces new soliton 
solutions from old but also changes the vacuum, as the vacuum is parameterised by 
the scalar expectation values and these change under duality. We shall assume, as 
in [4], that the new soliton state in the new vacuum can be continued back to give a 
new soliton state in the old vacuum with duality transformed electric and magnetic 
charges; this is certainly possible at the level of solutions of the low-energy 
effective action, since the extreme black hole solutions depend analytically on the 
scalar expectation values. Combining U-duality transformations with analytic con- 
tinuations of the scalar field zero-modes in this way gives an E,(Z) invariance of 
the spectrum of soliton states in a given vacuum. (Note that whereas U-duality 
preserves masses, combining this with a scalar zero-mode continuation gives a 
transformation which changes masses and so is not an invariance of the hamilto- 
nian.) Second, the four-dimensional metrics of many extreme black hole solitons 
are only defined up to a conformal rescaling by the exponential of a scalar field 
function that vanishes at spatial infinity. While the ‘Einstein’ metric is duality 
invariant, other metrics in the same conformal equivalence class will not be. In 
general one should therefore think of duality as acting on conformal equivalence 
classes of metrics, and the issue arises as to which metric within this class is the 
physically relevant one. As we shall see, for the solutions considered here each 
conformal class of metrics contains one that is (i) either completely regular or 
regular outside and on an event horizon and (ii) such that its spatial sections 
interpolate between topologically distinct vacua. The extreme black hole solutions 
corresponding to these metrics might reasonably be interpreted as solitons of the 
theory. 

We now encounter an apparent contradiction with U-duality, and with S-dual- 
ity, of the type II string theory because the fundamental string excitations include 
additional Bogomolnyi states which apparently cannot be assigned to duality 
multiplets containing solitons because the soliton multiplets are already complete. 
The only escape from this contradiction is to make the hypothesis that the 


See [9] for a discussion of the interpretation of extreme black holes as solitons. 
2? They also fall into supermultiplets because of the fermion zero-modes in the presence of an 
extreme black hole [11]. 
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fundamental string states have already been counted among the soliton states. In 
order for this to be possible there must be soliton states carrying exactly the same 
quantum numbers as the fundamental Bogomolnyi states. This is indeed the case. 
The idea that particles with masses larger than the Planck mass, and hence a 
Compton wavelength less than their Schwarzschild radius, should be regarded as 
black holes is an old one [12,13], and it has recently been argued that Bogomolnyi 
states in the excitation spectrum of the heterotic string should be identified with 
extreme electrically charged dilaton black holes [14,15]. For the heterotic string, 
approximate solutions of the low-energy effective action include extreme black 
holes and self-gravitating BPS monopoles [16,17], and it is believed that these 
correspond to Bogomolnyi solitons of the heterotic string [4]. Any magnetically 
charged soliton will have an electrically charged soliton partner generated by the 
action of the Z, electromagnetic duality subgroup of S-duality. Now, if the full 
string theory is S-duality invariant, and this Z, subgroup acts on an electrically 
charged fundamental string state to give a magnetically charged soliton, as argued 
for the heterotic string in [4], then this fundamental string state must be identified 
with the corresponding electrically charged soliton. We shall return to these points 
later but it is worth noting here that solitons of the low-energy effective N = 4 or 
N = 8 supergravity theory fit into representations of the S x T or U-duality as 
these are symmetries of the supergravity equations of motion, and this is true 
irrespective of whether the duality symmetry is actually a symmetry of the full 
heterotic or type II string theory. 

For compactifications of ten-dimensional string theories one expects solitons of 
the effective four-dimensional theory to have a ten-dimensional origin. For the 
type II string we are able to identify the four-dimensional solitons that break half 
the supersymmetry of N= 8 supergravity as six-torus ‘compactifications’ of the 
extreme black p-branes of either IIA or IIB ten-dimensional supergravity [18-22]. 
We note that, in this context, the Bogomolnyi bound satisfied by these states can 
be seen to arise from the algebra of Noether charges of the effective world-volume 
action [23]. Remarkably, the solitonic states that are required to be identified with 
fundamental string states are precisely those which have their ten-dimensional 
origin in the string soliton or extreme black 1-brane solution, which couples to the 
same two-form gauge field as the fundamental string. This suggests that we should 
identify the fundamental ten-dimensional string with the solitonic string. This is 
consistent with a suggestion made in [24], for other reasons, that the four-dimen- 
sional heterotic string be identified with an axion string. 

A similar analysis can be carried out for non-toroidal compactification. A 
particularly interesting example is compactification of the type II superstring on 
K, X T? [25] for which the effective four-dimensional field theory turns out to be 
identical to the effective field theory of the T®-compactified heterotic string, and in 
particular has the same SL(2; Z) x O(6, 22; Z) duality group. Furthermore, the 
spectrum of extreme black hole states is also the same. This raises the possibility 
that the two string theories might be non-perturbatively equivalent, even though 
they differ perturbatively. Such an equivalence would clearly have significant 
implications. 
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Finally we consider similar issues in the context of the 11-dimensional super- 
membrane [26]. This couples naturally to 11-dimensional supergravity [27] and 
hence to N = 8 supergravity after compactification on T’ and to N = 4 supergrav- 
ity coupled to 22 vector multiplets after compactification on K, X T? [28]. At 
present it is not known how to make sense of a quantum supermembrane, so there 
is little understanding of what the massive excitations might be. However, some 
progress can be made using the methods sketched above for the string. We shall 
show that, if the elementary supermembrane is identified with the solitonic 
membrane solution [29] of 11-dimensional supergravity and account is taken of the 
solitonic five-brane solution [30], the results of this analysis for the four-dimen- 
sional theory are exactly the same as those of the type II string. 


2. Charge quantization and the Bogomolnyi bound 


Consider the four-dimensional lagrangian 
L= VTE [iR - 38,,(0)0,6' 06! — imlo) FOF, 


-gea ( b) Fi, Fe | (2.1) 
for a spacetime 4-metric g,,, scalars ¢' taking values in a sigma-model target 
space Æ with metric g,(¢), and k abelian vector fields Aj with field strengths 
F},. The scalar functions m,,+ia,, are entries of a positive definite k xk 
hermitian matrix. The bosonic sector of all supergravity theories without scalar 
potentials or non-abelian gauge fields can be put in this form. We shall be 
interested in those cases for which the equations of motion are invariant under 
some symmetry group G, which is necessarily a subgroup of Sp(2k; R) [31] and an 
isometry group of Æ. Of principal interest here are the special cases for which Æ 
is the homogeneous space G/H where H is the maximal compact subgroup of G. 
These cases include many supergravity theories, and all those with N > 4 super- 
symmetry. For N= 4 supergravity coupled to m vector multiplets k =6+m, 
G = SL(Q2; R) x O(6, m) and H = U(1) x O(6) x O(m). For N = 8 supergravity, k 
= 28, G = En and H=SU(8). For the ‘exceptional’ N= 2 supergravity [32], 
k = 28, G = Ex_ 25, and H = E, x U(1). 
Defining 


= J J 
Gavi =M; * Fis +a,,F,,, 


(2.2) 


where *F!,=4e,,,,F°°', the Al, field equations and Bianchi identities can be 
written in terms of the the 2k-vector of two-forms 


= a | (2.3) 
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as simply d.¥ = 0. The group G acts on the scalars through isometries of .@ and on 
F a IAF where AGGCSp(2k; R) is a 2k X 2k matrix preserving the 
2k X 2k matrix 


a= | ae. (2.4) 


An alternative way to represent the G/H sigma-model is in terms of a G-valued 
field V(x) which transforms under rigid G-transformations by right multiplication 
and under local H-transformations by left multiplication: 


V(x) PA(x)V(x)A-', AGH, AEG. (2.5) 


The local H-invariance can be used to set VEG/H. Note that #=VF is 
G-invariant. In most cases of interest, the scalar coset space can be parameterised 
by the complex scalars z,,=a@,,+im,,, which take values in a generalized upper 
half-plane (m,, is positive definite), and the group G acts on z,, by fractional 
linear transformations. (This can be seen for N = 8 supergravity as follows. In the 
symmetric gauge [7], the coset is parameterised by a scalar y,, which transforms 
under fractional linear transformations under G. However, z,, is related to y,, by 
a fractional linear transformation, z,, = i(1 + y)/(1 — 9), so that z in turn trans- 
forms under G by fractional linear transformations. Similar results follow for N < 8 
supergravities by truncation.) 
We now define the charges 


O'= her, p= GF a= PG; (2.6) 


as integrals of two-forms over a two-sphere 2 at spatial infinity. The charges p! 
and g, are the magnetic charges and the Noether electric charges, respectively. 
The charges Q” are the electric charges describing the 1/r? fall-off of the radial 
components of the electric fields, Fj,, and incorporate the shift in the electric 
charge of a dyon due to non-zero expectation values of axion fields [33]. Indeed, if 
the scalars ¢' tend to constant values ¢’ at spatial infinity, then 


41 = M1,(6)Q” + a,,()p". (2.7) 
The churges ( p’, q,) can be combined into a 2k-vector 
I 
= =|? 2.8 
A $7 4 | , (2.8) 


from which it is clear that Z — AZ under G. 
The Dirac—Schwinger-Zwanziger (DSZ) quantization condition (with A = 1) for 
two dyons with charge vectors Z and 2" is 


ZNZ = p'q, - pa, =, (2.9) 


for some integer v. This quantization condition is manifestly G-invariant as 
G c Sp(2k; R). However, it has implications for the quantum theory only if there 
exist both electric and magnetic charges. If, for example, there are no magnetic 
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charges of one type then (2.9) places no constraint on the values of the correspond- 
ing electric charge. For the cases of interest to us here, we will show that there 
exist electric and magnetic charges of all types. We shall now proceed with our 
analysis of the general case assuming all types of charge exist and this, together 
with the quantization condition (2.9), implies that the Noether electric charges q; 
lie in some lattice T’ and that the magnetic charges p’ lie in the dual lattice I. 
The group G is therefore broken to the discrete subgroup G(Z) which has the 
property that a vector 2€I@I is taken to another vector in the same self-dual 
lattice. The subgroup of Sp(2k) preserving the lattice is Sp(2k; Z), so that the 
duality group is 


G(Z) = GA Sp(2k; Z). (2.10) 


For compact G, G(Z) is a finite group, while for non-compact G, it is an infinite 
discrete group. If we choose a basis for the fields A’ so that the electric charges, 
and hence the magnetic charges, are integers, then the lattice F®I is preserved 
by integer-valued matrices, so that Sp(2k; Z) consists of integer-valued 2k x 2k 
matrices preserving 2, and G(Z) is also represented by integer-valued 2k x 2k 
matrices. Note that the group G(Z) is independent of the geometry of the lattice, 
as any two lattices l, I” are related by a GL(k, R) transformation, so that the 
corresponding discrete groups G(Z), G’(Z) are related by GL(k, R) conjugation 
and so are isomorphic. For N = 4 supergravity coupled to 22 vector multiplets, 
G(Z) is precisely the S x T duality group SL(2; Z) x O(6, 22; Z) of the toroidally 
compactified heterotic string, which was observed previously to be the quantum 
symmetry group of this effective field theory [4]. For N = 8 supergravity, G(Z) is a 
discrete subgroup of Ey which we shall call E(Z) and abbreviate to E,(Z). It 
can be alternatively characterized as the subgroup of Sp(56; Z) preserving the 
invariant quartic form of En. From the explicit form of this invariant given in [7], 
it is straightforward to see that E,(Z) contains an SL(8, Z) subgroup. We also have 


E,(Z) > SL(2; Z) x O(6, 6; Z), (2.11) 


so that E,(Z) contains the T-duality group of the toroidally compactified type II 
string. The minimal extension of the S-duality conjecture for the heterotic string 
would be to suppose that the SL(2; Z) factor extends to an S-duality group of the 
type II string, but it is natural to conjecture that the full discrete symmetry group is 
the much larger U-duality group E,(Z). E,(Z) is strictly larger than SL(2; Z) x 
O66, 6; Z), as it also contains an SL(8, Z) subgroup. In the next section we shall 
verify some predictions of U-duality for the spectrum of states saturating a 
gravitational version of the Bogomolnyi bound, i.e. the ‘Bogomolnyi states’. How- 
ever, before turning to the spectrum we should verify that the Bogomolnyi bound is 
itself U-duality invariant, since otherwise a U-duality transformation could take a 
state in the Bogomolnyi spectrum to one that is not in this spectrum. 

Consider first the cases of pure N = 4 supergravity (without matter coupling) 
and N =8 supergravity, for which 4 =G/H and k=N(N — 1)/2. We define 
Youn =fmalGy + P -1) where (p/, g,) are the components of the 2k-vector 7 =VZ 
and V is the constant asymptotic value of the G-valued field V at spatial infinity. 
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Here m, n=1,...,N and t!,=-—t! are the matrices generating the vector 
representation of SO(N). The Y,,,, appear in a global supersymmetry algebra as 
central charges [34,8,9,35] and this allows a derivation of a Bogomolnyi bound. The 
antisymmetric complex N x N matrix Y„„ has N/2 complex skew eigenvalues A,, 
a=1,...,N/2, and the bound on the ADM mass of the Maxwell—Einstein theory 
[8] can be generalized to [35] 


Mapm > max] à,l. (2.12) 


Since Z > AX and V— VA~! under G, it follows that Z and the A, are invariant 
under duality transformations, so the bound (2.12) is manifestly G-invariant. In the 
quantum theory this bound translates to a bound on the mass of the corresponding 
quantum state. Similar results apply to the case of N = 4 super-matter coupled to 
supergravity, with the difference that t5, =—t/m are now certain scalar-field 
dependent matrices that ‘convert’ the SO(6, m) index J to the SO(6) composite 
index mn. Nevertheless, the charges A, remain duality invariant. 

If the moduli of all the eigenvalues are equal, |A, | = |A, |= --- 
then the bound (2.12) is equivalent to 


o 
Manm > y x WZl?, (2.13) 


where 


= lAn 


= l= = 
IZI = Elaa? = 5 Pm” = Gup'P + Gua, (2.14) 
a 


and Gy = 3t/,,t),, is the identity matrix for pure supergravity, but is scalar 
dependent for the the matter-coupled N = 4 theory. However, in the general case 
of different eigenvalues, the bound (2.14) is strictly weaker than (2.12). If Mpm is 
equal to the modulus of r of the eigenvalues A,, Manm = làal = |Ag2l =.= 
|A,,|, for some r with 0<r<N/2, then the soliton with these charges sponta- 
neously breaks the N original supersymmetries down to r supersymmetries, so that 
for solitons for which r=N/2 precisely half of the N supersymmetries are 
preserved and the bound (2.12) is equivalent to (2.14). The duality invariance of 
the bound (2.14) for N = 4 was previously pointed out in [3,4]. 


3. Spectrum of Bogomolnyi states 


There are many massive states in the spectrum of toroidally compactified string 
theories. The masses of those which do not couple to any of the U(1) gauge fields 
cannot be calculated exactly. This is also true in general of those that do couple to 
one of the U(1) gauge fields, but the masses of such particles are bounded by their 
charges, as just described. It is believed that the masses of string states that 
saturate the bound are not renormalized for theories with at least N = 4 supersym- 
metry. If this is so then these masses can be computed exactly. Such ‘Bogomolnyi 
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states’ arise in the theory from winding and Kaluza-Klein modes of the fundamen- 
tal string, and from quantization of non-perturbative soliton solutions of the string 
theory. The latter include extreme black holes and, for the heterotic string, 
self-gravitating BPS monopoles. 

For generic compactifications of both heterotic and type II strings there are 28 
abelian gauge fields and so a possible 56 types of electric or magnetic charge. We 
shall identify solitons of the effective supergravity theory carrying each type of 
charge, thereby justifying the quantization condition on these charges. These 
solitons are various types of extreme black holes. Initially, at least, we shall be 
interested in solitons carrying only one type of charge, in which case we should 
consistently truncate the supergravity theory to one with only one non-zero field 
strength, F. The coefficients of the F? terms can then be expressed in terms of a 
scalar field ø and a pseudoscalar field p (which are two functions of the ¢') such 
that the truncated field theory has an action of the form 


S= f diry =g [iR +} e-2°F,, FY + ipF,, * FH +L (0, p)}, (3.1) 


where L(ø, p) is the lagrangian for a scalar sigma-model and a is a constant. One 
can choose a > 0 without loss of generality since a is changed to —a by the field 
redefinition ø > —o. For every value of a the equations of motion of (3.1) admit 
extreme multi-black hole solutions [36], parameterised by the asymptotic values of 
a,p, which are arbitrary integration constants. There is an intrinsic ambiguity in 
the metric of the a # 0 extreme black hole solutions because a new metric can be 
constructed from the canonical metric (appearing in the action (3.1)) by a confor- 
mal rescaling by a power of e”. The general metric in this conformal equivalence 
class will not have an interpretation as a ‘soliton’ in the sense for which the a = 0 
extreme Reissner—Nordstrom (RN) black hole is a soliton. One feature that is 
generally expected from a soliton is that it interpolates between different vacua: in 
the RN case these are the Minkowski spacetime near spatial infinity and the 
Robinson-Bertotti vacuum down an infinite Einstein—-Rosen ‘throat’. If we require 
of the a #0 extreme black holes that they have a similar property then one must 
rescale the canonical metric d$? by e7*’, after which one finds, for vanishing 
asymptotic values of o and p, the solution 


ds? = e797 ds? 


1+a2)M 20 —a?)}/(1 +a?) 
(+a) M\? 
n O dr? +r? dni, (3.2) 
F 2 
(1+a?)M a?/U +a?) 
r 
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where M is the ADM mass and dN? is the metric on the unit 2-sphere. When 
a=1 and ø is the dilaton field this rescaling of the canonical metric is exactly 
what is required to get the so-called ‘string metric’. so that the a = 1 black holes 
have a natural interpretation as string solitons. This might make it appear that the 
rescaling of the canonical metric by e?%7 is inappropriate to string theory when 
a + 1, but it must be remembered that the scalar field o is not necessarily the 
dilaton but is, in general, a combination of the dilaton and modulus fields of the 
torus and gauge fields. Indeed, it was shown in [37] that for the a = V3 black holes 
this combination is such that the effective rescaling is just that of (3.2). For any 
value of a this metric has an internal infinity as r > (1 + a2)M for constant t. For 
a <1 the surface r=(1+.a?)M is an event horizon, but this event horizon is 
regular only if 2(1 — a”)/(1 + a?) is an integer, which restricts the values of a less 
than unity to a =Qora=1/ V3. The a = 0 case is the extreme RN black hole for 
which the soliton interpretation is widely accepted. The significance of the a = 
1/¥3 case has been explained in [38]. For a > 1 the surface r =(1 +a?)M is at 
infinite affine parameter along any geodesic, so one might admit all values of 
a > 1. On the other hand, the relevance of geodesic completeness is not clear in 
this context so one might still wish to insist that 2(1 — a2)/(1 + a?) be an integer so 
that the null surface r = (1 + a?)M is regular, in which case only the further values 
of a = 1 and a = V3 can be admitted. Curiously, the values 


a=0,1/¥3,1, v3, (3.3) 


which we find in this way by demanding that the solution (3.2) is a bona fide 
soliton, also arise from truncation of N = 8 supergravity. The possibility of the 
values a = 0 and a = 1 is guaranteed by the existence of consistent truncations of 
N = 8 supergravity to N = 2 and N = 4 supergravity, respectively. The possibility of 
the values a = ¥3 and a=1/yY3 is guaranteed by the existence of a consistent 
truncation of the maximal five-dimensional supergravity to simple five-dimensional 
supergravity since the subsequent reduction to four dimensions yields just these 
values. 

Consider first the a = 0, electric and magnetic extreme RN black holes. Given 
any one such black hole with integral charge, an infinite number can be generated 
by acting with G(Z), and these will include black holes carrying each of the 56 
types of charge [35], and this is already sufficient to show that the continuous 
duality group Ep is broken to a discrete subgroup. These solutions break 3/4 of 
the supersymmetry in the N = 4 theories and 7/8 of the supersymmetry in the 
N =8 case. For the remainder of the paper, we shall restrict ourselves to solitons 
which break half the supersymmetry, and the only extreme black hole solutions of 
this type are those with a = V3. This follows from consideration of the implica- 
tions of supersymmetry for the moduli space of multi-black hole solutions. This 
multi-soliton moduli space is the target space for an effective sigma-model describ- 
ing non-relativistic solitons [39]. This sigma-model must have 8 supersymmetries 
for solitons of a four-dimensional N = 4 supergravity theory that break half the 
supersymmetry, and this implies that the moduli space is hyper-Kahler. Similarly, 
the moduli space for multi-solitons of N= 8 supergravity that break half the 
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supersymmetry is the target space for a sigma-model with 16 supersymmetries, and 
this implies that the moduli space is flat. However, the moduli space of multi-black 
hole solutions is flat if and only if a = V3 [40,41], so only these extreme black holes 
can be solutions of N =8 supergravity that break half the supersymmetry. An 
alternative characterization of these extreme black holes is as ‘compactifications’ 
of the extreme black p-brane solitons of the ten-dimensional supergravity theory, 
which are known to break half the supersymmetry [42]. It follows that the moduli 
space of these solutions must be flat, and what evidence there is [43] confirms this 
prediction. This ten-dimensional interpretation of the solitons discussed here will 
be left to the following section where it will also become clear that they carry 
combinations of all 28 + 28 electric and magnetic charges associated with the 28 
U(1) gauge fields. 

This moduli space argument shows, incidentally, that whereas the flatness of the 
moduli space for solitons that break half the supersymmetry is protected by 
supersymmetry for N = 8 supergravity, this is not so for N = 4 theories. There is 
then no reason to expect the moduli space metric of extreme black hole solitons of 
the exact heterotic string theory (to all orders in a’ and g) to be flat. Indeed, the 
a = V3 extreme black holes, which have a flat moduli space, are only approximate 
solutions of the heterotic string and are expected to receive higher order correc- 
tions. Furthermore, if BPS-type monopoles were to occur in the type II string 
theory, a possibility that is suggested by the occurrence of non-abelian gauge 
groups in some versions of the compactified type II string [44], they would have to 
break more than half the supersymmetry as their moduli space is not flat. This is in 
accord with the fact that the four-dimensional type II strings of [44] have at most 
N = 4 supersymmetry, so that solitons of these theories saturating a Bogomolnyi 
bound would have less than N = 4 supersymmetry. This provides further justifica- 
tion for our assumption that the solitons of the toroidally compactified type II 
string that break half the N = 8 supersymmetry are those of the effective N= 8 
supergravity theory. 

The complete set of soliton solutions of a supergravity theory fills out multiplets 
of the duality group G(Z), as mentioned in the introduction. We shall now explain 
this in more detail. Flat four-dimensional spacetime with the scalar fields ¢' taking 
constant values, ġġ, is a vacuum solution of the supergravity theory parameterised 
by these constants. The duality group acts non-trivially on such vacua as it changes 
the $$. The solitons for which the scalar fields tend asymptotically to the values $4 
provide the solitonic Bogomolnyi states about the vacuum state | ġo). A G(Z) 
transformation takes a Bogomolnyi state in this vacuum with charge vector Z to 
another Bogomolnyi state with charge vector 2’ and equal mass but in a new 
vacuum | ¢/,). As in [4], it will be assumed that one can smoothly continue from $o 
to ġo without encountering a phase transition, to obtain a state with the charge 
vector 2’, but a different mass in general, about the original vacuum | ¢,). This 
assumption seems reasonable because the extreme black hole solutions depend 
analytically on the constants $j. We thus obtain a new Bogomolnyi soliton solution 
about the original vacuum but with a G(Z) transformed charge vector. The 
spectrum of all the Bogomolnyi states obtained in this way is G(Z) invariant by 
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construction. In particular, the number of these Bogomolnyi states with charge 
vector Z will be the same as the number with charge vector 2’ whenever Z is 
related to 2’ by a G(Z) transformation. 

In addition to the Bogomolnyi states that arise from solitons, there are also the 
electrically charged Bogomolnyi states of the fundamental string. These states are 
purely perturbative and for the type II string they consist of the Kaluza—Klein 
(KK) and winding modes of the string. If they are also to fit into multiplets of the 
duality group they must have magnetically charged partners under duality, and 
these should be non-perturbative, i.e. solitonic. The soliton duality multiplets are, 
however, already complete for the reason just given. In order to have duality of the 
string theory we must therefore identify the fundamental states with electrically 
charged solitonic states. We shall see in the next section how this identification 
must be made. 

It might be thought that all electrically charged soliton states should have an 
equivalent description in terms of fundamental states. This is presumably true of 
the heterotic string since there are fundamental string states carrying each of the 
28 types of electric charge and these are related by the T-duality group O(6, 22; Z). 
In contrast, the fundamental modes of the type II string carry only 12 of the 
possible 28 electric charges, because the 16 Ramond—Ramond (RR) U(1) gauge 
fields couple to the string through their field strengths only. The 12 string-mode 
electric charges are related by the T-duality group O(6, 6; Z) of the type H string. 
It would be consistent with S- and T-duality to suppose that there are no charged 
states coupling to the 16 (RR) gauge fields, but this would not be consistent with 
U-duality, as we now show. 

Recall that an n-dimensional representation of G gives an action of G on R” 
which restricts to an action of G(Z) on the lattice Z”. For both the heterotic and 
type Il strings, the charge vector 2 transforms under G as a 56-dimensional 
representation. For the heterotic string, G = SL(2; R) x O(6, 22) and Z trans- 
forms according to its irreducible (2, 28) representation. This has the decomposi- 
tion 


(2, 28) > (2, 12) + 16 x (2, 1) (3.4) 


in terms of representations of SL(2; R) x O66, 6). This is to be compared with the 
type II string for which G = En and Z transforms according to its irreducible 56 
representation, which has the decomposition 


56 > (2, 12) + (1, 32) (3.5) 


under SL(2; R) x O(6, 6). In both cases there is a common sector corresponding to 
the (2, 12) representation of SL(2; R) x O(6, 6), plus an additional 32-dimensional 
representation corresponding, for the heterotic string, to the charges for the 
additional U(1)'® gauge group and, for the type II strings, to the charges for the 
Ramond—Ramond (RR) sector gauge fields. It is remarkable that the latter fit into 
the irreducible spinor representation of O(6, 6). These decompositions of the 56 
representation of G induce corresponding decompositions of representations of 
G(Z) into representations of SL(2; Z) x O(6, 6; Z) on the charge lattice Z5. In 
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particular, U-duality requires the 16 + 16 electric and magnetic charges of the RR 
sector to exist and to transform irreducibly under the action of the T-duality group 
O(6, 6; Z), and we conclude that all charges in the RR sector must be carried by 
solitons. We shall later confirm this. 


4. p-Brane interpretation of Bogomolnyi solitons 


We have seen that the solitons of toroidally compactified superstrings fit into 
representations of the duality group G(Z). Our concern here will be to identify 
states that break half the supersymmetry and carry just one of the 56 types of 
electric or magnetic charge. We shall call such states for which the charge takes 
the minimum value ‘elementary’; acting on these with the duality group G(Z) will 
generate a lattice of charged states. Here we wish to show how the elementary 
solitons arise from extreme black p-brane solitons of the ten-dimensional effective 
supergravity theory. These may be of electric or magnetic type. Electric p-brane 
solitons give electrically charged solitons of the four-dimensional dimensionally 
reduced field theory, while magnetic ones give magnetic monopoles, provided we 
use the form of the four-dimensional supergravity theory that comes directly from 
dimensional reduction without performing any duality transformations on the 
one-form gauge fields (although we convert two-form gauge fields to scalar fields 
in the usual way). If we had chosen a different dual form of action, the solutions 
would be the same, but some of the electric charges would be viewed as magnetic 
ones, and vice versa. This form of the action is manifestly invariant under 
T-duality: for the heterotic string, the action is the O(6, 22) invariant one given in 
[45], which is related to the one of [46] by a duality transformation, and for the type 
II string, it is a new O(6, 6) invariant form of the N = 8 supergravity action which 
is related to the SL(8, R) invariant Cremmer—Julia action [7] by a duality transfor- 
mation. 

An extreme p-brane soliton of the ten-dimensional low-energy field theory has 
a metric of the form [21] 


ds? =A(r)(—dt? + dx‘ dx’) + B(r) dr? +r? dNj_,, (4.1) 


where x‘ (i=1,..., p) are p flat euclidean dimensions, dN2_ p is the metric on an 
(8 — p)-sphere, r is a radial coordinate, t is a time coordinate and A(r),B(r) are 
two radial functions that tend to unity as r > œ, These solitons couple either to an 
antisymmetric tensor gauge field A, of rank r = 7 — p, in which case the p-brane is 
magnetically charged and F=dA Ž is proportional to the (8 — p)-sphere volume 
form €,_,, or one of rank r =p — 3, in which case the brane is electric and + F is 
proportional to €,_,. In some cases, the p-brane solutions will have corrections of 
higher order in a‘, but some of the solutions correspond to exact conformal field 
theories. 

We shall be interested in four-dimensional solitons obtained by ‘compactifying’ 
p-brane solitons on the six-torus. Compactification on T” is straightforward since 
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one has only to ‘wrap’ the p-brane around the p-torus, which is achieved by 
making the appropriate identifications of the x‘ coordinates. If p < 6, a soliton in 
four dimensions can then be found by taking periodic arrays on T®~”) and making 
a periodic identification >. For example [47], a five-brane can be wrapped around a 
five-torus in six ways giving rise to six types of five-dimensional soliton. and these 
yield six types of black hole soliton in four dimensions on taking periodic arrays. 
Similarly, to ‘compactify’ a 0-brane (i.e. a 10-dimensional black hole) on a six-torus 
one first introduces a 6-dimensional periodic array of such black holes and 
periodically identifies. Instead of wrapping all p dimensions of a p-brane to obtain 
a point-like 0-brane in 3 + 1 dimensions, one can wrap p — q dimensions to obtain 
a q-brane soliton in 3 + 1 dimensions; however, in what follows we shall restrict 
ourselves to 0-brane solitons in 4 dimensions. 

The bosonic sectors of the ten-dimensional effective field theories of the 
heterotic and type IHA and type IIB superstrings each include a metric, gyn, an 
antisymmetric tensor gauge field, byy, and a dilaton field, ®. We shall first discuss 
this common sector of all three theories and then turn to the additional sectors 
characteristic of each theory. We expect the solutions we describe to be exact 
solutions of the classical type II theory, and their masses to be unrenormalized in 
the quantum theory, but for the heterotic string they are only approximate 
solutions (to lowest order in a’) of the low-energy field theory. 

Dimensional reduction of the common (g, b, ©) sector on T® yields 6 Kaluza— 
Klein abelian gauge fields (g,;+...) coming from gy, and another 6 abelian 
gauge fields (b i+ ...) coming from byy. It is straightforward to identify the 
magnetically charged solitons associated with the KK gauge fields. These are the 
KK monopoles [48], consisting of the product of a self-dual Taub-NUT instanton, 
with topology R‘, with a 5-torus and a time-like R. As this is the product of a 
five-metric with a five-torus, this can also be viewed as a five-brane solution of the 
ten-dimensional theory wrapped around a five-torus *. There are six types of KK 
monopoles in four dimensions, one for each of the six KK gauge fields, because the 
five-brane can be wrapped around the six-torus in six different ways. As four-di- 
mensional solutions the KK monopoles are extreme black holes with a = ¥3, as 
expected from the moduli space argument of the previous section. The elementary 
magnetically charged solitons associated with the b,, gauge fields can be identified 
with the six possible ‘compactifications’ of the extreme black five-brane [20,19] of 
the ten-dimensional (g, b, ®) theory. We shall refer to these as abelian H-mono- 
poles; they were first given in [49] and have been discussed further in [50,47,22]. It 


; Alternatively, since the solution of extreme black p-branes always reduces to the solution of the 
Laplace equation in the transverse space, one has only to solve this equation on R? x T-P? instead of 
R°-P) to find solitons of the four-dimensional theory. 

* For fixed r,t, the solution has topology S? x T5, and the S? can be regarded as a Hopf bundle of S! 
over S?. Thus locally it is S? x T°, so that this solution might also be thought of as a twisted 6-brane. 
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is straightforward to check directly that the KK monopoles and the H-monopoles 
are indeed related by T-duality, as expected [51,52]. Note that we have not 
included KK modes of the 5-brane, i.e. configurations in which the 5-brane has 
momentum in some of the toroidal directions, as these either lead to extended 
objects in four dimensions or to localised solitons that carry more than one type of 
charge and so are not elementary. 

The KK and abelian H-monopoles have electric duals. These electrically charged 
solitons have their ten-dimensional origin in the extreme black string [18] of the 
(g, b, $) theory, which is dual [53-55] to the extreme black five-brane. The 6 
electric duals to the abelian H-monopoles are found by wrapping the solitonic 
string around the 6-torus, i.e. the 6 winding modes of the solitonic string. The 
electric duals of the KK monopoles come from Kaluza—Klein modes of the 
1-brane, i.e. configurations in which the solitonic string has momentum in the 
toroidal directions. They can be thought of as pp-waves travelling in the compacti- 
fied directions [11]. These 6 + 6 elementary electrically charged solitons couple to 
the 6 + 6 KK and b,„; gauge fields. They are in one to one correspondence with the 
KK (i.e. torus momentum modes) and winding states of the fundamental string 
which couple to the same 12 gauge fields. This allows us, in principle, to identify 
the fundamental string states as soliton states and, as explained in earlier sections, 
U-duality of string theory forces us to do so. 

Before turning to solitons of the additional sector of each string theory, we shall 
first explain here why these field theory solitons are exact solutions of type II string 
theory. Type II string theory in a (g, b, ®) background is described by a non-linear 
sigma-model with (1, 1) world-sheet supersymmetry. The KK monopole back- 
ground is described by a (4, 4) supersymmetric sigma-model plus a free (1, 1) 
supersymmetric field theory; this is conformally invariant [56] and so gives an exact 
classical solution of string theory. The pp-wave background is also an exact 
classical solution [57], so that the T-duals of these two solutions must be exact 
classical solutions too. In contrast, the heterotic string in a (g, b, ®) background is 
described by a (1, 0) supersymmetric sigma-model, and at least some of the 
solutions described above only satisfy the field equations to lowest order in a’. In 
some cases, as we will describe later, these solutions can be modified to obtain 
exact classical heterotic string solutions. However, it is not known in general 
whether such backgrounds can be modified by higher order corrections to give an 
exact string solution. 

We have now accounted for 12 + 12 of the required 28 + 28 types of charge of 
all three ten-dimensional superstring theories. We now consider how the addi- 
tional 16 + 16 charges arise in each of these three theories, starting with the type 
II string. It is known that, after toroidal compactification, the type IIA and type 
IIB string theories are equivalent [58], but it is instructive to consider both of them. 
In either case, we showed in the last section that U-duality requires that the 
missing 16 + 16 types of charge transform as the irreducible spinor representation 
of the T-duality group. Since T-duality is a perturbative symmetry, if there were 
electrically charged states of this type in the fundamental string spectrum, there 
would also have to be magnetic ones. However, magnetic charges only occur in the 


252 M-theory (before M-theory was cool) 


soliton sector, so a prediction of U-duality is that the corresponding 16 electric 
charges are also to be found in the soliton sector and not, as one might have 
thought, in the elementary string spectrum. We shall confirm this. 

First, we consider the type IIA theory. The ten-dimensional bosonic massless 
fields are the (g, b, ®) fields of the common sector plus a one-form gauge 
potential, A,,, and a three-form gauge potential, A yp. These extra fields appear 
in the RR sector but couple to the string through their field strengths only. Upon 
compactification to four dimensions, Ay gives one abelian gauge field A, and 
Aynp gives 15 abelian gauge fields Aj/. These also couple to the string through 
their field strengths only and so there are no elementary string excitations that are 
electrically charged with respect to these 16 gauge fields, as expected. The solitonic 
p-brane solutions of the ten-dimensional field theory involving Ay, Or Anp and 
breaking only half the supersymmetry consists of a 0-brane, i.e. a (ten-dimensional) 
extreme black hole, a 2-brane (i.e. a membrane), a 4-brane and a 6-brane. The 
0-brane and the 2-brane are of electric type. The 0-brane gives rise to an 
electrically charged four-dimensional black hole in the toroidally compactified 
theory by the procedure of taking periodic arrays of the ten-dimensional solution. 
The membrane gives a total of 6 X 5/2 = 15 electric black holes in four dimensions 
after ‘wrapping’ it around two directions of the six-torus and then taking periodic 
arrays to construct a four-dimensional solution. Similarly, the magnetic-type 4-brane 
and 6-brane can be wrapped around the six-torus (introducing periodic arrays 
where necessary) to give 15 + 1 magnetically charged black holes in four dimen- 
sions. We have therefore found a total of 32 additional electric and magnetic 
charges. Combined with the previous 24 charges this gives a total of 56 elementary 
charged states carrying only one type of charge. From the low-energy field theory 
we know that these charges transform according to the 56 representation of E,, 
and that acting on these elementary solitons with E,(Z) generates a 56-dimen- 
sional charge lattice. As anticipated, the extra 16+ 16 electric and magnetic 
charges are inert under S-duality but are mixed by the T-duality group O(6, 6; Z). 
In addition to the p-brane winding modes discussed above, there are also p-brane 
momentum modes; however, to give a 0-brane in 4 dimensions, the p-brane must 
wrap around the torus as well as having internal momentum, so that the resulting 
soliton would carry more than one type of charge and so would not be elementary; 
nevertheless, these solitons occur in the charge lattices generated by the elemen- 
tary solitons. 

A similar analysis can be made for the type IIB theory. In this case the extra 
massless bosonic fields in the ten-dimensional effective field theory are a scalar, a 
two-form potential, A „y, and a four-form potential A\jpq with self-dual five-form 
field strength. As for the type IIA string theory, these gauge fields couple through 
their field strengths only and so, again, there are no string excitations carrying the 
new electric charges. In the solitonic sector of the ten-dimensional field theory 
there is a neutral 5-brane, a self-dual 3-brane and a string, in addition to the string 
and neutral five-brane of the (g, b, $) sector. The new neutral five-brane gives 6 
magnetic charges in four dimensions, the self-dual 3-brane gives 10 electric and 10 
magnetic charges and the new string gives six electric charges. Note that the new 
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solitonic string couples to the 16 U(1) gauge fields coming from Ay y and AY po. 
These 16+ 16 charges couple to Apy, while the fundamental string and the 
solitonic string of the common sector both couple to byy; thus it may be consistent 
to identify the fundamental and common sector solitonic strings, but the new 
solitonic string cannot be identified with either. As for the type IIA string, all 56 
charges generate the irreducible 56 dimensional representation of E,(Z). 

Finally, we turn to the heterotic string. We have seen that the common sector 
solutions of the low-energy effective supergravity theory include 12 KK and abelian 
H-monopoles, and their 12 electric duals, and under T-duality these must have 
16 + 16 electric and magnetic black hole partners coupling to the 16 remaining 
U(1) gauge fields. These have a ten-dimensional interpretation as the 0-branes and 
8-branes of N=1 ten-dimensional supergravity coupled to 16 abelian vector 
multiplets [21] (which can be taken to be those of the U(1)' subgroup of E, x Es 
or SO(32)/Z,). 

In addition to these black hole solutions, there are also BPS monopole solutions 
of the heterotic string arising from wrapping heterotic or gauge five-branes around 
the six-torus [16]. The BPS monopoles are not solutions of the effective supergrav- 
ity theory with the abelian gauge group, but it has been argued (e.g. in [47]) that 
there should be modifications of these monopoles that are solutions of the abelian 
theory. The moduli spaces for multi-soliton solutions of BPS monopoles are 
hyper-Kahler [59] while those for extreme a = V3 black holes are flat [40,41], so 
that the black holes and BPS monopoles should not be related by duality. If the 
modified BPS monopoles also have a non-flat moduli space, then they too cannot 
be dual to black holes. However, it is also possible that they have a flat moduli 
space, and even that they are equivalent to black hole solutions. The modified BPS 
monopoles, if they exist, would have electric partners under S-duality which would 
be electric solitons. The magnetic partners under S-duality of electrically charged 
Bogomolnyi fundamental string states are expected to be magnetic monopole 
solitons, which might be either BPS-type solutions, or black holes (or both, if they 
are equivalent). In either case, the fundamental string states should be identified 
with the electrically charged solitons related to the magnetic monopoles by 
S-duality. 

Whereas the solutions of the type II string we have discussed are exact 
conformal field theories, the solutions of the heterotic string are only approximate 
low-energy solutions. However, some of these heterotic solutions have a compact 
holonomy group, and for these one can set the Yang-Mills connection equal to the 
spin-connection so that the sigma-model becomes one with (1, 1) supersymmetry 
and the resulting background is an exact solution of string theory. Applying this to 
the five-brane gives the symmetric five-brane solution [50] and this can also be 
used to construct a ‘symmetric KK monopole’. However, we do not know which of 
the other solutions of the low-energy effective theory can be corrected to give exact 
solutions, and the duality symmetry of non-abelian phases of the theory are not 
understood. Moreover the a’ corrections to the four-dimensional supergravity 
action give a theory that is not S-duality invariant, but if string-loop corrections are 
also included, an S-duality invariant action should arise. 
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Table I 
Duality symmetries for type II string compactified to d dimensions 
Space-time Supergravity String T-duality Conjectured 
dimension d duality group G full string duality 
10A sO. D/Z, i l 
10B SLQ; R) l SLQ; Z) 
9 SL(2; R)x OU, 1) Z, SLQ2; Z)x Z, 
8 SL(3; R) x SLQ2; R) O(2, 2; Z) SL(G3; Z) x SL(2; Z) 
7 OS, 5) OG, 3; Z) OG, 5; Z) 
6 SL(5; R) O(4, 4; Z) SL(5; Z) 
5 Ego) OG, $; Z) Ego (Z) 
4 Exn O16, 6; Z) E42) 
3 Easy 007, 7; Z) Esa (Z) 
2 Eg) O48, 8; Z) Ego (Z) 
1 E010) ow, 9; Z) Eixo) 


5. Toroidal compactification to other dimensions 


In this section, we extend the previous discussion to consider the duality 
symmetries of type II and heterotic strings toroidally compactified to d dimen- 
sions. The resulting low-energy field theory is a d-dimensional supergravity theory 
which has a rigid ‘duality’ group G, which is a symmetry of the equations of 
motion, and in odd dimensions is in fact a symmetry of the action. In each case the 
massless scalar fields of the theory take values in G/H, where H is the maximal 
compact subgroup of G. G has an O(10 — d, 10 — d) subgroup for the type II 
string, and an O(10 — d, 26 — d) subgroup for the heterotic string. In either string 
theory, it is known that this subgroup is broken down to the discrete T-duality 
group, O(10 — d, 10 — d; Z) or O(10 — d, 26 — d; Z). It is natural to conjecture that 
the whole supergravity duality group G is broken down to a discrete subgroup 
G(Z) (defined below) in the d-dimensional string theory. We have already seen 
that this occurs for d = 4 and will argue that for d > 4 the symmetry G is broken to 
a discrete subgroup by a generalization of the Dirac quantization condition. In 


Table 2 

Duality symmetries for heterotic string compactified to d dimensions 

Space-time Supergravity String T-duality Conjectured 

dimension d duality group G full string duality 
10 O16) x SOU, 1) O16; Z) O16; Z)xZ, 
9 OG, 17)«x SOQ, 1) OL, 17; Z) OU, 17; 2)x Z, 
8 OQ, 18)« SOQ, 1) O2, 18; Z) O(2, 18; Z)x Z, 
7 OG, 19)x SOQ, 1) OG, 19; Z) O(3, 19; Z)x Z, 
6 O(4, 20) x SOU, 1) O44, 20; Z) O(4, 20; Z)x Z, 
5 O(S, 21)x SOU, 1) OS, 21; Z) OS, 21; Z)xZ, 
4 O66, 22) x SL(2, R) O66, 22; Z) OG, 22; Z)x SLQ; Z) 
3 O(8, 24) O(7, 23; Z) (8, 24; Z) 
2 Os, 24) O(8, 24; Z) O(8, 24)(Z) 
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Tables 1 and 2, we list these groups for toroidally compactified superstring theories 
(at a generic point in the moduli space so that the gauge group is abelian). 

For the type II string (Table 1), the supergravity duality groups G are given in 
[60,61] °. The Lie algebra of Ego, is the Egs) Kao-Moody algebra, while the 
algebra corresponding to the E,, Dynkin diagram has been discussed in [61,63]. 
The d=2 duality symmetry contains the infinite-dimensional Geroch symmetry 
group of toroidally compactified general relativity. In d=9, the conjectured 
duality group is a product of an SL(2; Z) S-duality and a Z, T-duality, while for 
d <8 we conjecture a unified U-duality. For d = 8, the T-duality group O(, 2; Z) 
~ (SL(2; Z) x SLQ; Z)]/Z, X Z, is a subgroup of the conjectured duality. In 
d= 10, the type IIA string has G = SO(1, 1)/Z,, while the type IIB has G = 
SL(2; R), as indicated in the first two lines of Table 1. We shall abbreviate E „n (Z) 
to E,(Z) when no confusion can arise. 

For the heterotic string (Table 2), the supergravity duality groups G for d > 2 
can be found in articles collected in [64]. Pure N = 4 supergravity in d = 4 reduces 
to a theory with G = SO(8, 2) in d = 3 and to a theory with the supergravity duality 
group given by the affine group SO(8, 2)” in d = 2 [60]. Similar arguments suggest 
that the heterotic string should give a d = 2 supergravity theory with G given by 
the affine group O(8, 24) symmetry. The heterotic string is conjectured to have 
an S x T duality symmetry in d > 4 and a unified U-duality in d < 3. Sen conjec- 
tured an O(8, 24; Z) symmetry of d=3 heterotic strings in [65]. The d= 10 
supergravity theory has an O(16) symmetry acting on the 16 abelian gauge fields 
which is broken to the finite group O(16; Z); we refer to this as the T-duality 
symmetry of the ten-dimensional theory. 

The supergravity symmetry group G in d dimensions does not act on the 
d-dimensional spacetime and so survives dimensional reduction. Then G is neces- 
sarily a subgroup of the symmetry G’ in d’<d dimensions, and dimensional 
reduction gives an embedding of G in G’, and G(Z) is a subgroup of G'(Z). We use 
this embedding of G into the duality group in d’=4 dimensions to define the 
duality group G(Z) in d > 4 dimensions as G()E,(Z) for the type II string and as 
GNOG, 22; Z) x SL(2, Z)] for the heterotic string. 

The symmetries in d < 4 dimensions can be understood using a type of argu- 
ment first developed to describe the Geroch symmetry group of general relativity 
and used in [65] for d = 3 heterotic strings. The three-dimensional type II string 
can be regarded as a four-dimensional theory compactified on a circle and so is 
expected to have an E,(Z) symmetry. There would then be seven different E,(Z) 
symmetry groups of the three-dimensional theory corresponding to each of the 
seven different ways of first compactifying from ten to four dimensions, and then 
from four to three. The seven E,(Z) groups and the O(7, 7; Z) T-duality group do 
not commute with each other and generate a discrete subgroup of E, which we 
define to be E,(Z). (Note that the corresponding Lie algebras, consisting of seven 


> They have also been discussed in the context of world-volume actions of extended objects in 
supergravity backgrounds [62]. 
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Ex algebras and an OC7, 7), generate the whole of the Egg, Lie algebra.) 
Similarly, in d =2 dimensions, there are eight E,(Z) symmetry groups and an 
O(8, 8; Z) T-duality group which generate E,(Z) as a discrete subgroup of E 
and in the heterotic string there are eight O(8, 24; Z) symmetry groups from ihre 
dimensions and an O(8, 24; Z) T-duality group which generate O(8, 24; Z) as a 
discrete subgroup of O(8, 24). 

We now turn to the charge quantization condition and soliton spectrum in d > 4 
dimensions. Consider first the example of type II string theory compactified to 
d = 5 dimensions. The low-energy theory is d= 5, N =8 supergravity [66] which 
has 27 abelian vector gauge fields A} and an Eg) rigid symmetry of the action. 
Recall that in five dimensions electric charge can be carried by particles or 0-brane 
solitons, while magnetic charge can be carried by strings or 1-brane solitons. The 
27 types of electric charge q; transform as a 27 of Egs while 27 types of magnetic 
charge p’ transform as a 27. These charges satisfy the quantization condition 
q,p' = integer [53,67] which is invariant under E «e. As we shall see, all 54 types of 
charge occur and so the electric charges take values in a 27-dimensional lattice A 
and the magnetic ones take values in the dual lattice. This breaks the Ey, 
symmetry down to the discrete subgroup which preserves the lattice. If the theory 
is now compactified to four dimensions, E «s Survives as a subgroup of the Exn 
duality symmetry in d = 4 and the 27-dimensional lattice A survives as a sub-lattice 
of the 28-dimensional lattice of d = 4 electric charges (this will be checked for the 
elementary charged solitons below). Thus the subgroup of E«s preserving A is 
Eq) ME,(Z), which is precisely the discrete group E,(Z) defined above. 

The five-dimensional theory has a Bogomoinyi bound involving the electric and 
magnetic charges [11,17] which is saturated by Bogomoinyi solutions that do not 
break all the supersymmetries, and the masses and charges of these states are 
expected to be unrenormalized in the quantum theory. This bound is invariant 
under Eg, and E,(Z) and so Bogomolnyi solitons automatically fit into E,(Z) 
representations. 

The d = 5 elementary solitons of the type IIA theory carrying precisely one type 
of electric or magnetic charge and breaking half the supersymmetry can be 
identified in a similar manner to that used in d = 4. The 27 elementary electrically 
charged solitons, which are all extreme black hole solutions in d = 5, and the 27 
magnetic ones, which are all extreme black strings, arise from d = 10 solutions as 
follows. The 5-brane wrapped around the 5-torus gives one electrically charged 
0-brane and 5 magentically charged strings. The d = 10 solitonic string gives 5 
electric black holes and 1 black string. The 0-brane gives one black hole, the 
4-brane gives 10 black holes and 5 black strings, the 4-brane gives 5 black holes 
and 10 black strings and the 6-brane gives 1 black string. In addition, there are 5 
electric black holes, arising from pp-waves travelling in each of the 5 toroidal 
dimensions (these can also be viewed as momentum modes of the solitonic string), 
and their 5 magnetic duals, which are a magnetic string generalization of the KK 
magnetic monopole. These are the solutions consisting of the product of a 4-torus 
with self-dual Taub-NUT and two-dimensional Minkowski space. The non-com- 
pact six-dimensional subspace gives rise to a 5-dimensional magnetic string in the 
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same way that a 4-dimensional KK magnetic monopole originates from a five-di- 
mensional solution. Note that these solutions can be thought of as wrapped 
4-brane solutions. This gives the 27 + 27 elementary charges, as required. 

On further compactification to d = 4, the 27 electric charges give 27 electrically 
charged black holes in d = 4 and the magnetic strings give 27 magnetic black holes 
(together with 27 d=4 black strings). There are two additional elementary 
charged states in d = 4, the pp-wave travelling in the fifth dimension and the KK 
monopole corresponding to the fifth dimension; these two solutions are uncharged 
from the five-dimensional point of view. This corresponds to the fact that the 
four-dimensional charges lie _in a 56 of Ex and this decomposes into Eye) 
representations as 56 > 27 + 27+ 1+ 1. 

Similar arguments apply to other strings in d>4 dimensions, where charge 
quantization effects break G to at most the string duality groups listed in the 
tables. In d dimensions there are electric point charges and magnetic (d — 4)-brane 
solitons (which correspond to a subset of the four-dimensional black hole solitons 
on compactification), and the Dirac quantization of their charges [53,67] breaks the 
duality symmetry to the discrete subgroup G(Z). There is a similar charge quanti- 
zation condition on electric p-branes and magnetic d — p — 4 branes in d dimen- 
sions [53,67] which again break G to G(Z). In each case, the Bogomolnyi solitons 
automatically fit into representations of the duality group (providing one can 
continue solutions from one vacuum to another as discussed in Section 3). 

For d < 4, it is not clear how to understand the breaking of G to G(Z) directly 
in terms of d-dimensional quantum effects. Thus, while we have shown that for 
d>4 the group G is broken to at most G(Z), there is less evidence for our 
conjectures for d < 4, although we do know that a subgroup of G is broken to the 
discrete T-duality group, and that the solitons will fit into representations of G(Z). 


6. Compactification of type II strings on K, X T? 


The analysis of Bogomolnyi states can also be carried out for non-toroidal 
compactifications. An interesting example is compactification of the type II super- 
string on K, x T? because, while K, has no non-trivial one-cycles and hence no 
string winding modes, it does have 22 non-trivial two-cycles around which a 
p-brane for p> 1 can wrap itself to produce a (p -— 2)-brane which will then 
produce monopole winding states on T? if p< 5 (taking periodic arrays where 
necessary). The effective four-dimensional supergravity can be found by the 
two-stage process of compactification to six dimensions on K, [25], followed by a 
straightforward reduction on T?. It is an N =4 supergravity with an SL(2; R) x 
O(6, 22) symmetry and 28 U(1) gauge fields, exactly as for the compactification of 
the heterotic string on T° at a generic point in the moduli space. In fact, the 
four-dimensional supergravity theories are identical because the coupling of N = 4 
supergravity to k abelian vector multiplets is uniqely determined by the choice of 
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gauge group [46] °. The analysis of Section 2 again applies, with the result that the 
duality group is broken down to SL(2; Z) x O(6, 22; Z) by the charge quantization 
condition, and the Bogomolnyi bound is again duality invariant. The soliton 
spectrum then automatically fits into representations of SL(2; Z) x O(6, 22; Z), 
and the solitons correspond to precisely to the same extreme black holes as were 
discussed in Section 4 for the heterotic string. However, the ten-dimensional origin 
of the elementary charged solutions is now different and we now discuss these. 

Consider first the common (g, b, $) sector. Because K, has no isometries and 
no non-trivial one-cycles all KK modes and string winding modes arise from the 
T?-compactification. This yields modes carrying 2+2 types of electric charge 
which couple to the 2 + 2 gauge fields from the metric and antisymmetric tensor. 
The corresponding magnetic charges are the KK monopoles and the H-monopoles. 
The latter can be interpreted as the winding modes on T? of the six-dimensional 
solitonic string found from ‘wrapping’ the neutral ten-dimensional five-brane 
around the K, surface [68]. We have therefore identified the modes carrying just 
one type of the 4 + 4 electric and magnetic charges in this sector. As before, we do 
not consider modes arising from the ten-dimensional solitonic string on the 
grounds that these are not independent of the fundamental string modes already 
considered. 

Consider now the type HA string. The additional 24 vector gauge fields in the 
four-dimensional effective field theory arise from the ten-dimensional RR gauge 
fields Ay and Ay,yp. One of these vector gauge fields, A,, is the four-dimen- 
sional component of Apy. The remaining 23 come from expressing the ten-dimen- 
sional three-form Ajy,yp as the exterior product of a four-dimensional one-form 
gauge potential times each of the 22 + 1 harmonic two-forms of K, X T?. We must 
now find the charged Bogomolnyi states to which these fields couple. Again we 
consider states carrying only one type of charge. The ten-dimensional 0-brane and 
six-brane solitons associated with A, yield, respectively, one electric and one 
magnetic four-dimensional black hole coupling to A,. The electric 2-brane and the 
magnetic 4-brane solitons in ten dimensions produce the Bogomolnyi states carry- 
ing the other 23+ 23 types of charge coupling to the other 23 gauge fields. 
Specifically, the 2-brane can be wrapped around the 22 + 1 non-trivial two-cycles 
of K, x T? to produce 22 + 1 six-dimensional black holes of which one can then 
take periodic arrays to get 22+ 1 four-dimensional electric black holes. The 
four-brane can be wrapped around the 22 homology two-cycles of K, to give 22 
six-dimensional 2-branes, each of which can then be wrapped around T? to 
produce a four-dimensional magnetic black hole. Alternatively, the four-brane can 
be wrapped entirely around K, to give one six-dimensional black hole which then 
produces a further magnetic black hole in four dimensions on taking periodic 
arrays. We have now found a total of 24 + 24 additional electric and magnetic 


6 Compactification of the heterotic string on K, XT? leads to a four-dimensional effective field 
theory with only N= 2 supersymmetry, for which the masses of the Bogomolnyi states might be 
expected to receive quantum corrections, so we shall not discuss this case here. 
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black holes. They each satisfy the Bogomolnyi bound because the ten-dimensional 
p-brane solitons do, and they each carry just one type charge. Combining these 
with the 4+4 black holes from the (g, b, ©) sector yields a total of 28 + 28 
elementary electric and magnetic extreme black holes which generate the (2, 28) 
representation of SL(2; Z) x O(6, 22; Z). 

Consider instead the type IIB superstring. The RR gauge fields are Ayn and 
Aro which produce 2 + 22 four-dimensional gauge fields upon compactification 
on K, XT? [25]. These fields couple to the soliton states in four dimensions 
obtained by wrapping the extra solitonic string and five-brane, and the self-dual 
three-brane, around the homology cycles of K, X T?, taking periodic arrays when 
necessary to get a four-dimensional soliton (alias extreme black hole). There are 
two homology one-cycles and two homology five-cycles so the extra solitonic string 
and five-brane produce 2 + 2 four-dimensional electric and magnetic black holes. 
There are 44 three-cycles so the three-brane produces 44 four-dimensional soli- 
tons. Since the three-brane is self-dual 22 of these are electric and 22 magnetic. 
Again we have a total of 24 + 24 additional charges. Combining these with the 
4 + 4 black holes from the (g, b, $) sector again yields a total of 28 + 28 elemen- 
tary electric and magnetic extreme black holes which generate the (2, 28) represen- 
tation of SL(2; Z) x O66, 22; Z). 

Since the type II string compactified on K, XT? and the generic toroidal 
compactification of the heterotic string have exactly the same four-dimensional 
low-energy field theory it is natural to conjecture that they might be equivalent 
string theories. If this is so then the Bogomolnyi states of the heterotic string 
discussed at the conclusion of the previous section would have a straightforward 
ten-dimensional interpretation after all. It would have some other remarkable 
consequences. For example, at special points of the heterotic string moduli space, 
there are extra massless fields and an enhanced (Yang-Mills) symmetry due to 
non-perturbative world-sheet effects (i.e. non-perturbative in a’, but perturbative 
in g). If the compactified type II string is equivalent, it must have the same 
enhanced symmetry in vacua corresponding to the same points in the scalar-field 
coset space. This presumably does not arise from non-perturbative world-sheet 
effects, so would have to come from non-perturbative stringy effects, or from 
Wilson lines and their p-brane generalizations. This would mean that the sigma- 
model coupling constant a’ of the heterotic string becomes one of the stringy 
coupling constants of the type II theory, as might have been expected from the fact 
that for the toridally compactified type II string, all coupling constants are on an 
equal footing and are mixed up under U-duality. 


7. U-duality and the 11-dimensional supermembrane 


As we have seen, the E,(Z) invariance of the spectrum of soliton states of N = 8 
supergravity is an automatic consequence of the E,(Z) invariance of the equations 
of motion. The non-trivial features are, firstly, that these states have an interpreta- 
tion in terms of ten-dimensional KK solitons and solitonic p-branes and, secondly, 
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that if the ten-dimensional field theory is considered to be the effective field 
theory of the type II string theory then E,(Z) invariance requires an identification 
of the solitonic string with the fundamental string. N = 8 supergravity can also be 
obtained by dimensional reduction of 11-dimensional supergravity on T”. We shall 
now show that the elementary soliton states of N =8 supergravity also have an 
interpretation in terms of KK solitons and solitonic p-branes of 11-dimensional 
supergravity. There are 7 KK magnetic monopoles and 7 electric duals, which are 
pp-waves of 11-dimensional supergravity [69] travelling in the internal dimensions. 
The 11-dimensional solitonic p-branes are the electric membrane and the mag- 
netic five-brane. Each can be wrapped around the seven-torus to produce 21 
four-dimensional solitons. Thus we have a total of 28 electric and 28 magnetic 
four-dimensional solitons each carrying one of the 56 types of charge which are a 
basis for the irreducible 56 representation of E,(Z). If we now wish to interpret 
11-dimensional supergravity as an effective field theory of a fundamental E,(Z) 
supermembrane theory then we must identify the fundamental membrane with the 
solitonic one, just as we were forced to identify the fundamental string with the 
(appropriate) solitonic string. 

Consider now the compactification to , on K, X T? of 11-dimensional super- 
gravity [28]. The effective field theory is the same as that of the type II superstring 
compactified on K, x T’, i.e. an N = 4 supergravity with 28 U(1) gauge fields and 
an SL(2; Z) x O(6, 22; Z) symmetry. The soliton spectrum is also the same. In the 
monopole sector we have, firstly, 3 KK monopoles from the T? factor and, 
secondly, a further 25 monopoles from wrapping the solitonic five-brane around 
the 3 + 22 homology five-cycles of K, X T?. This gives a total of 28 monopoles. 
The 28 electrically charged solitons are the electric duals of these monopoles 
which can be understood in terms of the KK and winding modes of either the 
solitonic membrane or a fundamental membrane. The entire set of 56 states can be 
assigned to the (2, 28) representation of SL(2; R) x O(6, 22), inducing a corre- 
sponding representation of SL(2; Z) x O(6, 22; Z). 

These results are encouraging signs that it may be possible to define the 
quantum supermembrane theory entirely in terms of the solitonic membrane 
solution of 11-dimensional supergravity. Alternatively, one can envisage a dual 
formulation in terms of a fundamental 11-dimensional superfive-brane, in which 
case the solitonic five-brane might be identified with a fundamental five-brane. Of 
possible relevance in this connection is the fact that the membrane and five-brane 
solitons have a very different global structure. Both have a degenerate Killing 
horizon, but whereas the membrane horizon conceals a singularity in an interior 
region [70], much like the extreme Reissner—Nordstrom solution of four-dimen- 
sional Maxwell—Einstein theory, the five-brane is completely non-singular [38]. 


8. Comments 


The equations of motion of four-dimensional effective supergravity theories of 
compactified superstring theories are invariant under a continuous duality group G 
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that is broken by quantum effects to a discrete subgroup G(Z). For the toroidally 
compactified heterotic string at a generic point in the moduli space, and for the 
K, x T? compactified type II superstrings, this group is the S x T duality group 
SL(2; Z) x O(6, 22; Z). For the toroidally compactified type II superstrings it is the 
U-duality group E,(Z) which contains the Sx T duality group SL(2; Z) x 
O(6, 22; Z). Whereas T-duality is known to be an exact symmetry of string theory 
at each order in the string coupling constant g, the conjectured S- and T-dualities 
are non-perturbative. We have provided evidence for U-duality of the type II string 
by considering those features of string theory that are expected to be given exactly 
by a semi-classical analysis, although it should be emphasized that this evidence 
depends only on the form of the effective supergravity theory and would apply 
equally to any consistent quantum theory of gravity for which this is the effective 
low-energy action. Nevertheless, by supposing this consistent quantum theory to be 
a string theory our arguments have led us to the remarkable conclusions that it is 
necessary to identify certain states of the string with extreme black holes, and the 
fundamental string with a solitonic string. We have also seen that the elementary 
Bogomolnyi states are extreme black hole solutions of the low-energy theory, and 
have shown how these arise from p-brane solitons of the ten-dimensional theory. 

The zero-modes of the scalar fields of the low-energy field theory are all 
coupling constants of the string theory, so that G(Z) symmetry relates different 
regimes in the perturbation theory in these coupling constants, interchanging 
strong and weak coupling and, in the case of U-duality, interchanging g with a’, in 
the sense of mixing the quantum loop expansion in g with the sigma-model 
perturbation expansion in a’ and the moduli of the compactification space. For the 
compactified type II superstring, any physical quantity (e.g. the S-matrix) can be 
expanded in terms of the 70 coupling constants associated with zero-modes of the 
70 scalars. In the world-sheet approach to string theory, one first integrates over 
the sigma-model degrees of freedom on a Riemann surface of fixed genus, 
obtaining a result parameterised by the sigma-model coupling constants, and then 
sums over genus. As U-duality mixes up all 70 coupling constants, the final result 
may be expected to depend on all 70 scalars in a symmetric way, even though the 
calculation was very asymmetrical and in particular picked out the dilaton to play a 
special role. This would hugely constrain the theory, and the assumption of 
U-duality, together with N = 8 supersymmety, gives us a great deal of non-per- 
turbative information, and might even enable us to solve the theory! This structure 
also suggests that there might be a new formulation of string theory which treats 
all the coupling constants on an equal footing. 

We have seen that there are duality symmetries in all dimensions d < 10 and it 
is interesting to ask whether the d < 10 symmetries can correspond to symmetries 
of the 10-dimensional theory. If e.g., the four-dimensional dualities correspond to 
symmetries of the full ten-dimensional theory, these symmetries must interchange 
the various p-brane solitons of the string theory; such symmetries would probably 
have to be non-local. If the theories in d < 4 dimensions really do have the duality 
symmetries suggested in Section 5, and if these have analogues in higher dimen- 
sions, this would have remarkable consequences for string theory. For example, the 
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U-duality of the three-dimensional heterotic string includes transformations that 
would mix the string with 5-brane solitons in ten dimensions, and so would contain 
the transformations described as the ‘duality of dualities’ in [3]. For the type II 
string theory, this suggests that E (Z) might be a discrete non-local symmetry of 
the ten-dimensional string theory! 

One of the predictions of S-duality for the heterotic string is the presence of 
certain dyon bound states in the Bogomolnyi spectrum, which can be translated 
into a prediction concerning harmonic forms on the multi-monopole moduli space 
[71]. It would be interesting to consider the corresponding predictions for the type 
II string. Recently, some strong-coupling evidence for S-duality of the heterotic 
string has been found by studying partition functions of certain topological field 
theories [72], and again it would be interesting to seek similar strong-coupling tests 
for U-duality. 

Finally, since N = 8 supergravity and its soliton spectrum are U-duality invari- 
ant, many of the properties previously thought to be unique to string theory are in 
fact already properties of the effective supergravity theory once account is taken of 
all soliton solutions. Since only stable states can appear in an exact S-matrix it is 
possible that the only states of the exact toroidally compactified type II string 
theory are the Bogomolnyi states and that these are in one to one correspondence 
with soliton states of the supergravity theory. This would support a previous 
suggestion [73] that a fundamental superstring theory might actually be equivalent 
to its effective field theory once solitons of the latter are taken into account. To 
pursue this further one would need to find higher-spin (> 2) soliton states 
corresponding to the higher-spin states of string theory. There seems to be no 
problem in principle with the existence of such higher-spin soliton states in N = 8 
supergravity because the a =0 and a = 1 extreme black holes must belong to 
massive supermultiplets with spins > 2 as they break more than half the supersym- 
metry. In this connection it is worth recalling the similarity of the mass/spin 
relation for Regge trajectories in four-dimensional string theory, M? aJ/a’, with 
that of the degenerate Kerr solutions of general relativity, M? aJ/G. 
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Abstract 


It is argued that the type IIA 10-dimensional superstring theory is actually a compactified | 1-dimensional supermembrane 
theory in which the fundamental supermembrane is identified with the solitonic membrane of 11-dimensional supergravity. 
The charged extreme black holes of the 10-dimensional type IA string theory are interpreted as the Kaluza-Klein modes of 
11-dimensional supergravity and the dual sixbranes as the analogue of Kaluza-Klein monopoles. All other p-brane solutions 
of the type IIA superstring theory are derived from the |1-dimensional membrane and its magnetic dual fivebrane soliton. 


The effective field theory of the ten-dimensional 
type ITA superstring is N = 2A supergravity. It has 
long been appreciated that this field theory is also 
the effective massless theory for eleven-dimensional 
supergravity compactified on S'; the ten-dimensional 
dilaton thereby acquires a natural Kaluza-Klein (KK) 
interpretation. This leads one to wonder whether the 
type IIA string theory has an eleven-dimensional inter- 
pretation. An obvious candidate is the 1 1-dimensional 
supermembrane [1] since the double dimensional re- 
duction of its worldvolume action yields the Green- 
Schwarz (GS) action of the type IIA superstring [2]. 
Despite this, the 11-dimensional interpretation of the 
quantum type IIA superstring is obscure because the 
dilaton vertex operator is radically different from the 
graviton vertex operator. In the GS action the dilaton 
comes from the R-R sector while the graviton comes 
from the NS-NS sector; there is therefore no obvious 
KK interpretation of the dilaton in string theory (in 
the bosonic string the dilaton is usually taken to cou- 
ple to the worldsheet curvature but this makes the dila- 
ton vertex operator even more dissimilar to the gravi- 
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ton vertex operator). It is possible, however, that this 
special status of the dilaton is an artefact of pertur- 
bation theory. It has recently been realized that some 
features of the effective field theories of compactified 
superstring theories, such as invariance under a gen- 
eralized electromagnetic duality, may also be features 
of the full non-perturbative string theory even though 
this is not apparent in perturbation theory [3,4,5]. 
In this fetter I similarly argue that the type IIA 10- 
dimensional superstring theory actually is a compact- 
ified 11-dimensional supermembrane theory. 

Before further analysis of this conjecture, some dis- 
cussion of the status of the | 1-dimensional superme- 
mbrane is warranted. There is some reason to suppose 
that the supermembrane spectrum contains massless 
particles which can be identified as the graviton and 
other quanta of | 1-dimensional supergravity [6]. The 
principal objection to this conclusion is that there are 
also reasons [7,8] to believe the spectrum to be con- 
tinuous, which would preclude a particle interpreta- 
tion. The physical reason for this is that there is no 
energy cost to a deformation of the membrane lead- 
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ing to ‘spikes’ of arbitrary length but zero area, like a 
fakir’s bed of nails (for the bosonic membrane there is 
an energy cost at the quantum level due to the Casimir 
effect, but this Casimir energy cancels for the super- 
membrane). The possibility of spikes of zero area is of 
course due to the supposition that the membrane has a 
core of zero width. A calculation [8] in the context of 
a first-quantized, regularized, zero-width supermem- 
brane showed that the spectrum is indeed continuous, 
from zero, and this was widely interpreted as putting 
an end to the idea of a ‘fundamental’ supermembrane. 

However, evidence was presented in [5] that the 
fundamental supermembrane should be identified with 
the solitonic membrane [9] of 11-dimensional super- 
gravity. An additional reason for this identification is 
that «-symmetry of the worldvolume action for a su- 
permembrane requires the background fields to sat- 
isfy the source-free field equations of 11-dimensional 
supergravity [1]. This is paradoxical if the superme- 
mbrane is regarded as the source of the background 
fields, but the paradox would be resolved if the fun- 
damental supermembrane were to be identified with a 
membrane solution of the source-free field equations, 
and the one of [9] is the only candidate. As originally 
presented this was seen as the exterior solution to a 
singular surface, which was interpreted as a membrane 
source, but the singularity can be interpreted equally 
well as a mere coordinate singularity at an event hon- 
zon, through which the source-free exterior solution 
can be analytically continued [10]. If one accepts the 
identification of the fundamental and solitonic super- 
membranes in the fully non-perturbative quantum the- 
ory, then it follows that the supermembrane acquires 
a core of finite size due to its gravitational field in the 
same way that a ‘point’ particle actually has a size 
of the order of its Schwarzschild radius once gravi- 
tational effects are included. In this case a ‘spike’ of 
a given length has a minimum area and therefore a 
minimum energy cost. Under these circumstances one 
would not expect a continuous spectrum. 

A possible objection to this argument is that it 
could also be applied to string theory where, how- 
ever, it is not needed because the spectrum is already 
discrete in perturbation theory. This may simply be a 
reflection of the fact that perturbation theory makes 
sense for strings because of the renormalizability 
of two-dimensional sigma-models whereas it does 
not make sense for membranes because of the non- 


tenormalizability of three-dimensional sigma models. 
Also, there is no dilaton in 11-dimensions and so no 
obvious coupling constant with which to order a per- 
turbation series. In any case, I shall assume in the fol- 
lowing that the fully non-perturbative supermembrane 
spectrum is discrete for reasons along the above lines. 
The determination of the spectrum of the Il- 
dimensional supermembrane, given that it is discrete, 
is impossible in practice, as it is for superstrings 
when account is taken of interactions and all non- 
perturbative effects. However, certain features of the 
spectrum can be reliably ascertained. Among these is 
the massless spectrum, for which the effective field 
theory is just 11-dimensional supergravity. This the- 
ory reduces to 10-dimensional N = 2A supergravity 
upon compactification on S', but the spectrum in 10- 
dimensions will then also include the charged massive 
KK states. These states must also be present in the 
spectrum of the type HA superstring if the latter is 
to be interpreted as a compactified supermembrane, 
as conjectured here. These states do not appear in 
perturbation theory but there are extreme black hole 
solutions of 10-dimensional N = 2A supergravity that 
are charged with respect to the KK U(1) gauge field 
[11]. Because these solutions preserve half of the 
supersymmetry there are good reasons (see e.g. [5] 
and references therein) to believe that their semi- 
classical quantization will be exact. I suggest that 
these states be identified as KK states. I shall now 
address possible objections to this identification. 
First, the mass of a KK state is an integer multiple of 
a basic unit (determined by the S! radius) whereas the 
mass of an extreme black hole is apparently arbitrary. 
However, there are also 6-brane solutions of N = 2A 
supergravity [11] that are the magnetic duals of the 
extreme black holes. It will be shown below that these 
6-branes are completely non-singular when interpreted 
as solutions of the compactified 1 1-dimensional super- 
gravity. It follows, if the 1 1-dimensional interpretation 
is taken seriously, that the 6-brane solitons must be in- 
cluded as solutions of the ten-dimensional theory and 
then, by the generalization of the Dirac quantization 
condition to p-branes and their duals [12], we con- 
clude that in the quantum theory the electric charge of 
the extreme black holes is quantized. Since their mass 
is proportional to the modulus of their charge, with 
a universal constant of proportionality, their mass is 
also quantized. The unit of mass remains arbitrary, as 
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was the S! radius. 

Second, it may be objected that whereas the type 
HA theory has only one set of charged states coupling 
to the U(1) gauge field, the compactified supermem- 
brane theory has two: the extreme black hole solutions 
of the effective 10-dimensional field theory after com- 
pactification on S’ and the KK modes. The two sets 
of states have identical quantum numbers since the al- 
lowed charges must be the same in both cases, It has re- 
cently been argued in the context of compactifications 
of the heterotic [13] and the type II [5] superstrings 
that KK states should be identified with electrically 
charged extreme black holes (see also [14] ). The rea- 
sons advanced for this identification do not obviously 
apply in the present context but once the principle is 
granted that this identification is possible it seems rea- 
sonable to invoke it more generally. Thus, I conjecture 
that the resolution of this second objection is that the 
KK and extreme black hole states of the S! compacti- 
fied 11-dimensional supergravity are not independent 
in the context of the underlying supermembrane the- 
ory. This conjecture is similar to those made recently 
for the heterotic and type II superstrings but there is 
a crucial difference; in the string theory case the KK 
states also appear in the perturbative string spectrum 
since they result from compactification from the crit- 
ical dimension, whereas the KK states discussed here 
do not appear in the perturbative string spectrum be- 
cause they result from compactification to the critical 
dimension. 

Little more can be said about the spectrum of par- 
ticle states in ten dimensions since only those solu- 
tions of the effective field theory that do not break all 
supersymmetries can yield reliable information about 
the exact spectrum upon semi-classical quantization, 
and the only such particle-like solutions are the ex- 
treme electric black holes. However, there are also 
p-brane solitons of N = 2A supergravity which pre- 
serve half the supersymmetry and are therefore ex- 
pected to be exact solutions of type IIA string theory. 
These should also have:an 11-dimensional interpreta- 
tion. The extreme multi p-brane solutions associated 
with a R-R (p + 2)-form field strength Fp+2 of a 10- 
dimensional type II superstring have metric (in ‘string 
sigma-model’ form) and dilaton 


ds = Vt (x)dst,4,, + Vidx-dx, 


ef? = v3- (x) 7 a 


where ds? „+1 is the Minkowski (p + 1)-metric, dx 
dx is the Euclidean metric on R°~-?) and V is a har 
monic function on R°- that approaches unity a: 
P? = x - x tends to infinity; e.g. for the one R-R p- 
brane solution given in [11], 
V=1+ aa i 2) 
for some constant x proportional to the mass per 
unit p-volume. The solutions (1) include the self-dual 
threebrane [11] of the type IIB superstring. They also 
include a R-R string and fivebrane of the type IIB su- 
perstring that appear not to have been considered pre- 
viously in the string theory context, although they are 
special cases of the general p-brane solution of [11]. 
However, we are interested here in the type IIA p- 
branes. These comprise electric 0, 1 and 2 branes and 
magnetic 4, 5 and 6 branes, although the string and 
fivebrane are not of R-R type and so have a different 
form from (1). - 

The 6-brane soliton has already been mentioned; we 
now turn to its 1 1-dimensional interpretation. Consider 
the 1 1-metric 


ds}, = —d? + dy-dy+V(x)dx-dx 
+V- (x) (dx! — A(x) -dx)’, (3) 


where dy-dy is the Euclidean metric on RÉ (an infinite 
planar 6-brane) and dx-dx is the Euclidean metric on 
R? (the uncompactified transverse space). This metric 
solves the 11-dimensional vacuum Einstein equations, 
and hence the field equations of 1 1-dimensional super- 
gravity with zero four-form field strength, if V x A = 
VV, which implies that V?V = 0. The one-soliton £^- 
lution is 


vel+®, (4) 
p 


where p = yx - x. The two-form F = dA is then given 
by 


F = pe, (5) 


where € is the volume form on the unit 2-sphere. The 
singularity of (3) at p = O is merely a coordinate 
singularity if x'! is identified modulo 47 (to see 
this, set p = A? and take the A — O limit). Thus 
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(3) is a non-singular solution of compactified 11- 
dimensional supergravity representing a magnetic KK 
6-brane. It is an exact analogue in 1! dimensions of the 
KK monopole in 5 dimensions [ 16]. Considered as a 
solution of the effective field theory of ten-dimensional 
string theory, the 10-metric, in ‘string sigma-model’ 
form, is 


dsty =eĦ[ -dt +dy-dy+Vdx-dx], (6) 
where the 10-dimensional dilaton field @ is given by 
eb = vi. (7) 


This is the sixbrane case of (1). In terms of the new 
radial coordinate r = p+ yu, the one-soliton solution is 


} 
dst, = (1 s £) |- d? + dy dy] 
+ (1-4) fdr? +A(1 ~ jao, 


ena (1-87, (8) 
r 

where d3 is the metric on the unit 2-sphere. This is 
just the 6-brane solution of 10-dimensional N = 2A 
supergravity found by Horowitz and Strominger [5]. 

The remaining p-brane soliton solutions of N = 2A 
supergravity are the string [17], membrane, four- 
brane and fivebrane [11]. The string and fourbrane 
solitons have previously been shown [2,10] to be 
double-dimensional reductions of, respectively, the 
11-dimensional membrane and the 11-dimensional 
fivebrane [18]. The 10-dimensional membrane and 
fivebrane differ from their 11-dimensional counter- 
parts simply by the boundary conditions imposed on 
the harmonic function V that determines the solution, 
and the ten-dimensional soliton can be viewed as a 
periodic array of 11-dimensional solitons. Close to 
the horizon at the object’s core the 10-dimensional 
solution approximates the | 1-dimensional solution. A 
potential difficulty here is that the heterotic and type 
IIA superstring theories have the same fivebrane so- 
lution but we need the 11-dimensional interpretation 
only in the type II case. The resolution of this is that 
the fivebrane horizon is at infinite affine parameter 
in the ten-dimensional (string sigma-model) metric 
but at finite affine parameter (on timelike geodesics) 
in the 11-dimensional metric, so that both a ten and 


an eleven dimensional interpretation are possible. In 
contrast, the horizon of the |0-dimensional membrane 
is at finite affine parameter and one must pass to the 
11-dimensional interpretation to avoid a singularity 
there. Moreover, as the horizon is approached the ra- 
dius of the | Ith dimension approaches infinity, so we 
have dimensional decompactification at the horizon. 
This behaviour may be contrasted with that of the 
sixbrane discussed above for which the (coordinate) 
singularity at the sixbrane core is due to the radius of 
the 11th dimension shrinking to zero. 

Thus, all p-brane solitons of 10-dimensional 
N = 2A supergravity have an 11-dimensional origin. 
Moreover, since the |1-dimensional fivebrane has a 
completely non-singular analytic extension through 
its horizon [15], the 10-dimensional magnetic 4, 5 
and 6-brane solitons are all completely non-singular 
when interpreted as solutions of compactified 11l- 
dimensional supergravity. The | |-dimensional mem- 
brane is singular, although the singularity is hidden 
behind an horizon. This is what one might expect in 
the context of a fundamental supermembrane theory. 
Together, these results for the type ITA electric and 
magnetic p-brane solitons can be taken as further 
evidence in favour of an 11-dimensional origin of 
the apparently 10-dimensional type ITA superstring 
theory. It is perhaps worth remarking that, not surpris- 
ingly, there is no similar interpretation of the p-brane 
solitons of type IIB superstring theory. 

It may be objected here that while all of the p- 
brane solitons of the type IIA superstring may be so- 
lutions of an S'-compactified supermembrane theory, 
the two theories differ in that one has an additional 
fundamental string while the other has an additional 
fundamental membrane. But this difference disappears 
once one identifies the fundamental string or mem- 
brane with the solitonic ones; both theories then have 
exactly the same spectrum of extended objects. In fact, 
it becomes a matter of convention whether one calls 
the theory a string theory, a membrane theory, or a p- 
brane theory for any of the other values of p for which 
there is a soliton solution; all are equal partners in a 
p-brane democracy. However, in the type ITA string 
these solitons must be interpreted as solutions of | 1- 
dimensional supergravity and p-brane democracy has 
then to be interpreted as membrane fivebrane duality 
[5]. In contrast to the supermembrane, for which the 
worldvolume action is known [ 1], the six-dimensional 
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worldvolume action for the 11-dimensional fivebrane 
has yet to be constructed, although it is known [19] 
that its six-dimensional physical field content is that 
of the self-dual antisymmetric tensor supermultiplet. 


Discussions with M.J. Duff, C.M. Hull and K.S. 
Stelle are gratefully acknowledged 
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Chapter 5 


Intersecting branes and black holes 


The idea that elementary particles might behave like black holes is not a new one. 
Intuitively, one might expect that a pointlike object whose mass exceeds the Planck 
mass, and whose Compton wavelength is therefore less than its Schwarzschild ra- 
dius, would exhibit an event horizon. In the absence of a consistent quantum theory 
of gravity, however, such notions would always remain rather vague. M-theory, on 
the other hand, not only predicts such massive states but may provide us with a 
consistent framework in which to discuss them. We might then be able to tackle 
some of the outstanding issues in black hole physics such as the information para- 
dox and the microscopic origin of the Beckenstein—Hawking [1, 2] entropy formula. 
Moreover, in the M-theory framework, four-dimensional black holes may be re- 
garded as originating from the elementary D = 11 building blocks of plane wave, 
membrane, Kaluza~Klein monopole or fivebrane by allowing these objects to wrap 
around some of the seven compactified directions. In particular, as we shall see in 
this chapter, black hole bound states have their M-theoretic origin in intersecting 
branes in eleven dimensions. 

In [3] it was suggested that certain massive excitations of four-dimensional 
superstrings should indeed be identified with black holes. Of course, non-extreme 
black holes would be unstable due to the Hawking effect. To describe stable ele- 
mentary particles, therefore, attention was focussed on extreme black holes whose 
masses saturate a Bogomol’nyi bound and these were identified with the BPS string 
states. There are also black holes which, though extreme, are not supersymmetric 
and which therefore do not obey any such bound. Nevertheless, evidence based on 
the mass and charge assignments was provided for also identifying these black holes 
with certain non-BPS string states. However, the paper remained agnostic concern- 
ing the relation between the other non-BPS string states and non-extreme black 
holes [4, 5] partly because superstring states always form supermultiplets whereas 
it has been argued that non-extreme black holes do not [6]. 

The motivation for identifying elementary electrically charged string states 
with black holes came from first noticing that the solitonic magnetically charged 
string states are extreme black holes [7] and then noting that they transform into 
one another under S duality. Of course, this involves extending the classical notion 
of a black hole from the weak coupling to the strong coupling regime. The words 
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‘black hole’ were therefore taken to describe a string state if there exists at least 
one string picture in which its mass exceeds the Planck mass for weak coupling. 
Further dynamical evidence for these identifications was supplied in [8, 9] where 
comparisons were made between the low energy scattering amplitudes. 

By choosing appropriate combinations of dilaton and moduli fields to be the 
scalar field ¢ and appropriate combinations of the field strengths and their duals 
to be the Maxwell field F, the field equations of the four-dimensional low energy 
effective Lagrangians of M-theory can be consistently truncated to a form given by 
the Lagrangian 


1 1 1 

L= zay |r z 5 (09)? = R Pns (5.1) 
A consistent truncation is defined to be one for which all solutions of the trun- 
cated theory are solutions of the original theory. The dots in (5.1) refer to terms 
involving a combination of pseudoscalar axion and dilaton fields which are in gen- 
eral required for consistency but which do not contribute to non-rotating black 
holes. Supersymmetric black hole solutions can be found for the four values of the 
dilaton-Maxwell coupling parameter a = V3,1,1//3,0. The cases a = v3, a = 1 
and a = 0 correspond to the Kaluza-Klein black hole [10], the dilaton black hole 
[10] and the Reissner-Nordstrom black hole respectively. It was originally thought 
that only the a = 1 solution appeared in string theory. This is indeed true if the 
scalar ¢ refers purely to the dilaton [11, 12]. However, the case a = v3 was shown 
to be a solution of string theory in [7] by taking ¢ to be a linear combination of 
dilaton and moduli fields, and the case a = 0 was shown to be a dyonic solution 
of string theory in [3] by taking the field strength F to be a linear combination of 
a Maxwell field and its dual. The a = 1/V3 solution was discussed in [13] and its 
dyonic interpretation in [14]. 

For a truncation with N = 2 supersymmetries the fraction of supersym- 
metry preserved by these four values of a is (1/2,1/2,1/2,1/2); for N = 4 it is 
(1/2,1/2,1/4,1/4); for N = 8 it is (1/2,1/4,1/8,1/8) [14, 15, 3, 16, 17]. In each 
case, one may find BPS states in the superstring spectrum with the right masses 
and charges to be identified with these extreme black holes. On the basis of these 
mass and charge assignments, it was further suggested [3, 14] that we interpret 
these four values of a as 1—,2—,3— and 4-particle bound states with zero binding 
energy. For example, the Reissner-Nordstrom (a = 0) black hole combines four 
(a = v3) black holes: an electric Kaluza-Klein black hole, a magnetic Kaluza- 
Klein black hole, an electric winding black hole and a magnetic winding black hole. 
This zero-binding-energy bound-state conjecture can, in fact, be verified in the 
classical black hole picture by finding explicit 4-centred black hole solutions which 
coincide with the a = V3, 1,1/V3,0 solutions as we bring 1, 2,3, 4 centres together 
and take the remaining 3,2,1,0 centres out to infinity [18]. Such a construction 
is possible because of the appearance of four independent harmonic functions [19]. 
Moreover, this provides a novel realization of the no-force condition in that the 
charge carried by each black hole corresponds to a different U(1). Thus the gravi- 
tational attraction cannot be cancelled by an electromagnetic repulsion but rather 
by a subtle repulsion due to scalar exchange. This phenomenon was also observed 
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in [20]. In the above, for purposes of illustration, the special case has been chosen 
where all non-zero charges are equal to unity, but it is easily generalized to the 
case of different electric charges Q1, P2,Q3, P4 where the interpretation is that of a 
(Qı + Po + Q3 + P,)-particle bound state with zero binding energy [21]. 

A subsequent paper showed that this string-state/black-hole equivalence, and 
the corresponding bound state interpretation, are consistent not only with the mass 
and charge assignments, but also with the spin and supermultiplet structures [22]. 
String states are labelled by their superspin which tells us which supermultiplet 
we are talking about and by their ordinary spin which tells us which member of 
the supermultiplet we are talking about. In the string-state/black-hole dictionary, 
it is the bosonic Kerr angular momentum which yields the superspin whereas it 
is the fermionic angular momentum, provided by the Aichelburg~Embacher [23] 
fermionic hair, which yields the ordinary spin. As a further test, the gyromagnetic 
ratios of the black holes were calculated and found to be in agreement [24] with 
those of the string states [25]. Indeed, one of the motivations for believing the 
equivalence [3, 26] was based on the observation that both Kaluza~Klein string 
states [27] and extreme electrically charged Kaluza~Klein black holes [28] have the 
same (anomalous) gyromagnetic ratio g = 1. 

In a similar fashion, it was then conjectured [29] that the Kaluza—Klein states 
arising from the compactification of D = 11 supergravity on a circle should be 
identified with the extreme electrically charged black hole solutions of D = 10 
Type ITA theory [8]. 

These ideas extend quite naturally to the black p-branes of M-theory [8, 31, 33] 
which in the extreme limit may become super p-branes [32]. The same Lagrangian 
(5.1) appears in arbitrary dimensions D < 11 but where F is now a (p + 2)-form. 
The parameter a can conveniently be expressed as (31, 35] 


2_, _ 2(p+1)(D-p-3) 
ae D-2 


(5.2) 
since A is a quantity that is preserved under dimensional reduction [35]. One may 
calculate the macroscopic entropy of the black p-branes and one finds that in the 
extreme limit it vanishes except when a = 0 and p = 0, ie. for black holes in 
D = 5 with A = 4/3 and in D = 4 with A = 1 (the Reissner-Nordstrom solution). 
Moreover, branes with A = 4/n can also be regarded as bound states with zero 
binding energy of n fundamental A = 4 branes [22, 34}. One again finds 1 < n < m- 
centred p-brane solutions which reproduce the A = 4/n solutions of [35] as we allow 
n of the centres to coincide and take the remaining (m — n) out to infinity. 

In the case of D = 4 black holes, it remained a puzzle why these four values of 
a, namely v3, 1, 1/V3, 0 giving rise to n = 1, 2, 3, 4-particle bound states should be 
singled out. This puzzle was resolved by the realization [36] that the M-theoretic 
origin of the a = V3, 1, 1/ V3 black holes preserving 27” of the supersymmetry 
was given by re-interpreting the D = 11 solutions of [37] as n = 1,2,3 orthogonally 
intersecting membranes or fivebranes in D = 11, which are then wrapped around the 
compact dimensions. Once one has introduced two or three intersecting membranes: 
212 or 2 12 1,2 and fivebranes: 5 1 5 or 5 1 5 1,5, one can also envisage 
other supersymmetry-preserving intersections [38, 39]: 2 L 5,2 L 5 L 5 and 
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2 1.5 15. Moreover, the missing a = 0 case preserving 1/8 supersymmetry admits 
the interpretation of four intersecting M-branes: 2 L 2 1 5 L 5 [40] or alternatively 
as an intersecting membrane and fivebrane superposed by a Kaluza~Klein monopole 
[38, 39]. More complicated configurations, including branes intersecting at angles, 
are also possible [41-45]. 

What does all this have to do with the problem of finding a microscopic origin 
of the Beckenstein~Hawking black hole entropy S as one quarter of the area A of 
the event horizon? Macroscopically, the entropy of a black hole with scalar-Maxwell 
parameter a and inner and outer event horizons at r4 is given by [12] 


20? /(1+a7) 
) (5.3) 


1 or r 
$= 34 ary? (To 


and so, according to this formula, the extreme (r+ = r~) black holes have zero 
entropy for a # 0 whereas the a = 0 case has S = mr,?. However, in the string- 
state/black-hole equivalence picture the entropy is supposed to be provided by the 
degeneracy of string states with the same mass and charges as the black hole. This 
degeneracy is certainly non-zero even for those states identified with the a 4 0 
black holes and so the test seems to fail. On the other hand, these solutions have 
non-trivial dilaton and hence involve strong coupling effects which render (5.3) 
untrustworthy. An attempt to remedy this was then made [46, 47] by showing that 
the entropy of the black holes evaluated at the stretched horizon [48] qualitatively 
matches the result expected from the degeneracy of string states. On the other 
hand, the a = 0 case in D = 4 and its a = 0 friend in D = 5 discussed above, can 
offer no such excuse. If this black hole picture is right, the entropy calculated from 
the logarithm of degeneracy of states has to yield one quarter the area of the event 
horizon! 

The solution to this long-standing puzzle of explaining the microscopic origin of 
Beckenstein~Hawking entropy came from an unexpected quarter (no pun intended). 
We have already discussed the interpretation of black holes as bound states of 
wrapped p-branes. But if the charges in question are Ramond~Ramond charges, 
then these p-branes are just the Dirichlet branes [49]: surfaces of dimension p on 
which open strings can end. The problem of counting the number of string states 
is thus reduced to a solvable problem in conformal field theory! It was in this way 
that Strominger and Vafa [50] correctly provided the first microscopic derivation of 
the black hole entropy in the case a = 0,D = 5. The a = 0, D = 4 case followed 
soon after [51], and since then there has blossomed a whole industry involving 
generalizations to rotating black holes, non-extreme black holes, grey body factors 
and the like. All this is also suggestive of a resolution of the black hole information 
paradox, but this remains a controversial issue. The reader is referred to several 
reviews (52, 53, 54]. 

More recently, black hole solutions of gauged supergravity are attracting a good 
deal of attention due, in large part, to the correspondence between anti-de Sitter 
space and conformal field theories on its boundary as discussed in chapter 6. In 
[55], for example, new anti-de Sitter black hole solutions of gauged N = 8, D = 4, 
SO(8) supergravity were presented. By focussing on the U(1)* Cartan subgroup, 
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non-extremal 1, 2, 3 and 4 charge solutions were found. In the extremal limit, they 
may preserve up to 1/2, 1/4, 1/8 and 1/8 of the supersymmetry respectively. By 
contrast, the magnetic solutions preserve none. Since N = 8, D = 4 supergravity 
is a consistent truncation of N = 1, D = 11 supergravity, resulting from the S7 
compactification, it follows that these black holes will also be solutions of this 
theory. In [55], it was conjectured that a subset of the extreme electric black holes 
preserving 1/2 the supersymmetry may be identified with the S7 Kaluza—Klein 
spectrum, with the non-abelian quantum numbers provided by the fermionic zero 
modes. 

In [56] the non-linear S7 Kaluza-Klein ansatz describing the embedding of the 
U(1)4 truncation was presented. The charges for the black holes with toroidal hori- 
zons may be interpreted as the angular momenta of D = 11 membranes spinning 
in the transverse dimensions [57, 56]. The horizons of the black holes coincide with 
the worldvolume of the branes. It is curious that the same U(1)* black hole charges 
appear in the S7 compactification of D = 11 supergravity as in the T7 compactifi- 
cation, but for totally different reasons. Instead of arising from the intersection of 
different non-rotating branes, they arise from the different angular momenta of a 
single brane. This is indicative of deeper levels of duality yet to be uncovered. 
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Abstract 


We present the magnetic duals of Giiven’s electric-type solutions of D = 11 supergravity preserving 1/4 or 1/8 of 
the D = 11 supersymmetry. We interpret the electric solutions as n orthogonal intersecting membranes and the magnetic 
solutions as n orthogonal intersecting 5-branes, with n = 2,3; these cases obey the general rule that p-branes can self- 
intersect on (p — 2)-branes. On reduction to D = 4 these solutions become electric or magnetic dilaton black holes with 
dilaton coupling constant a = 1 (for n= 2) or a= 1/V3 (for n = 3). We also discuss the reduction to D = 10. 


1. Introduction 


There is now considerable evidence for the exis- 
tence of a consistent supersymmetric quantum theory 
in 11 dimensions (D = 11) for which the effective 
field theory is D = 11 supergravity. This theory, which 
goes by the name of M-theory, is possibly a super- 
membrane theory [1]; in any case, the membrane so- 
lution of D = 11 supergravity [2], and its magnetic- 
dual 5-brane solution [3], (which we refer to jointly 
as ‘M-branes’) play a central role in what we cur- 
rently understand about M-theory and its implications 
for non-perturbative superstring theory (see, for ex- 
ample, [4-10]). It is therefore clearly of importance 
to gain a fuller understanding of all the p-brane-like 
solutions of D = 11 supergravity. 

For example, it was shown by Giiven [3] that 
the membrane solution of [2] is actually just the 
first member of a set of three electric-type solutions 
parametrized, in the notation of this paper, by the 
integer n = 1,2,3. These solutions are 


ds? = -Hdt + HO-Pds?(E") 
+ H"Pds (E!) 
Fan =—3dtAdH |! AJ, a) 


where H is a harmonic function on E'°~?" with point 
singularities, J is a Kahler form on E” and Fq) is 
the 4-form field strength of D = 11 supergravity. The 
proportion of the D = 11 supersymmetry preserved 
by these solutions is 2~", ie. 1/2, 1/4 and 1/8, re- 
spectively. The n = | case is the membrane solution 
of [2]. We shall refer to the n = 2 and n = 3 cases, 
which were interpreted in [3] as, respectively, a 4- 
brane and 6-brane, as the ‘Güven solutions’. Their ex- 
istence has always been something of a mystery since 
D = 11 supergravity does not have the five-form or 
seven-form potentials that one would expect to couple 
to a 4-brane or a 6-brane. Moreover, unlike the mem- 
brane which has a magnetic dual 5-brane, there are no 
known magnetic duals of the Giiven solutions. 

In our opinion, the p-brane interpretation given by 
Giiven to his electric n = 2,3 solutions is questionable 
because of the lack of (p + 1)-dimensional Poincaré 
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invariance expected of such objects. This is to be con- 
trasted with the n = 1 case, for which the solution (1) 
acquires a 3-dimensional Poincaré invariance appro- 
priate to its membrane interpretation. In this paper we 
shall demystify the Giiven solutions by re-interpreting 
them as orthogonally intersecting membranes. We also 
present their magnetic duals which can be interpreted 
as orthogonally intersecting 5-branes. The latter are 
new magnetic-type solutions of D = 11 supergravity 
preserving, respectively, 1/4 and 1/8 of the D = 11 
supersymmetry. A novel feature of these solutions is 
that they involve the intersection of D = 11 fivebranes 
on 3-branes. We shal! argue that this is an instance of 
a general rule: p-branes can self-intersect on (p —2)- 
branes. 

Particle solutions in four dimensions (D = 4) can 
be obtained from M-brane solutions in D = 11 by 
wrapping them around 2-cycles or 5-cycles of the com- 
pactifying space. This is particularly simple in the case 
of toroidal reduction to D = 4. In this case, wrapped 
membranes and 5-branes can be interpreted [4] as, 
respectively, electric and magnetic a = V3 extreme 
black holes (in a now standard terminology which we 
elaborate below). Here we show that Giiven’s solu- 
tions, and their magnetic duals, have a D = 4 inter- 
pretation as either a = 1 (for n = 2) or a = 1/V3 
(for n = 3) extreme electric or magnetic black holes. 
This D = 11 interpretation of the a = 1,1/V3 ex- 
treme black holes in D = 4 is in striking accord with 
a recent interpretation [11] of them (following ear- 
lier suggestions [12], and using results of [13]) as 
bound states at threshold of two (for a = 1) or three 
(for a=1/ V3) a= v3 extreme black holes. 

Rather than reduce to D = 4 one can instead reduce 
to D = 10 to find various solutions of HA supergrav- 
ity representing intersecting p-branes. We shall briefly 
mention these at the conclusion of this paper. There is 
presumably an overlap here with the discussion of in- 
tersections [14] and the ‘branes within branes’ [15- 
19] in the context of D-branes, but we have not made 
any direct comparison. The general problem of inter- 
secting super p-branes was also discussed in [20] in 
the context of flat space extended solitons. We must 
also emphasize that the D = 11 supergravity solutions 
we discuss here have the interpretation we give them 
only after an integration over the position of the in- 
tersection in the ‘relative transverse space’; we argue 
that this is appropriate for the interpretation as extreme 


black holes in D = 4, 


2. Intersecting p-branes 


We begin by motivating our re-interpretation of the 
D = 11 supergravity solutions (1). The first point to 
appreciate is that infinite planar p-branes, or their par- 
allel multi p-brane generalizations, are not the only 
type of field configuration for which one can hope 
to find static solutions. Orthogonally intersecting p- 
branes could also be static. The simplest case is that of 
pairs of orthogonal p-branes intersecting in a q-brane, 
q < p. The next simplest case is three p-branes having 
a common q-brane intersection. Here, however, there 
is already a complication: one must consider whether 
the intersection of any two of the three p-branes is also 
a q-brane or whether it is an r-brane with r > q (we 
shall encounter both cases below). There are clearly 
many other possibilities once one considers more than 
three intersecting p-branes, and even with only two or 
three there is the possibility of intersections of orthog- 
onal p-branes for different values of p. A limiting case 
of orthogonal intersections of p-branes occurs when 
one p-brane lies entirely within the other. An example 
is the D = 11 solution of [21] which can be inter- 
preted as a membrane lying within a 5-brane. For the 
purposes of this paper, orthogonal intersections of two 
or three p-branes for the same value of p will suffice. 

Consider the case of n intersecting p-branes in 
D-dimensions for which the common intersection 
is a q-brane, with worldvolume coordinates £~“, 
uw =0,1,...,g. The tangent vectors to the p-branes’ 
worldvolumes that are not tangent to the q-brane’s 
worldvolume span a space V, which we call the ‘rel- 
ative transverse space’; we denote its coordinates by 
x?,a=1,...,@, where £ =dimV. Let y denote the co- 
ordinates of the remaining ‘overall transverse space’ 
of dimension D —q — £. The D-dimensional spacetime 
metric for a system of static and orthogonal p-branes 
intersecting in a q-brane should take the form 


ds? = A(x, y)dé"dé’ nuv + Bas(x, y)dx"dx" 
+ Cy(x,y)dyldy! . (2) 


Note the (q+ 1)-dimensional Poincaré invariance. We 
also require that A — 1, and that B,C tend to the iden- 
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tity matrices, as |y| — 00, so the metric is asymptotic 
to the D-dimensional Minkowski metric in this limit. 

A metric of the form (2) will have a standard in- 
terpretation as n intersecting p-branes only if the co- 
efficients A,B,C functions are such that the metric 
approaches that of a single p-brane as one goes to in- 
finity in V while remaining a finite distance from one 
of the n p-branes. The Güven solutions (1) do not 
have this property because they are translation invari- 
ant along directions in V. Specifically, they are special 
cases of (2) of the form 


ds? = A(y)d&"dé’n,, + B(y)dx"dx" Sa, 
+ C(y)dyidy6j; . (3) 


Because of the translational invariance in x directions, 
the energy density is the same at every point in V for 
fixed y. However, the translational invariance allows 
us to periodically identify the x coordinates, i.e. to take 
V = T”. In this case, the metric (3) could be viewed 
as that of a q-brane formed from the intersection of 
p-branes after averaging over the intersection points 
in V. If we insist that the p-branes have zero mo- 
mentum in V-directions orthogonal to their q-brane, 
then this averaging is an immediate consequence of 
quantum mechanics. This delocalization effect should 
certainly be taken into account when the size of V is 
much smaller than the scale at which we view the dy- 
namics in the y directions, i.e. for scales at which the 
effective field theory is (D — ¢)-dimensional. The g- 
brane solution of this effective field theory can then 
be lifted to a solution of the original D-dimensional 
theory; this solution will be of the form (3). 

Thus, metrics of the form (3) can be interpreted as 
those of p-branes intersecting in a common q-brane. 
However, the solution does not determine, by itself, the 
combination of p-branes involved. That is, when inter- 
preted as a q-brane intersection of ng Pa-branes (for 
@=1,2,...) the numbers (na, pa) are not uniquely 
determined by the numbers (D,q, £). For example, 
the n = 2 Güven spacetime could be interpreted as in- 
tersections at a point of (i) 4 strings, or (ii) 2 strings 
and one membrane or (iii) a O-brane and a 4-brane or 
(iv) 2 membranes. Additional information is needed 
to decide between these possibilities. In the context of 
M-theory, most of this additional information resides 
in the hypothesis that the ‘basic’ p-branes are the M- 
branes (i.c. the membrane and 5-brane), where ‘ba- 


sic’ means that all other p-branes-like objects are to be 
constructed from them via orthogonal intersections, as 
described above. There is also additional information 
coming from the form of the 4-form field strength, 
which allows us to distinguish between electric, mag- 
netic and dyonic solutions. With this additional infor- 
mation, the intersecting p-brane interpretation of the 
n = 2,3 Giiven solutions is uniquely that of 2 or 3 
intersecting membranes. 

It is convenient to consider the Giiven solutions 
cases as special cases of n p-branes in D dimensions 
pairwise intersecting in a common q-brane, i.e. € = 
n(p — q). To see what to expect of the magnetic du- 
als of such solutions it is convenient to make a peri- 
odic identification of the x-coordinates in (3), lead- 
ing to an interpretation of this configuration as a g- 
brane in d = D —n(p —q) dimensions. The magnetic 
dual of a g-brane in d dimensions is a G-brane, where 
G = d — q — 4. We must now find an interpretation 
of this g-brane as an intersection of n p-branes in D- 
dimensions, where p = D — p — 4. The consistency of 
this picture requires that the dimension of the space V 
spanned by vectors tangent to the j-branes’ worldvol- 
umes that are not tangent to the g-brane’s worldvol- 
ume be D —d = D —n( p —q). This is automatic when 
n= 2 (but not when n > 2). As an example, consider 
the n = 2 Güven solution, interpreted as two orthog- 
onal membranes with a 0-brane intersection. Periodic 
identification of the x-coordinates leads to a particle- 
like solution in an effective D = 7 supergravity theory. 
A particle in D = 7 is dual to a 3-brane. This 3-brane 
can now be interpreted as the intersection of two 5- 
branes. The vectors tangent to the 5-branes’ worldvol- 
umes that are not tangent to the 3-brane’s worldvolume 
span a four-dimensional space, so the total dimension 
of the spacetime is 7 + 4 = 11, as required. 

Consider now the n = 3 Gilven solution, inter- 
preted as three orthogonal membranes intersecting at 
a common 0-brane. Periodic identification of the x- 
coordinates now leads to a particle-like solution in an 
effective D = 5 supergravity theory. A particle is dual 
to a string in D = 5, so we should look for a solu- 
tion in D = || representing three orthogonal 5-branes 
whose common intersection is a string. The dimen- 
sion of the space V spanned by the vectors tangent to 
the 5-branes’ worldvolumes that are not tangent to the 
string’s worldsheet depends on whether the common 
intersection of all three 5-branes is also the intersection 


282 Intersecting branes and black holes 


of any pair. If it were then V would take its maximal 
dimension, 3(5— 1) = 14, leading to a total spacetime 
dimension of 5 + 14 = 19. Since this is inconsistent 
with an interpretation in D = 11, we conclude that the 
pairwise intersection of the three 5-branes must be a 
q-brane with g > 1. In fact, the consistent choice is 
q = 3, i.e. each pair of 5-branes has a 3-brane inter- 
section and the three 3-branes themselves intersect in 
a string! . In this case V has dimension six, leading to 
a total spacetime dimension of eleven. 

Note that all the cases of intersecting p-branes 
which we have argued should occur in M-theory have 
the property that p-brane pairs (for the same value 
of p) intersect on (p — 2)-branes. Specifically, we 
have argued that 2-branes can intersect on 0-branes, 
that 5-branes can intersect on 3-branes and that these 
3-brane intersections can themselves intersect on 1- 
branes. We shall conclude this section by explaining 
why we believe that this is a general rule, i.e. p-branes 
can self-intersect on (p — 2)-branes. 

Recall that the possibility of a membrane having a 
boundary on a 5-brane | 16,17] arises from the fact that 
the 5-brane worldvolume contains a 2-form potential 
which can couple to the membrane’s string boundary. 
The same argument does not obviously apply to inter- 
sections but it is plausible that it does, at least for those 
cases in which it is possible to view the q-brane inter- 
section within a given p-brane as a dynamical object 
in its own right. Thus, it is reasonable to suppose that 
a condition for a p-brane to support a q-brane inter- 
section is that the p-brane worldvolume field theory 
includes a (q+ 1)-form potential to which the q-brane 
can couple. We now observe that p-brane worldvol- 
ume actions always contain ( D — p — 1) scalar fields. 
If one of these scalars is dualized then the worldvol- 
ume acquires a (p — 1 )-form potential, which can cou- 
ple to a (p -- 2)-brane. Hence the rule stated above; 
the freedom of choice of which scalar to dualize cor- 
responds to the possibility of an energy flow into the 
p-brane, at the intersection, in any of the directions 
orthogonal to its worldvolume. 


1 A useful analogy is that of three orthogonal planes in I which 
intersect pairwise on a line. The three lines intersect at a point. 


3. Magnetic duals of Giiven solutions 


We now have sufficient information to find the mag- 
netic duals of the series of electric solutions (1) of 
D = 11 supergravity. They should be of the form (3) 
with g = 7 — 2n and they should preserve some frac- 
tion of the D = 11 supersymmetry. Solutions that pre- 
serve some supersymmetry can most easily be found 
by seeking bosonic backgrounds admitting Killing 
spinors. The Killing spinor equation can be found di- 
rectly from the supersymmetry transformation law for 
the gravitino field Yu (M =0,1,2,...,10), and is 


[Du + jh (Tu = B5yT"?*) Fwror] ¿=0, (4) 


where Dy is the standard covariant derivative. Solu- 
tions ¢ of this equation (if any ) are the Killing spinors 
of the bosonic background, i.e. the D = 11 metric and 
4-form field strength Funpo. Backgrounds admitting 
Killing spinors for which the Bianchi identity for F(11) 
is also satisfied are automatically solutions of D = 11 
supergravity. The proportion of the D = 11 supersym- 
metry preserved by such a solution equals the dimen- 
sion of the space of Killing spinors divided by 32. 

By substituting an appropriate ansatz for the metric 
and 4-form into (4) we have found a series of mag- 
netic solutions parametrised by the integer n = 1,2, 3. 
These are 


ds? = HP (dé. dé) + HO Pds (E) 
+ HP ds? (E>) 
Fan=+43xadHAJ, (5) 


where x is the Hodge star of E*, J is the Kähler form 
on E” and n = 1,2,3. Our conventions for forms are 
such that 


J = $ Jasdx? ^ dx? 
Fan = 4 Funer dx" A dx" A dx? A dx? i (6) 


The function H is harmonic on E? with point singu- 
larities. Asymptotic flatness at ‘overall transverse in- 
finity’ requires that H — | there, so that 


H=1+) i, (7) 


|x — xil 


for some constants u;. Note that these solutions have 
an 8—2n dimensional Poincaré invariance, as required. 
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In the n = | case the metric can be written as 
ds?) = H7" dé - dé + Hids?(E°) (8) 


which is formally the same as the 5-brane solution 
of [3]. The difference is that the function H in our 
solution is harmonic on an E? subspace of EÍ, ie. 
our solution is a special case of the general 5-brane 
solution, for which H is harmonic on E’. The n = 
2,3 cases are new solutions of D = 11 supergravity 
with the properties expected from their interpretation 
as intersecting 5-branes. The solutions of the Killing 
spinor equation for the background given by (5) are 


ESH ™ o Talo = FJa Lo (9) 


where {aa = 1,...,2n} are the (frame) constant 
D = 11 gamma matrices along the E?” directions, y* 
is the product of the three constant gamma matrices 
along the E? directions and ĉo is a constant D = 11 
spinor. It follows from (9) that the number of super- 
symmetries preserved by the magnetic intersecting 5- 
brane solutions is 27”, exactly as in the electric case. 


4. D = 4 interpretation 


We now discuss the interpretation of the solutions 
(1) and (5) in D = 4. The D = 4 field theory obtained 
by compactifying D = 11 supergravity on T” can be 
consistently truncated to the massless fields of N = 8 
supergravity. The latter can be truncated to 


I= [asvale — 2(a)? — he?) , (10) 


where F is an abelian 2-form field strength, provided 
that the scalar/vector coupling constant a takes one 
of the values 2 [4,22] 


1 
a=V3, 1, —=, 0. (11) 


The truncation of N = 8 supergravity to (10) is not ac- 
tually a consistent one (in the standard Kaluza-Klein 
sense) since consistency requires that F satisfy FAF = 
0. However, this condition is satisfied for purely elec- 
tric or purely magnetic field configurations, so purely 


2 We may assume that a > O without loss of generality. 


electric or purely magnetic solutions of the field equa- 
tions of (10) are automatically solutions of N = 8 
supergravity, for the above values of a. In particular, 
the static extreme electric or magnetic black holes are 
solutions of N = 8 supergravity that preserve some 
proportion of the N = 8 supersymmetry. This propor- 
tion is 1/2, 1/4, 1/8, 1/8 for a= V3. 1, 1/V3, 0, 
respectively. 

It is known that the membrane and fivebrane solu- 
tions of D = 11 supergravity have a D = 4 interpre- 
tation as a = V3 extreme black holes. Here we shall 
extend this result to the n = 2, 3 cases by showing that 
the electric solutions (10) of D = 11 supergravity, and 
their magnetic duals (5) have a D = 4 interpretation 
as extreme black holes with scalar/vector coupling 
a= /(4/n) — 1. As we have seen, the D = 11 solu- 
tions for n = 2, 3, electric or magnetic, have a natural 
interpretation as particles in D = 7 and D = 5, respec- 
tively. It is therefore convenient to consider a two-step 
reduction to D = 4, passing by these intermediate di- 
mensions. The n = 3 case is actually simpler, so we 
shall consider it first. We first note that for a = 1/V3 
the action (10) can be obtained from that of simple 
supergravity in D = 5, for which the bosonic fields 
are the metric ds?s) and an abelian vector potential A 
with 2-form field strength F(s), by the ansatz 


dss = e'%ds’ +e adx, Fy =F, (12) 


where ds?, @ and F are the metric and fields appearing 
in the D = 4 action (10). Note that this ansatz involves 
the truncation of the D = 4 axion field As; it is the 
consistency of this truncation that requires F A F = 0. 
As mentioned above, this does not present problems in 
the purely electric or purely magnetic cases, so these 
D = 4 extreme black hole solutions can be lifted, for 
a = 1/¥3, to solutions of D = 5 supergravity. The 
magnetic black hole lifts to the D = 5 extreme black 
multi string solution [23] 


dsts, = H7! (—d? + dx5) + H?ds?(E’) 
Fs) =*dH , (13) 


where x is the Hodge star of E’ and H is a harmonic 
function on E? with some number of point singulari- 
ties, i.e. as in (7). We get a magnetic a = 1/v3 ex- 
treme black hole by wrapping this string around the 
xs direction. 
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The electric a = 1/V3 extreme multi black hole 
lifts to the following solution of D = 5 supergravity: 


ds? = ~H~*dt’ + Hds’ (E? x S') 
Fis)=dt\dH™', (14) 


where H is a harmonic function on E’. This solution 
is the ‘direct’ dimensional reduction of the extreme 
electrically-charged black hole solution of D = 5 su- 
pergravity [24]. The latter is formally the same as 
(14) but E? x S! is replaced by Et and H becomes a 
harmonic function on E*. 

To make the connection with D = 11 we note that 
the Kaluza-Klein (KK) ansatz 


dst) = dsts +ds*(E°), Foy =FisyAJ, (15) 
al) ) 


where J is a Kahler 2-form on EÍ, provides a consis- 
tent truncation of D = 11 supergravity to the fields of 
D = 5 simple supergravity. This allows us to lift solu- 
tions of D = 5 supergravity directly to D = 11. It is a 
simple matter to check that the D = 5 extreme black 
hole solution lifts to the n = 3 Güven solution and that 
the D = 5 extreme black string lifts to the magnetic 
n = 3 solution of (5). 

The a = | case works similarly except that the in- 
termediate dimension is D = 7. The KK/truncation 
ansatz taking us to D = 7 is 


ds? = e7 tds) + etas? T) 
Fan =F) Ad. (16) 


where d§?,, is the string-frame D = 7 metric. Consis- 
tency of this truncation restricts F(7) to satisfy F(7) A 
Fn, = 0, but this will be satisfied by our solutions. 
The ansatz then taking us to D = 4 is 

da =d? +ds(T), Fay=F, (17) 
where d3? = e?4ds* is the string-frame D = 4 metric. 
Combining the two KK ansitze, it is not difficult to 
check that the electric a = 1 extreme black hole lifts 
to the n = 2 Güven solution in D = 11 and that the 
magnetic a = | extreme black hole lifts to the new 
n= 2 magnetic D = 11 solution of this paper. 


5. Comments 


We have extended the D = 11 interpretation of D = 
4 extreme black hole solutions of N = 8 supergravity 
with scalar/vector coupling a = V3 to two of the 
other three possible values, namely a = | and a = 
1/V3. While the a = v3 black holes have a D = 11 
interpretation as wrapped M-branes, the a = | and a = 
1/ V3 black holes have an interpretation as wrappings 
of, respectively, two or three intersecting M-branes. 
We have found no such interpretation for the a = 0 
case, i.e. extreme Reissner-Nordstrém black holes; we 
suspect that their D = 11 interpretation must involve 
the gauge fields of KK origin (whereas this is optional 
for the other values of a). 

The solution of D = 11 supergravity representing 
three intersecting 5-branes is essentially the same as 
the extreme black string solution of D = 5 supergrav- 
ity. For both this solution and the D = 11 5-brane itself 
the singularities of H are actually coordinate singular- 
ities at event horizons. Moreover, these solutions were 
shown in [23] to be geodesically complete, despite 
the existence of horizons, so it is of interest to consider 
the global structure of the solution representing two 
intersecting 5-branes. For this solution the asymptotic 
form of H near one of its singularities is H ~ 1/r, 
where r is the radial coordinate of E>. Defining a new 
radial coordinate p by r = p°, we find that the asymp- 
totic form of the metric near p = 0 is 


1 
ds?) ~ p°dé - dë + pee) +9dp’ + pada? 
(18) 


where dQ? is the metric of the unit 2-sphere. ‘Spatial’ 
sections of this metric, i.e. those with dé = 0, are 
topologically Et x S? x Rt, where p is the coordinate 
of IR*. Such sections are singular at p = 0 although it 
is notable that the volume element of E* x $? remains 
finite as p — 0. 

We have concentrated in this paper on solutions 
representing intersecting p-branes in D = 11, i.e. M- 
branes, but the main idea is of course applicable to 
supergravity theories in lower dimensions. In fact, the 
intersecting M-brane solutions in D = 11 can be used 
to deduce solutions of D = 10 ITA supergravity with a 
similar, or identical, interpretation by means of either 
direct or double dimensional reduction. Direct reduc- 
tion yields solutions of D = 10 IIA supergravity with 
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exactly the same interpretation as in D = 11, i.e. two 
(for n = 2) or three (for n = 3) membranes intersect- 
ing at a point, in the electric case, and, in the mag- 
netic case, two 5-branes intersecting at a 3-brane (for 
n = 2) or three 5-branes intersecting at a string (for 
n = 3). On the other hand, double dimensional reduc- 
tion of the electric D = 11 n > 1 solutions, i.e. wrap- 
ping one membrane around the S', gives solutions of 
D = 10 N = 2A supergravity theory representing ei- 
ther a string and a membrane intersecting at a point 
(for n = 2) or a string and two membranes intersect- 
ing at a point (for n = 3). In the magnetic case, the 
wrapping can be done in two different ways. One way, 
which is equivalent to double-dimensional reduction, 
is to wrap along one of the relative transverse direc- 
tions, in which case the D = 10 solutions represent ei- 
ther a 5-brane and a 4-brane intersecting at a 3-brane 
(for n = 2) or two 5-branes and a 4-brane intersecting 
at a string (for n = 3). The other way, which might 
reasonably be called ‘triple dimensional’ reduction, is 
to wrap along one of the directions in the common 
q-brane intersection, in which case one gets D = 10 
solutions representing either two 4-branes intersecting 
at a membrane (for n = 2) or three 4-branes inter- 
secting at a point (for n = 3). We expect that some 
of these ITA D = 10 solutions will have a superstring 
description via Dirichlet-branes. 

Finally, we point out that the solutions (1) and (5) 
can both be generalized to the case in which ds?(E2") 
is replaced by any Ricci-flat Kahler manifold M” of 
complex dimension n. Examples of compact mani- 
folds M” for n = 1,2,3 are M! = T’, M? = K3, M? 
a Calabi-Yau space. The new solutions of D = 11 su- 
pergravity obtained in this way generalize the corre- 
sponding KK vacuum solution of D = 11 supergrav- 
ity to one representing an M-brane, or intersecting M- 
branes, wrapped around cycles in the the compactify- 
ing space. In any case, it is clear that the results of this 
paper are far from complete. It seems possible that a 
recent classification [25] of p-brane solutions of max- 
imal supergravities in dimensions D < 11 might form 
a basis of a systematic M-theory interpretation, along 
the lines presented here, of all p-brane like solutions 
of D = 11 supergravity. 
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Abstract 


We present solutions describing supersymmetric configurations of 2 or 3 orthogonally inter- 
secting 2-branes and 5-branes of D = 11 supergravity. The configurations which preserve 1/4 or 
t/8 of maximal supersymmetry are 212, 515, 215, 212142, 51515, 21215 and 21515 
(212 stands for orthogonal intersection of two 2-branes over a point, etc.; p-branes of the same 
type intersect over (p-2)-branes). There exists a simple rule which governs the construction of 
composite supersymmetric p-brane solutions in D = !0 and 11 with a separate harmonic function 
assigned to each constituent |/2-supersymmetric p-brane. The resulting picture of intersecting 
p-brane solutions complements their D-brane interpretation in D = 10 and seems to support pos- 
sible existence of a D = 11 analogue of D-brane description. The D = 11 solution describing 
intersecting 2-brane and 5-brane reduces in D = 10 to a type II string solution corresponding to a 
fundamental string lying within a solitonic 5-brane (which further reduces to an extremal D = 5 
black hole). We also discuss a particular D = 11 embedding of the extremal D = 4 dyonic black 
hole solution with finite area of horizon. 


PACS: 04.50.+h; 04.20.Jb; 04.70.Bw; 11.25.Mj 


1. Introduction 


In view of recent suggestions that D = 11 supergravity may be a low-energy effective 
field theory of a fundamental ‘M-theory’ which generalises known string theories (see, 
e.g., {1]) it is important to gain better understanding of its classical p-brane solutions. 
It seems likely that supersymmetric BPS saturated p-brane solutions of low-dimensional 
theories can be understood as ‘reductions’ of basic D = 11 ‘M-branes’ - 2-brane 


! E-mail: tseytlin@ic.ac.uk. 
On leave from Lebedev Physics Institute, Moscow. 
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[2] and 5-brane [3] and their combinations [4]. The important questions are which 
combinations of M-branes do actually appear as stable supersymmetric solutions, how 
to construct them and how they are related to similar D = 10 p-brane configurations. 

Here we shall follow and extend further the suggestion [4] that stable supersymmetric 
D = 11 p-brane configurations should have an interpretation in terms of orthogonal 
intersections of certain numbers of 2-branes and/or 5-branes. A possibility of existence 
of similar supersymmetric configurations was pointed out earlier (on the basis of charge 
conservation and supersymmetry considerations) in [5,6]. Discussions of related systems 
of D-branes in D = 10 string theories appeared in [7-9]. 

It should be noted that ‘intersecting p-brane’ solutions in [4] and below are isometric 
in all directions internal to all constituent p-branes (the background fields depend only on 
the remaining common transverse directions). They are different from possible virtual 
configurations where, e.g., a (p-2)-brane ends (in transverse space radial direction) 
on a p-brane [5] (such configurations may contribute to path integral but may not 
correspond to stable classical solutions). A configuration of, e.g., a p-brane and a p’- 
brane intersecting in (p+ p’)-space may be also considered as a special anisotropic (cf. 
[10]) (p + p’)-brane. We expect (see also [4]) that there should exist more general 
solutions ( with constituent p-branes effectively having different transverse spaces) which 
represent more complicated ‘BPS bound states’ of constituent p-branes and interpolate 
between such intersecting solutions and solutions with higher rotational symmetry for 
each p-brane. 

The basic property of supersymmetric p-brane solutions of supergravity theories is 
that they are expressed in terms of harmonic functions of transverse spatial coordinates. 
This reflects the BPS saturated nature of these solutions and implies that there exist 
stable ‘multicenter’ configurations of multiple parallel p-branes of the same type. There 
may also exist stable supersymmetric solutions corresponding to combinations (inter- 
sections and bound states) of p-branes of the same or different types. While the rules 
of combining p-branes (in a way preserving supersymmetry and charge conservation) 
in D = 10 depend on a type (NS-NS or R-R) of the constituents [5], the following 
rules seem to be universal in D = 11 (these rules are consistent with D = 10 rules upon 
dimensional reduction) :* 

(i) p-branes of the same type can intersect only over a (p-2)-brane [4] (i.e. 2-branes 
can intersect over a 0-brane, 5-branes can intersect over a 3-brane, 3-branes can intersect 
over a string); 

(ii) 2-brane can orthogonally intersect 5-brane over a string [5,6]; 

(iii) a configuration of n orthogonally intersecting M-branes preserves at least 1/2" of 
maximal supersymmetry. ? 

Thus in addition to the basic (2- and 5-) M-branes preserving 1/2 of supersymmetry 
one should expect to find also the following composite configurations: 


? Related conditions for supersymmetric combinations of D-branes in D = 10 are that the number of mixed 
Dirichlet-Neumann directions should be a multiple of 4 and that a (p-2)-brane can lie within a p-brane [8]. 

*In the case of general solutions involving parallel families of p-branes n stands for a number of intersecting 
families. 
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(i) 212, 515, 512 preserving 1/4 of supersymmetry, and 
(ii) 24212, 51212, $1512, 51515 preserving 1/8 of supersymmetry. 

The allowed 1/16 supersymmetric configurations with four intersecting M-branes 
(ie. 2121212, 2121215, 5151512) have transverse space dimension d < 3 and 
thus (being described in terms of harmonic functions of transverse coordinates) are 
not asymptotically flat in transverse directions. The exception is 5151212 for which 
the transverse dimension is 3 as in the 51212, 51512 and 515.5 cases. Like the 
‘boosted’ version of 5.15.15 solution the 5151212 background is 1/8-supersymmetric 
and upon compactification to D = 4 reduces to the dyonic D = 4 black hole [11,12] 
with four different charges and finite area of the horizon. This will be discussed in detail 
in [13]. Note also that the regular 3-charge dyonic D = 5 black hole [14] is described 
by 21212 or by ‘boosted’ 2.L5 solution. 

In [4] the ‘electric’ D = 11 solutions of [3] with 1/4 and 1/8 of supersymmetry were 
interpreted as special 21.2 and 2.1212 configurations and the corresponding ‘magnetic’ 
515 and 5155 solutions were found. 

Below we shall generalise the solutions of [3,4] to the case when each intersecting 
p-brane is described by a separate harmonic function and will also present new solutions 
corresponding to case when intersecting M-branes are of different type, i.e. $5.12, 51212 
and 51512. The important 5.12 solution reduces in D = 10 to a configuration which 
can be interpreted as a fundamental string lying within a solitonic (i.e. NS-NS) 5-brane 
(such D = 10 solution was given in [14]).4 

The basic observation that clarifies the picture suggested in (4] and leads to various 
generalisations (both in D = 11 and D = 10) is that it is possible to assign an indepen- 
dent harmonic function to each intersecting p-brane (the solutions in [3,4] correspond 
to the ‘degenerate’ case when all harmonic functions are taken to be equal). For ex- 
ample, a generalisation of 2.12 solution of [3,4] now parametrised by two independent 
harmonic functions describes, in particular, two orthogonally intersecting families of 
parallel 2-branes. 

Combining the above D = 11 p-brane composition rules with the ‘harmonic function 
rule’ explained and illustrated on D = 10 examples in Section 2 below, it is easy to write 
down explicitly new solutions representing orthogonally intersecting (parallel families 
of) 2-branes and 5-branes mentioned above, i.e. 512, 51212, 51512 (Section 3). A 
special version of 2.15 solution superposed with a Kaluza-Klein monopole represents a 
particular D = 11 embedding of the extreme dyonic D = 4 black hole (Section 4). 


4 in addition to the intersecting 2.5 configuration there should exist a supersymmetric D = 11 solution 
describing a 2-brane lying within a 5-brane (see [15] and Section 3.2). It should lead upon dimensional 
reduction (along S-brane direction orthogonal to 2-brane) to a 2-brane within 4-brane configuration of type 
HA theory (related by 7-duality to a R-R string within 3-brane in type IIB theory) which is allowed from 
the point of view of D-brane description [8]. 
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2. Harmonic function rule and D = 10 intersecting p-brane solutions 


The metric and 4-form field strength of the basic extremal supersymmetric p = 2 
[2] and p =5 [3] p-brane solutions of D = 11 supergravity can be represented in the 
following form: 


ds}, = HO?*)/9( x) [H3 (x) (dt? + dydyp) + dxdxio-p] . (2.1) 
Fay =—3dtAd(Hy'J), Fas) =3*dHs, 07H, =0, (2.2) 


where dy dyp = dy? +...+dy2, dxdx, = dxį +... +dx? (ya are internal coordinates of 
p-brane and x; are transverse coordinates), J = dy, A dy is the volume form on R? and 
» defines the dual form in R$. H, is a harmonic function on R!°-? which may depend 
only on part of x-coordinates (this may be viewed as a result of taking a periodic array 
of generic 1-center solutions; for simplicity, we shall still refer to such solution as a 
p-brane even though it will be ‘delocalised’ in some x-directions). 

The structure of F4 in (2.2) is such that the contribution of the CS interaction term 
to the F4-equation of motion vanishes (i.e. F4 A F4 = 0). This will also be the property 
of all intersecting solutions discussed below. 

The structure of the metric (2.1) can be described as follows. If one separates the 
overall conformal factor which multiplies the transverse x-part then each of the squares 
of differentials of the coordinates belonging to a given p-brane is multiplied by the 
inverse power of the corresponding harmonic function. We suggest that this as a general 
rule (‘harmonic function rule’) which applies to any supersymmetric combination of 
orthogonally intersecting p-branes: if the coordinate y belongs to several constituent 
p-branes (p),...,P,) then its contribution to the metric written in the conformal frame 
where the transverse part dx dx is ‘free’ is multiplied by the product of the inverse 
powers of harmonic functions corresponding to each of the p-branes it belongs to, 
ie. H;,'...H;,'dy?. The harmonic function factors thus play the role of ‘labels’ of 
constituent p-branes making the interpretation of the metric straightforward. 

It can be checked explicitly that the specific backgrounds discussed below which 
can be constructed using this rule indeed solve the D = 11 supergravity equations of 
motion. While we did not attempt to give a general derivation of this rule directly 
from D = 11 field equations, it should be a consequence of the fact that intersecting 
configurations are required to be supersymmetric (i.e. it should follow from first-order 
equations implied by the existence of a Killing spinor). Since one should be able to 
superpose BPS states they must be parametrised (like their basic constituent p-branes) 
by harmonic functions. Taking the centers of each of the harmonic function at different 
points one can interpolate between the cases of far separated and coinciding p-branes, 
confirming the consistency of the ‘harmonic function rule’. 

This rule is also consistent (upon dimensional reduction) with analogous one which 
operates in D = 10 where it can be justified by conformal o-model considerations (for 
specific NS-NS configurations) [12,14] or by 7-duality [16] considerations (for R-R 
configurations). 
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2.1. 212 D = 11 solution 


For example, the metric of two D = 11 2-branes intersecting over a point constructed 
according to the above rule will be 


dst, = HO H [ - Hy) (x) Hy (x) a? 


cu rane + H3 (x)dy dys” + dx dxe] . (2.3) 


D ye 


Here y! ys? and y? are internal coordinates of the two 2-branes. The time part 
‘belongs’ both 2- eG and thus is multiplied by the product of the inverse powers 
of both harmonic functions. The corresponding field strength is 


Fasain = —3dt A d( Hy} Ji + Hhh). (2.4) 


The fact that the two harmonic functions can be centered at different (e.g. far separated ) 
points together with supersymmetry and exchange symmetry with respect to the two 2- 
branes uniquely determines the form of the background, which indeed solves the D = 11 
supergravity equations. 

Setting H22) = 1 one gets back to the special 2-brane solution (2.1), (2.2) where 
H, = H21) does not depend on two of the eight x-coordinates (called y‘? in (2.3)). 
Another special case H2(1) = H2(2) corresponds to the ‘4-brane’ solution of [3} inter- 
preted in [4] as representing two intersecting 2-branes. 


2.2. Examples of intersecting p-brane solutions of D = 10 type II theories 


Before proceeding with the discussion of other composite D = 11 solutions let us 
demonstrate how the ‘harmonic function rule’ applies to various p-brane solutions of 
D = 10 type II superstring theories. 

The basic D = 10 fundamental string solution [17] which has the following metric 
(we shall always use the string-frame form of the D = 10 metric): 


ds?) = H,'(x)(—dt? + dy?) + dx dxg. (2.5) 
The metric of the solution describing a fundamental string lying within the solitonic 
5-brane [18,19] is given by [14] 

ds? = H7 '(x)(—dt? + dy?) + dy} +.... + dy3 + Hs(x)dx dx4 

= Hs(x) [Hy ' (x) Hs '(x)(—d? + dy?) 
+Hz'(x)(dy} +.... + dy?) + dx dxa] . (2.6) 


Other NS-NS background fields have obvious ‘direct sum’ structure, i.e. the dilaton is 
given by e% = H 7 As and the antisymmetric 2-tensor has both ‘electric’ (fundamental 
string) and ‘magnetic’ (5-brane) components, Ba, = Hy, ' Hmnk = —Emnkiô Hs. The 
factorised harmonic function structure of this background has a natural explanation from 
the point of view of the associated conformal a-model [14]. The solutions (2.5), (2.6) 


The World in Eleven Dimensions 291 


(as well as all solutions below which have a null hypersurface-orthogonal isometry) 
admit a straightforward ‘momentum along string’ generalisation —dt? + dy? — —dr? + 
dy? + K(x) (dt — dy,)? where K is an independent harmonic function (cf. [20] ). 

Applying SL(2, Z) duality transformation of type IIB supergravity (which inverts the 
dilaton and does not change the Einstein-frame metric, i.e. modifies the string frame 
metric only by the conformal factor eê) one learns that the metric describing an R-R 
string lying within an R-R 5-brane has the same structure as (2.6), i.e. the structure 
consistent with the harmonic function rule (with the factor multiplying the square bracket 
now being H" 2H 2), T-duality in the two 5-brane directions orthogonal to the string 
gives type IIB solution describing two 3-branes orthogonally intersecting over a string. 
Its metric has the form consistent with the ‘harmonic function rule’ 


2 2 ad = 
dsi = Hy(1)H3(9) [Hac Hh ( -dř + dyi) 
+ H3 dy dy{” + Hydydy dy?) + dxdxa) , (2.7) 


where y; is the coordinate common to the two 3-branes.> The corresponding self-dual 
5-tensor is 


Fs¢313) =dt A (dH3,\) Ady, A dys” A dy) + dH} Ady A dy,” A dys”) 
+ *dHy1) A dys A dyf? + *dH32) A dys” A dys”. (2.8) 


More general 1/8 supersymmetric solutions describing the configurations 31313 and 
3131313 will be discussed in [13]. 

While charge conservation prohibits the configuration with a fundamental string or- 
thogonally intersecting solitonic 5-brane (and, by SL(2,Z) duality, R-R string inter- 
secting R-R 5-brane), the type IIB configuration of a fundamental string intersecting a 
R-R 5-brane (and its dual - R-R string intersecting a solitonic 5-brane) is allowed [5]. 
The corresponding solution is straightforward to write down. Its metric is given by (cf. 
(2.6); see also the discussion below) 


ds}y = H5 (x) | - H7' (0) Hs (x)d? + Hedy? 
+H5"(2)(dy} + .... + dy) + dx dxs] . (2.9) 


Here yı is the coordinate of the string intersecting 5-brane (y2,..., y6) over a point.® 
In general, metrics of 1/2-supersymmetric p-branes of type I] theories which carry 
R-R charges have the following form [21]: 


ds?o = H)? (H,'(—dr? + dy dyp) + dxdx9_p], (2.10) 


5 Adding a boost along the common string one finds upon reduction to D = 5 an extremal black hole with 3 
charges and x = 0 as a regular horizon | 14]. 

é For a multicenter choice of 5-brane harmonic function Hs this metric describes a fundamental string 
intersecting several parallel 5-branes. 
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with the dilaton given by e°% = H?~”/? It is straightforward to apply the ‘harmonic 
function rule’ and the supersymmetry and R-R charge conservation rules [5] to construct 
explicitly the solutions which describe multiple and intersecting R-R soliton configu- 
rations which are counterparts of the D-brane configurations discussed in [7,8]. The 
resulting procedure of constructing ‘composite’ supersymmetric backgrounds from ‘ba- 
sic’ ones is in direct correspondence with a picture of ‘free’ parallel or intersecting 
D-brane hypersurfaces in flat space [22]. 

For example, the solution of type IIB theory representing a R-R string orthogonally in- 
tersecting 3-brane (T-dual to a 0-brane within a 4-brane in type IIA theory) is described 
by 


ds?) = H|’ Hy? (Ay Hyde? + Hy dy? + H7'(dy} + dy} + dy}) + dx dxs] . 
(2.11) 


By SL(2,Z) duality the same (up to a conformal factor) metric represents a funda- 
mental string intersecting a 3-brane. 

An example of intersecting solution in type ILA theory is provided by a fundamental 
string orthogonally intersecting a 4-brane at a point (cf. (2.6), (2.11)) 


ds}, = Hy!?( — Hy'Hy'de + Hy ‘dy? + Hy (dy} + dy} + dy} + dy3) + dx dxa] . 
(2.12) 


The required dilaton and antisymmetric tensors are given by direct sums of constituent 
fields. This background will be reproduced in Section 3.2 by dimensional reduction of 
orthogonally intersecting 2-brane and 5-brane solution of D = 11 supergravity. 

Metrics describing configurations of different parallel type II p-branes lying within 
each other (with at least one of them being of R-R type) do not obey the ‘harmonic 
function rule’. For example, the metric of the ‘fundamental string - R-R string’ bound 
state solution of type IIB theory (obtained by applying SL(2,Z) transformation to the 
fundamental string background (2.10), see Schwarz in [1]) has the following structure: 


dsty = AN? ( HT" (ar? + dy?) + dx dxs) , (2.13) 


where H; and Aj are 1-center harmonic functions with charges q and ĝ = qd?/(c? +d’). 
The fundamental string limit corresponds to A; = 1 while the pure R-R string is 
recovered when A = H,. Other solutions related by T and SL(2, Z) dualities (e.g. R-R 
string lying within 3-brane) have similar structure. 

Let us note also that there exist a class of p-brane solutions [23-25] of the equations 
following from the action 


1 
= D ot p eg tb pe? 
S= [ax val 290)" -DII ppt’ Fb-2-p] 
with the metric being 


dst, = H*[H,"(—dt? + dy dyp) + dxdxp-i-p]. 
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4 n Ate t+!) 
T (D=2)4’ 


The power N is integer for supersymmetric p-branes with the amount of residual su- 
persymmetry being at least 1/2” of maximal (for N = 4 and D = 4 + p the remaining 
fraction of supersymmetry is 1/8). Lower dimensional (D < 10) solutions which have 
N > 1 can be re-interpreted as special limits of (reductions of) combinations of 1/2- 
supersymmetric ‘basic’ (N = 1) p-brane solutions in D = 10,11. The higher than first 
power of the H; ' factor in the square bracket in (2.14) is a result of identifying the 
harmonic functions corresponding to basic constituent p-branes [26]. 

An example of a solution with N = 2 is the self-dual string in D = 6 [23]. It indeed 
can be reproduced as a special limit of the solitonic 5-brane plus fundamental string 
solution (2.6) with the four ‘extra’ 5-brane directions wrapped around a 4-torus (leading 
to the solution equivalent to the dyonic string of [27]) and the harmonic functions H, 
and Hs set equal to each other. 


D-3-p 


A=a+2ptl 
BPP ap) as 


(2.14) 


3. Intersecting 2-branes and 5-branes in D = 11 
3.1. 21212 and 51515 configurations 


To write down the explicit form of intersecting 2- and 5-brane solutions in D = 11 it 
is useful first to simplify the notation: we shall use T (F) to denote the inverse power of 
harmonic function corresponding to a two-brane (five-brane), i.e. T = Hy Fs Hs L 
The lower index on T or F will indicate a number of a p-brane. 

The solution which describes three 2-branes intersecting over a point is given by the 
straightforward generalisation of (2.3), (2.4): 


dsj, = TRT)!” [ > VRYLIK) d? 
+T, dy dyf” +Tdy dy\”) +T; dy dyf? +dx dxa] s (3.1) 
Fac21212) = —3dt A d(T J, + Td + T3J3) - (3.2) 


The three 2-branes are parametrised by 3 sets of coordinates yP, yP and J; are the 
volume forms on the corresponding 2-planes. Also, 3?T7' = 0, ie. T7' = 1 + qi/|x|? 
in the simplest l-center case. The special case of 7; = Ta = T3 gives the ‘6-brane’ 
solution of [3] correctly interpreted in [4] as representing three 2-branes orthogonally 
intersecting at one point. Other obvious special choices, e.g. 73 = 1, lead to a particular 
case of 212 solution (2.3), (2.4) with the harmonic functions not depending on two 
of the transverse coordinates. 

This solution is regular at x = 0 and upon dimensional reduction to D = 5 along y,- 
directions it becomes the 3-charge D = 5 Reissner-Nordstrém type black hole (discussed 
in the special case of equal charges in [28}) which is U-dual to NS-NS dyonic black 
hole constructed in [14]. 

Similar generalisation of the 51515 solution in [4] corresponding to the three 5- 
branes intersecting pairwise over 3-branes which in turn intersect over a string can be 
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found by applying the ‘harmonic function rule’ 
ds?, = (F\ Fo F;) -23 [Fi Fy Fy( -dt + dyg) 
+F,F3 dy dys” + FF; dydy? + Fi/F,dy dys +dxdxs}, (33) 


Facsisisy =3 (*dFT' A Ji +*dFy' A Ji + *dF7' A). (3.4) 


The coordinate yo is common to all three 5-branes, z”, ysl? are common to the second 


and third 5-branes, etc. F; depend on three x-coordinates. The duality * is always 
defined with respect to the transverse x-subspace (R3 in (3.3), (3.4)). The special case 
of F, = F2 = F; gives the solution found in [4]. If F} = F; = 1 the above background 
reduces to the single 5-brane solution (2.1), (2.2) with the harmonic function Hs = F a 
being independent of the two of transverse coordinates (here denoted as y\'), y$"). The 
case of F3 = | describes two 5-branes orthogonally intersecting over a 3-brane, 


ds? = (F F2)?” [F Fi ( -dt + dydy3) + Fidydys") + Fydydy\” + dxdx3] , 

(3.5) 

Fasas =3(4dF, | A Ji + *dFy' A J), (3.6) 
which again reduces to the corresponding solution of [4] when F, = F». 


The 515.5 configuration (3.3) has also the following generalisation obtained by 
adding a ‘boost’ along the common string: 


ds}, = (F FiF) ~?) (F, FiF, (du dv + K du?) 
+F dy dys”) +AA dy dyf? + Fi Fy dy dy?) + dxdxs| . (3.7) 


Here u,v = yo F t and K is a generic harmonic function of the three coordinates x,. A 
non-trivial K = Q/|x| describes a momentum flow along the string (yo) direction. Upon 
compactification to D = 4 along isometric y,-directions this background reduces [13] 
to extremal dyonic black hole with regular horizon which has the same metric as the 
solution of [11]. Thus the ‘boosted’ 515.L5 solution gives an embedding of the 1/8 
supersymmetric dyonic black hole in D = 11 which is different from the one discussed 
in Section 4 below (see [13] for details). 


3.2. 2-brane intersecting 5-brane 


Let us now consider other possible supersymmetric intersecting configurations not 
discussed in [4]. The most important one is a 2-brane orthogonally intersecting a 5- 
brane over a string (a possibility of such a configuration was pointed out in [5,6] ). The 
corresponding background is easily constructed using the harmonic function rule 

ds?, = F-TO [FT -d° + dy?) + F(dy} +... + dy3) +T dyg + dx dxa] , 
(3.8) 
Fasa =—3dt ^ dT A dy; A dys + 3 * dF™' A dye, (3.9) 
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where yı, ..., ys belong to 5-brane and yı, ye to 2-brane. This solution can be generalised 
further: 


ds}, = F?PT-'P[FT(dudv + K du’) + F(dy} +... + dy3) +T dyk + dx dxa] , 
(3.10) 


where as in (3.7) u,v = y, Ft and K, like T~! and F—', is a generic harmonic function 
of x,. In the simplest l-center case having a non-trivial K corresponds to adding a 
momentum flow along the string (yı) direction. 

Dimensional reduction of this solution to D = 10 along xı; = ye (the direction of 
2-brane orthogonal to 5-brane) leads to the NS-NS type II background corresponding 
to a fundamental string lying within a solitonic 5-brane. Using the relation between the 
D = 11 and (string frame) D = 10 metrics, 


ds?, = 64/3 (dx?, + e~*Fdsiy) , (3.11) 


we indeed find the expected D = 10 background with the dilaton e? = F~'T, the 
metric given by (2.6) (with H, = 7~', Hs = F7!) and the antisymmetric 2-tensor field 
strength determined by the 3-tensor field strength (3.9). 

Dimensional reduction along the string y; direction leads instead to the D = 10 
solution corresponding to a fundamental string (along y2) orthogonally intersecting a 
4-brane (cf. (2.11)). Here the dilaton is e?% = Hy7'H,'/?, Hı =T-', H4 = F7' and 
thus the resulting D = 10 metric has indeed the form (2.12) obtained by applying the 
harmonic function rule to combine the fundamental string (2.5) and R-R 4-brane (2.10) 
of type IIA theory. Another possibility is to compactify along one of the transverse 
directions, e.g., x4 (assuming that harmonic functions are independent of it or forming 
a periodic array) in which case we find the type IIA solution describing a R-R 2-brane 
orthogonally intersecting solitonic 5-brane. 

Compactification of all 6 isometric y-coordinates on a 6-torus leads to the extremal 
D = 5 black hole solution parametrised by 3 independent charges [14]. Thus the 
‘boosted’ 215 solution and 21212 solution discussed above represent two different 
D = 11 ‘lifts’ of the regular extremal 3-charge D = 5 black hole. 

These black holes have a finite entropy’ which is not surprising since (3.10) has 
a finite entropy directly as a D = 11 black brane background (assuming that internal 
directions of 2- and 5-branes are compactified). Setting T! = 1+ Q/r?, Fo! = 
1+ P/r?, K=Q/r? (r? = xmxm), one finds that r = 0 is a regular horizon (all radii 
are regular at r — 0) with the area Ag = 27°L°\/QQP (L is an equal period of 
y-coordinates). The corresponding thermodynamic entropy can then be understood as 
a Statistical entropy (related to existence of degenerate 5.12 BPS configurations with 
the same values of the charges) by counting relevant BPS states directly in D = 11 as 
suggested in [30]. 


? This makes possible to reproduce their entropy by counting the corresponding BPS states using D-brane 
description of the corresponding dual backgrounds with R-R charges [28.29] or using direct conformal field 
theory considerations |14|. 
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The 215 metric (3.8) may be compared to the metric obtained by lifting to D = 11 
the D = 8 dyonic membrane solutions [15], 


dst, = T7'PT-'O[T(-dt? + dy? + dyz) + T(dy} + dy} + dy?) + dx dxs] , 
(3.12) 


where T~! = 1 +q/l|x|’, and Ÿ-'! = 1 + /|xP, G = qcos’€ (£ is a free parameter). 
Since (3.12) reduces to the 2-brane metric if = 1 and to the 5-brane metric if f = T 
(and thus is similar to the metric (2.13) of a bound state of a NS-NS and R-R strings 
in type IIB theory) this background can presumably be interpreted as corresponding to 
a 2-brane lying within a 5-brane [15,4]. 


3.3. 21215 and 51512 configurations 


Two other 1/8 supersymmetric configurations of three orthogonally intersecting M- 
branes are 21215 and 51512. The first one represents two 2-branes each intersecting 
5-brane over a string with the two strings intersecting over a point (so that 2-branes 
intersect only over a point). The second one corresponds to a 2-brane intersecting each 
of the two 5-branes over a string with the 5-branes intersecting over a 3-brane (with the 
strings orthogonally intersecting 3-brane over a point). 

In the first case we find 


ds?, =(T)T2) pa oad -TTF dt? +7, F dy? + T, dy} + TF dy} + T, dy} 


+F (dy? + dy? + dy?) +dxdzs] , (3.13) 
Faczi2isy = —3dt A d(T; dy, A dyz + Tz dy3 A dys) +3*dF7' A dyz A dya, 
(3.14) 


where yı, Y3, Ys, Y6, Y7 are 5-brane coordinates and yı, yz and y3, y4 are coordinates of 
2-branes.® In the second case 
ds}, sT- F] - F RT dt? + iT dy? + FT dy 
+F, F,(dy} + dy} + dy2) + Fi dyg + Fn dy} + dx dx] (3.15) 
Fss1s12) = —3dt A d(T dy A dy2) 
+3(*dFT' A dyz A dy + #dFy' A dy, A dye) . (3.16) 


8 Note that this configuration is unique since (according to the cule that p-branes can intersect only over 
(p-2)-branes) the 2-branes cannot intersect over a string. For example, if one would try to modify (3.13) by 
combining dy? with dr? then v; would betong also to the second 2-brane. 
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Here yı, y2 belong to the 2-brane and y1, y3, y4, Ys, Y6 and y2, Y3, Ya, Ys, Y7 are coordinates 
of the two 5-branes intersecting over y3, y4, ys. ° 

The backgrounds (3.13), (3.14) and (3.15), (3.16) have ‘dual’ structure. In the 
special case when T = 1 in (3.13), (3.14) and F = 1 in (3.15), (3.16) they become 
equivalent to the 2.5 solution (3.8), (3.9) with the harmonic functions independent of 
one of the 4 transverse coordinates (y4 in (3.13) and yy in (3.15)). Various possible 
dimensional reductions to D = 10 lead to expected p-brane intersection configurations 
of type IIA theory. For example, the reduction of 21215 (3.13) along the orthogonal 
direction y2 of the first 2-brane leads to the configuration of a solitonic 5-brane with 
a fundamental string lying within it orthogonally intersected by 2-brane. Dimensional 
reduction along the direction y; common to the first 2-brane and 5-brane leads to the 
4-brane orthogonally intersected by fundamental string and 2-brane, while the reduction 
along other 5-brane directions (ys, y6, y7) gives 2.214 type IIA configuration, etc. 


4. D = 11 solution corresponding to D = 4 extremal dyonic black hole 


The extreme dyonic D = 4 black hole string solutions with non-zero entropy [31,11] 
are described by the following NS-NS type I D = 10 background (compactified on 
6-torus) (12] 


dst) = Hy ' (x) {du dv + K(x) du?] + dy dys 


+Hs5(x)V~!"(x)({ dy. + as(x) dx’)? + H5(x)V(x) dx dx3, (4.1) 
e% =H7'Hs, B=Hy,'dt Ady, —b.dx' Ady, db=—»*dHs, da=—*dV, 
(4.2) 


where u,v = y; F t and Ay, Hs, K, V are harmonic functions of x, (s = 1,2,3). This 
background can be interpreted as representing a fundamental string (with an extra 
momentum along it, cf. (2.6)) lying within a solitonic 5-brane with all harmonic 
functions being independent of one of the four transverse directions (y2) along which a 
Kaluza-Klein monopole [32] is introduced. Since the corresponding o-model is invariant 
under 7-duality, one cannot get rid of the off-diagonal KK monopole term in the metric 
by dualizing in yz direction. However, interpreting this background as a solution of type 
IIB theory one can apply the SL(2, Z) duality to transform it first into a configuration 
of a R-R string lying on a R-R 5-brane ‘distorted’ by the Kaluza-Klein monopole. The 
metric one finds is then given by (4.1) rescaled by e~, ice. 


dstonp = (HiHs)'?(H,'H5'(dudv + K du?) + H3 ' dy dys 
+V7!(dyz + a,dx*)? + Vdxdx3]. (4.3) 


9 Another possibility could be to consider 2-brane intersecting each of the two 5-branes over the same string, 
ie. dst) = TUF Fa)? [Fy FT di? + dvi) + Ty} + Fy Fo (dvi + dyz) + Fi (dv + dy?) + Fy(dy3 + 


dyz) + dx dx]. In this case, however, the transverse space is only 2-dimensional and thus the harmonic 
functions do not decay at infinity. 
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Since By, in (4.2) is transformed into an R-R field one can now use T-duality along 
y2 to exchange the off-diagonal term in the metric for an extra NS-NS B,, field. The 
resulting type ITA background has the metric 


dsioua = (HiHs)"?V [He's 'V~' (du do +Kdu?) + Hz'V~' dy dys 
+H='H~'d52 +dxdx3| eas 


and the dilaton e?%” = Hy/?H5*/?V. As in other examples discussed above we can 
interpret this metric as describing a solitonic 5-brane (with the corresponding harmonic 
function now being V) which is lying within a R-R 6-brane (with the harmonic function 
Hs and an extra dimension ¥2), both being orthogonally intersected (over a string along 
yı) by an R-R 2-brane (with coordinates yı, ¥2 and harmonic function Hı). Equivalent 
interpretation of this D = 4 dyonic black hole background was suggested in [33] where 
it was used to argue that statistical entropy found by D-brane counting of degenerate 
BPS states reproduces the finite thermodynamic entropy of the black hole. 

Anticipating a possibility to compute the entropy by counting BPS states directly in 
D = 11 theory [30] it is of interest to lift the above type IIA D = 10 background to 
D = 11. Both forms of the D = 10 type IIA solution (4.1) and (4.4) lead to equivalent 
non-diagonal D = 11 metric.!° From (4.1), (4.2) we find 


ds?) = Hy H? V[HT'H7' V~ (du du + K du?) + Hs'V~'dy dya 
+Hy'V—'dxt, + V~*(dy2 + a,dx*)? + dx dx3] . (4.5) 
The corresponding 3-tensor field strength F4 is 
Fa =3dB A dx = —3dtAdH;' Ady, Ndxj,+3*dHsAdy,Adx,. (4.6) 


Starting with (4.4) one obtains equivalent metric with V = Hs, xu — 32, y2 > Xu 
The metric (4.5) can be interpreted as describing intersecting 2-brane and 5-brane (cf. 
(3.8) for V = 1, F = HȘ', T= H7', xu = ye. y2 = x4) superposed with a KK 
monopole along yz (for Hı = Hs = 1, K = 1 the metric becomes that of KK monopole 
times a 6-torus or type ILA 6-brane lifted to D = 11, see second reference in [1]). 

The special cases of the background (4.1) when one or more harmonic functions are 
trivial are related to a = 1 / V3, V3, | extremal D = 4 black holes. The ‘irreducible’ case 
when all 4 harmonic functions are non-trivial and equal (H = Hs = K = V) corresponds 
(for the l-center choice of V) to the a = 0, D = 4 (Reissner-Nordstrém) black hole. 
The associated D = 11 metric (4.5) takes the form 


ds? = V7! (x) dudu+ du? + dy dy4+ dx?, + (dy2 + a, dx*)* + V? (x) dxdx3. 
(4.7) 


10 Though the D = 10 metric (4.4) is diagonal, the R-R vector field supporting the 6-brane gives a non- 
vanishing G11, component of the D = II metric. 
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We conclude (confirming the expectation in [4]) that there exists an embedding of 
a = 0 RN black hole into D = 11 theory which has a non-trivial KK monopole type 
metric. This seems to represent an obstacle on the way of applying the D = 11 approach 
in order to give a statistical derivation of the D = 4 black hole entropy: one is to 
understand the effect of the presence of the KK monopole on counting of BPS states of 
systems of M-branes. !! 

The embedding of extreme 1/8 supersymmetric dyonic black holes into D = 11 theory 
discussed above is not, however, the only possible one. There exist two different 1/8 
supersymmetric D = 11 solutions, namely, 51515 with a ‘boost’ along the common 
string (Section 3.1) and 2121515, for which the D = 11 metric does not have KK 
monopole part but still reduces to an equivalent D = 4 dyonic black hole metric with 
regular horizon and finite entropy [13]. These M-brane configurations are likely to be a 
proper starting point for a statistical understanding of D = 4 black hole entropy directly 
from M-theory point of view. 


5. Concluding remarks 


As was discussed above, there are simple rules of constructing supersymmetric com- 
posite M-brane solutions from the basic building blocks - D = 11 2-brane and 5-brane. 
This may be considered as an indication that there may exist a D = 11 analogue of 
D-brane description of R-R solitons in type IT D = 10 string theories which applies 
directly to supersymmetric BPS configurations of D = 11 supergravity (in agreement 
with related suggestions in [5,6,35,36,30,37] ). 

We have also presented some explicit solutions corresponding to intersecting p-brane 
configurations of D = 10 type II theories. The resulting gravitational backgrounds 
complement the picture implied by D-brane approach. An advantage of viewing type 
IIA D = 10 configurations from D = 11 perspective is that this makes possible to treat 
various combinations of NS-NS and R-R p-branes on an equal footing, and in this sense 
goes beyond the D-brane description. 
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Abstract 


We present a class of black p-brane solutions of M-theory which were hitherto known only in the extremal supersymmetric 


limit, and calculate their macroscopic entropy and temperature. 


1. Introduction 


There is now a consensus that the best candidate 
for a unified theory underlying all physical phenom- 
ena is no longer ten-dimensional string theory but 
rather eleven-dimensional M-theory. The precise for- 
mulation of M-theory is unclear but membranes and 
fivebranes enter in a crucial way, owing to the pres- 
ence of a 4-form field strength F, in the correspond- 
ing eleven-dimensional supergravity theory [1]. The 
membrane is characterized by a tension 73; and an 
“electric” charge Q3 = fy *F4. For T; > Qs, the 
membrane is “black” [2], exhibiting an outer event 
horizon at r = ry and an inner horizon at r = r_, 
where r = \/y"y,, and where y", m = 1,2,...,8, are 
the coordinates transverse to the membrane. In the 
extremal tension=charge limit, the two horizons co- 
incide, and one recovers the fundamental superme- 
mbrane solution which preserves half of the space- 
time supersymmetries [3]. This supermembrane ad- 
mits a covariant Green-Schwarz action [4]. Similar 
remarks apply to the fivebrane which is characterized 


! Research supported in part by NSF Grant PHY-9411543. 
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by a tension 7, and “magnetic charge” Ps = Te F4. It 
is also black when Tę > Ps and also preserves half 
the supersymmetries in the extremal limit [2]. There 
is, to date, no covariant fivebrane action, however. 
Upon compactification of M-theory to a lower space- 
time dimension, a bewildering array of other black 
p-branes make their appearance in the theory, owing 
to the presence of a variety of (p + 2)-form field 
strengths in the lower-dimensional supergravity the- 
ory [5,6]. Some of these p-branes may be interpreted 
as reductions of the eleven-dimensional ones or wrap- 
pings of the eleven-dimensional ones around cycles 
of the compactifying manifold [7-10]. In particular, 
one may obtain as special cases the four-dimensional 
black holes (p = 1). It has been suggested that, in 
the extremal limit, these black holes may be identified 
with BPS saturated string states [11-14]. Moreover, 
it is sometimes the case that multiply-charged black 
holes may be regarded as bound states at threshold of 
singly charged black holes [11,12,15,16]. Apart from 
their importance in the understanding of M-theory, 
therefore, these black p-branes have recently come to 
the fore as a way of providing a microscopic expla- 
nation of the Hawking entropy and temperature for- 
mulae [17-28] which have long been something of 
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an enigma. This latter progress has been made pos- 
sible by the recognition that some p-branes carrying 
Ramond-Ramond charges also admit an interpreta- 
tion as Dirichlet-branes, or D-branes, and are there- 
fore amenable to the calculational power of conformal 
field theory [29]. 

The compactified eleven-dimensional supergravity 
theory admits a consistent truncation to the following 
set of fields: the metric tensor gux, a set of N scalar 
fields œ = (d),...,@y), and N field strengths Fa of 
rank n. The Lagrangian for these fields takes the form 
[30,31] 


N 
l 
-Ip 1 2 a yd 
e'L=R-4(dd) er 3 e PrF, (1.1) 


where aa are constant vectors characteristic of the su- 
pergravity theory. The purpose of the present paper is 
to display a universal class of (non-rotating) black p- 
brane solutions to (1.1) and to calculate their classical 
entropy and temperature. 

As discussed in Section 2, it is also possible to make 
a further consistent truncation to a single scalar @ and 
single field strength F: 
e'L=R- 4(ap)? ~ ger, (1.2) 
where the parameter a can be conveniently re- 
expressed as 


1, dad 
D-2’ 


since A is a parameter that is preserved under dimen- 
sional reduction [32]. Special solutions of this theory 
have been considered before in the literature. Purely 
electric or purely magnetic black p-branes were con- 
sidered in [5] for D = 10 dimensions and in [6] for 
general dimensions D < 11. All these had A = 4. In 
the case of extremal black p-branes, these were gen- 
eralized to other values of A in [32,30]. Certain non- 
extremal non-dilatonic (a = 0) black p-branes were 
also obtained in [33] 

A particularly interesting class of solutions are the 
dyonic p-branes. Dyonic p-brane occur in dimensions 
D = 2n, where the n-index field strengths can carry 
both electric and magnetic charges. There are two 
types of dyonic solution. In the first type, each individ- 
ual field strength in (1.1) carries cither clectric charge 


(1.3) 


or magnetic charge, but not both. A particularly in- 
teresting example, owing to its non-vanishing entropy 
even in the extremal limit [34], is provided by the 
four-dimensional dyonic black hole. This is the a = 0 
(Reissner-Nordstrom) solution, recently identified as 
a solution of heterotic string theory [11], but known 
for many years to be a solution of M-theory [35,36]. 
The construction of black dyonic p-branes of this type 
is identical to that for the solutions with purely electric 
or purely magnetic charges, discussed in Section 3. 

In Section 4, we shall construct black dyonic p- 
branes of the second type, where there is one field 
strength, which carries both electric and magnetic 
charge. Special cases of these have also been con- 
sidered before: the self-dual threebrane in D = 10 
[5,37], the extremal self-dual string [6] and extremal 
dyonic string in D = 6 [41], a black self-dual string 
in D = 6 [33,19] and a different dyonic black hole 
in D = 4 [30]. See also [38] for the most general 
spherically symmetric extremal dyonic black hole so- 
lutions of the toroidally compactified heterotic string. 

Black multi-scalar p-branes, the extremal limits of 
which may be found in [31], are discussed in Sec- 
tion 5. 

The usual form of the metric for an isotropic p- 
brane in D dimensions is given by 


ds? = e^ (dÊ + dx'dx') + e” (dr? + dO’), 
(1.4) 


where the coordinates (1, x') parameterise the d- 
dimensional world-volume of the p-brane. The re- 
maining coordinates of the D dimensional spacetime 
are r and the coordinates on a ( D —d — 1 )-dimensional 
unit sphere, whose metric is dQ”. The functions A 
and B depend on the coordinate r only, as do the dila- 
tonic scalar fields. The field strengths Fa can carry 
either electric or magnetic charge, and are given by 


Fa = Àw *Enon, OF Fy = Ad En, (1.5) 


where €n is the volume form on the unit sphere dQ”. 
The former case describes an elementary p-brane so- 
lution with d = n — | and electric charge Ag = Qa; the 
latter a solitonic p-brane solution with d = D—n- 1 
and magnetic charge Ay = Pa- 

Solutions of supergravity theories with metrics of 
this form include extremal supersymmetric p-brane 
solitons, which saturate the Bogomol’nyi bound. The 


The World in Eleven Dimensions 303 


mass per unit p-volume of such a solution is equal to 
the sum of the electric and/or magnetic charges carried 
by participating field strengths. More general classes 
of “black” solutions exist in which the mass is an in- 
dependent free parameter. In this paper, we shall show 
that there is a universal recipe for constructing such 
non-extremal generalisations of p-brane solutions, in 
which the metric (1.4) is replaced by 


ds? = e4(—eS dt? + dx'dx') 
+e (edr + Pd’). (1.6) 


Like A and B, f is a function of r. The ansatze for 
the field strengths (1.5) remain the same as in the 
extremal case. Remarkably, it turns out that the func- 
tions A, B and @ take exactly the same form as they 
do in the extremal case, but for rescaled values of the 
electric and magnetic charges. The function f has a 
completely universal form: 


k 
2foype, 1.7 
e ad (1.7) 


where d = D —d —2. If kis positive, the metric has an 
outer event horizon at r =r, = k'/4. When k = 0, the 
solution becomes extremal, and the horizon coincides 
with the location of the curvature singularity at r = 0. 

The temperature of a black p-brane can be calcu- 
lated by examining the behaviour of the metric (1.6) 
in the Euclidean regime in the vicinity of the outer 
horizon r = r4. Setting t = ir and 1 — kr-4 = p?, the 
metric (1.6) becomes 


2 
d? = ar eB) 


7p 
x (dap? + SPM )-2807) pdr? e) (1.8) 
Ari 
We see that the conical singularity at the outer hori- 
zon (p = 0) is avoided if 7 is assigned the period 
(4arr, /dye®-A), The inverse of this periodic- 
ity in imaginary time is the Hawking temperature, 


T= d e^ Bir) (1.9) 
Anra ; 

We may also calculate the entropy per unit p-volume 

of the black p-brane, which is given by one quarter of 

the area of the outer horizon. Thus we have 


S= Lre eN E DEA TINAC A Gy a ; (1.10) 


where wi, = 274d)! is the volume of the 
unit (d + 1)-sphere 

In subsequent sections, we shall generalise various 
kinds of extremal p-brane solutions to obtain black 
single-scalar elementary and solitonic p-branes, black 
dyonic p-branes and black multi-scalar p-branes. The 
metric ansatz (1.6) gives rise to non-isotropic p-brane 
solutions for d > 2, in the sense that the Poincaré 
symmetry of the d-dimensional world volume is bro- 
ken. When d = 1, however, the black hole solutions 
remain isotropic. In the extremal black hole solutions, 
the quantity dA + dB vanishes, where A and B are de- 
fined in (1.4); whilst in the non-extremal cases, this 
quantity is non-vanishing. Isotropic p-brane solutions 
with dA + dB # 0 were discussed in [42]. 


2. Single-scalar black p-branes 


The Lagrangian (1.1) can be consistently reduced 
to a Lagrangian for a single scalar and a single field 
strength 


1 
-Irap 2_ pl 
e™ L= R — 3(ðġ) mE F> (2.1) 
where a, @ and F are given by [30] 
a = (Y (M'ap), 
ap 


=a) (M'apaa: $, 


ap 
(Fa)? =a Y (MagF, (2.2) 
B 


and Mag = Ga ` ag. The parameter a can conveniently 
be re-expressed as 


2dd 


2 
=A — ——, 
j D-2 


(2.3) 
where A is a parameter that is preserved under dimen- 
sional reduction [32]. Supersymmetric p-brane solu- 
tions can arise only when the value of A is given by 
A = 4/N, with N field strengths participating in the 
solution. This occurs when the dot products of the 
dilaton vectors @q satisfy [31] 
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Map = 46g — ae (2.4) 


An interesting special case is provided by the four- 
dimensional black holes with a? = 3,1,1/3,0, i.e. 
N = 1,2,3,4 whose extremal limits admit the inter- 
pretation of 1, 2, 3, 4-particle bound states at threshold 
{11,15,16]. Their D = 11 interpretation has recently 
been discussed in [39,40]. 

To begin, let us consider the more general metric 


ds? = -edt + eAdxidx' + e dr? + e8 rd’. 
(2.5) 
It is straightforward to show that the Ricci tensor for 


this metric has the following non-vanishing compo- 
nents 


Roo = e7" (ull — ul! + v’? + (d — 1)u'A' 
+(d+ Dus + 4), 

Rij = =e? ^O (AN ~ Alu! + Alu! + (d — 1) A? 
+ (d+ 1)A(B + *))8%. 

Rp = ~u" + uly! — u? — (d —1)A" + (d — DAO! 
~ (d — 1)A? ~ (d+ ners tty 


ee AG 1)v'B! — (d+ 1)B", 


1 
Ray = -e° 87 (B" + (B' + PLLA -v+ (d= 1)A' 


x | 1 z 
+ (d+ V)(B'+ =) ~ 5) Ban + dgan, (2.6) 


where a prime denotes a derivative with respect to r, 
and gap is the metric on the unit (d + 1)-sphere. For 
future reference, we note that the ADM mass per unit 
p-volume for this metric is given by [43] 


m= [qd —1)(274)'r4#! 4 (d+ eri 


— (d+ 1)(e* ~ e*8 yr4]} (2.7) 


row 
The Ricci tensor for the metric (1.6) is given by 
(2.6) with uw = 2(A + f) and v = 2(B — f). As in the 
case of isotropic p-brane solutions, the equations of 
motion simplify dramatically after imposing the ansatz. 


dA+dB=0. (2.8) 


Furthermore, the structure of the equations of motion 
implies that it is natural to take 

d+ 
f+ =f tif? 20, (2.9) 
which has the solution given by (1.7). Note that we 
have chosen the asymptotic value of f to be zero at 
r = œœ. This is necessary in order that the metric (1.6) 


be Minkowskian at r = oo. The equations of motion 
then reduce to the following three simple equations: 


o" + dtly +26! f" if Ea 20 -2F | 
r 
d+1 i 

A" A’ +2A' f! = 2 —2f 

+ u + XDD s“e 
d(D —2)A' + 4d? +2(D ~2)A’f" 

= tise ™ , (2.10) 
where s is given by 
5 = Aen I Ó+dA p=dED (2.11) 
and € = | for elementary solutions and € = —1 for 


solitonic solutions. The last equation in (2.10) is a 
first integral of the first two equations, and hence de- 
termines an integration constant. The first two equa- 
tions in (2.10) imply that we can naturally solve for 
the dilaton ¢ by taking @ = a(D — 2)A/d. The re- 
maining equation can then be easily solved by making 
the ansatz that the function A takes the identical form 
as in the extremal case, but with a rescaled charge, i.e. 
it satisfies 


d+l dx» 


A" Al E D i ith 
+ D-2) S wi 
j= Jen Bead td rtd) | (2.12) 
This has the solution e~ PDA = l4 
AVA/(2d) r~t. Thus from (2.10) we have 
d+ 2 
2A’ fl = (AN + SAN Cn + se), (2.13) 
implying 
2 à g 
X e selt AVA dy (2.14) 
2 2d 
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where c is an integration constant. Substituting (1.7) 
into this, we deduce that 


en (D-2)AA/(2d) =] 4 ae =I). (2.15) 
ree 

Thus it is natural to set A = A tanh y, giving 

e7(P=DAA/08 51 4 $ sin? p. (2.16) 


The blackened single-scalar p-brane solution is there- 
fore given by 


=d REAS 
ds? = (1 + $ sink? u) 7 (etd? + dxidx') 


u 
+(1+ “sink? wee (eFdr? + dN), 


‘ k k 

e@=14—sint u, ef =1-—, 2.17) 
aona H rd : 

with the two free parameters k and x related to the 

charge A and the mass per unit p-volume, m. Specifi- 


cally, we find that 


dk 
A= Va sinh2p , 


m= k( sink? y +d+1). (2.18) 
The extremal limit occurs when k — 0, u — œ 
while holding ke?” = VAA/d = constant. If k is non- 
negative, the mass and charge satisfy the bound 
2A ki, > 5 = 
m- = = —[(d+ 1)A — 2d + 2de?” 
Znal l 
(d — 
2kd*(d — 1) as 


al “A(D —2)_ wal ’ (2.19) 


where the inequality is derived from A = a? + 
2dd/(D — 2) > 2dd/(D — 2). The mass/charge 
bound (2.19) is saturated when k goes to zero, which 
is the extremal limit. In cases where A = 4/N, the 
extremal solution becomes supersymmetric, and the 
bound (2.19) coincides with the Bogomo!’nyi bound. 
Note however that in general there can exist extremal 
classical p-brane solutions for other values of A, 
which preserve no supersymmetry [30]. 

It follows from (1.9) and (1.10) that the Hawking 
temperature and entropy of the black p-brane (2.17) 
are given by 


d _4 
T= h a 
Anr (cos n) 
y 4 
S= įr! wj, (cosh u) 4 (2.20) 
In the extremal limit, they take the form 
J pi 
FÈ (er) Baad) , 
S ox etta- d+ D/d) (2.21) 


Thus the entropy becomes zero in the extremal limit 
#4 — œ, unless the constant a is zero and d = 1, 
since the exponent can be rewritten as (4/4 —2(d+ 
1) /d) = —24(2(d—1)d/(D—2) + (d+1)a?/d)/A. 
In these special cases the dilaton @ vanishes and the 
entropy is finite and non-zero. The situation can arise 
for black holes with A = 4/3 in D = 5, and A = 1 
in D = 4. The temperature of the extremal p-brane 
is zero, finite and non-zero, or infinite, according to 
whether (a? — 7) is negative, zero or positive. 


3. Black dyonic p-branes 


Dyonic p-brane occur in dimensions D = 2n, where 
the n-index field strengths can carry both electric and 
magnetic charges. There are two types of dyonic solu- 
tion. In the first type, each individual field strength in 
(1.1) carries either electric charge or magnetic charge, 
but not both. The construction of black dyonic p- 
branes of this type is identical to that for the solutions 
with purely electric or purely magnetic charges, which 
we discussed in the previous section. 

In this section, we shall construct black dyonic 
p-branes of the second type, where there is one field 
strength, which carries both electric and magnetic 
charge. The Lagrangian is again given by (2.1), with 
the field strength now taking the form 


F = Aj €n + Ad *En. (3.1) 


As in the case of purely elementary or purely solitonic 
p-brane solutions, we impose the conditions (2.8) and 
(2.9) on B and f respectively. The equations of mo- 
tion then reduce to 


n 
p” + 7? + 29! f = talh — she", 
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Aly nA’ +2A' fl = 152 4+ def, 


d(D —2)A" + 4d” +2(D —2)A’f' 
= 4d(sjt+sje 7%, (3.2) 


where 


l 
s= Aye ret -DA r" ; 


s3 = Age Z9tU-DA pon (3.3) 
We can solve the Eqs. (3.2) for black dyonic p-branes 
by following analogous steps to those described in 
the previous section, relating the solutions to extremal 
dyonic solutions. In particular, we again find that the 
functions A, B and ¢ take precisely the same forms 
as in the extremal case, but with rescaled values of 
charges. Solutions for extremal dyonic p-branes are 
known for two values of a, namely a? = n — 1 and 
a = 0 [30]. When a? = n — 1, we find that the black 
dyonic p-brane solution is given by 


1 
en QUO (MDA Ly gee sinh? Hi» 
pe 
1 is k 
e30-0-DA Ly gy oi sinh? u2, (3.4) 


with f given by (1.7). The mass per unit volume and 
the electric and magnetic charges are given by 


m = k(2sinh? mı + 2sinh? w2 +1), 
Àa = (ak/ V2) sinh(2xa) - (3.5) 


For the non-negative values of k, the mass and the 
charges satisfy the bound 


m-— (Ai + A2) = k(n = 2 +e7™! +e7™) > 0. 
(3.6) 


The bound is saturated in the extremal limit k —> 0. 
The solution (3.4) corresponds to the black dyonic 
string with n = 3 and A = 4 in D = 6, and the dyonic 
black hole with n = 2 and A = 2 in D = 4. In both 
cases, the extremal solution is supersymmetric and the 
bound (3.6) coincides with the Bogomol’nyi bound. 
Using (1.9) and (1.10), we find that the Hawking 
temperature and entropy of the non-extremal solutions 
are given by 


7 2 
T= = (cosh u; cosh z2) "7! , 
S= br" wn (cosh py cosh pz)" ; (3.7) 


When a = 0, the equations of motion degenerate 
and the dilaton @ decouples. We find the solution 


k 
er MDA Ty ar sinh? y, (3.8) 
r 


s 
il 
© 


where again f is given by (1.7). The constant u 
is related to the electric and magnetic charges by 
VAZ FAZ = ksinh2y. In this case, unlike the a? = 
n — l case, the solution is invariant under rotations 
of the electric and magnetic charges, and hence it is 
equivalent to the purely electric or purely magnetic 
solutions we discussed in the previous section. Note 
that in the dyonic solution (3.4), when the parameter 
Hı = Me, ie. the electric and magnetic charges are 
equal, the dilaton field also decouples. For example, 
this can happen if one imposes a self-dual condition 
on the 3-form field strength in the dyonic string in 
D = 6. However, this is a different situation from 
the a = 0 dyonic solution, since in the latter case the 
electric and magnetic charges are independent free 
parameters. In fact the a = 0 dyonic solution with in- 
dependent electric and magnetic charges occurs only 
in D =4, 


4. Black multi-scalar p-branes 


To describe multi-scalar p-brane solutions, we re- 
turn to the Lagrangian (1.1) involving N scalars and 
N field strengths. As we discussed previously, it can be 
consistently truncated to the single-scalar Lagrangian 
(2.1), in which case all the field strengths F, are pro- 
portional to the canonically-normalised field strength 
F, and hence there is only one independent charge pa- 
rameter. In a multi-scalar p-brane solution, the charges 
associated with each field strength become indepen- 
dent parameters. After imposing the conditions (2.8) 
and (2.9), the equations of motion reduce to 


bi N 
d+l z 
pu + =o, +20,’ = zee? S Map Sp 
Bel 
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& 7 N 
n d+! , tet d -2f 2 
A” + =A +2A'f = THe LS 
N 
d(D~2)A? + 3d XO (Map Pr Ph 
a,p=l 
` N 
+UD -DA f = yde Y S, (4.1) 


a=] 


| 7 
where Qa = aa @ and Sa = Age” 2°?2t44 p=id+1), 


We again find black solutions by taking A and ¢, 
to have the same forms as in the extremal case, with 
rescaled charges. Extremal solutions can be found in 
cases where the dot products of the dilaton vectors ay 
satisfy (2.4) [30]. Thus we find that the correspond- 
ing black solutions are given by 


hp 


l k 
e3 PamdA oy -zsinb? Ma, ef al 


N i ae 
ds’ =[] (1+ $ sinh? pa) 27? (-edr +dx'dx') 


azl 


N -= 
+] (+ Sink? Ha)? (ef dr? + rd?) . 
azl 


(4.2) 


The mass per unit volume and the charges for this 
solution are given by 


N 
m=k(d) > sinb? pa +d +1), 
azl 


Àa = dk sinh Zya . (4.3) 


For non-negative values of k, the mass and charges 
satisfy the bound 


N N 
m-Y da=5kdY (e7™ — 1) +k(d +1) 
a=] azl 


Xd- 

„ka-D o, an 
d 

The bound coincides with the Bogomol’nyi bound. 

The Hawking temperature and entropy are given by 


da 
T = — =l 
inr, I] (cosh a), 


N 
S= jr! wj, [] (cosh ua). (4.5) 


a=! 


In the extremal limit k —> 0, the bound (4.4) is 
saturated, and the solutions become supersymmetric. 


5. Conclusions 


We have presented a class of black p-brane solutions 
of M-theory which were hitherto known only in the ex- 
tremal supersymmetric limit and have calculated their 
macroscopic entropy and temperature. It would obvi- 
ously be of interest to provide a microscopic derivation 
of the entropy and temperature using D-brane tech- 
niques and compare them with the macroscopic results 
found in this paper. Agreement would both boost the 
credibility of M-theory and further our understanding 
of black hole and black p-brane physics. 


Acknowledgements 


We have enjoyed useful conversations with Joachim 
Rahmfeld. We are very grateful to Arkady Tseytlin 
for drawing our attention to an error in the entropy 
formula (1.10) in the original version of this paper. 


References 


[1] E. Cremmer, B. Julia and J. Scherk, Supergravity theory in 
11 dimensions, Phys. Lett. B 76 (1978) 409. 

[2] R. Güven, Black p-brane solitons of D = 11 supergravity 
theory, Phys. Lett. B 276 (1992) 49. 

[3] M.J. Duff and K.S. Stelle, Multi-membrane solutions of D = 
11 supergravity, Phys. Lett. B 253 (1991) 113. 

[4] E. Bergshoeff, E. Sezgin and PK. Townsend, 
Supermembranes and eleven-dimensional supergravity, Phys. 
Lett. B 189 (1987) 75; Properties of the eleven-dimensional 
supermembrane theory, Ann. Phys. 185 (1988) 330. 

15| G.T. Horowitz and A. Strominger, Black strings and p- 
branes, Nucl. Phys. B 360 (1991) 197. 

{6} MJ. Duff and J.X. Lu, Black and super p-branes in diverse 
dimensions, Nucl. Phys. B 416 (1994) 301. 

[7] MJ. Duff, R.R. Khun, R. Minasian and J. Rahmfeld, New 
black hole, string and membrane solutions of the four 
dimensional heterotic string, Nucl. Phys. B 418 (1994) 195. 


308 Intersecting branes and black holes 


[8] C.M. Hull and PK. Townsend, Unity of superstring dualities, 
Nucl. Phys. B 294 (1995) 196. 

[9] MJ. Duff, R.R Khuri and J.X. Lu, String solitons, Phys. 
Rep. 259 (1995) 213. 

[10] A.A. Tseytlin, Extreme dyonic black holes in string theory, 
hep-th/9601177. 

[11] M.J. Duff and J. Rahmfeid, Massive string states as extreme 
black holes, Phys. Lett. B 345 (1995) 441. 

[12] A. Sen, Black hole solutions in heterotic string theory on a 
torus, Nucl. Phys. B 440 (1995) 421; Extremal black holes 
and elementary string states, Mod. Phys. Lett. A 10 (1995) 
2081; A note on marginally stable bound states in Type II 
string theory, hep-th/9510229. 

(13] R.R. Khuri and R.C. Myers, Dynamics of extreme black 
holes and massive string states, hep-th/9508045. 

{14] A. Peet, Entropy and supersymmetry of D dimensional 
extremal electric black holes versus string states, hep- 
th/9506200. 

[15] MJ. Duff, J.T. Liu and J. Rahmfeld, Four dimensional 
string/ string/string triality, Nucl. Phys. B 459 (1996) 125. 

[16] J. Rahmfeld, Extremal black holes as bound states, hep- 
th/9512089. 

[17] A. Strominger and C. Vafa, Microscopic origin of 
Bekenstein-Hawking entropy, hep-th/9601029. 

[18] C. Callan and J. Maldacena, D-brane approach to black hole 
quantum mechanics, hep-th/9602043. 

[19] G.T. Horowitz and A. Strominger, Counting states of near 
extremal black holes, hep-th/9602051. 

[20] A. Ghosh and P. Mitra, Entropy of extremal dyonic black 
holes, hep-th/9602057. 

[21] J. Beckenridge, R. Myers, A. Peet and C. Vafa, D-branes 
and spinning black holes, hep-th/9602065. 

[22] S.R. Das and S. Mathur, Excitations of D-strings, entropy 
and duality, hep-th/9611152. 

(23] S.R. Das, Black hole entropy and string theory, hep- 
th/9602172. 

{24} J. Beckenridge, D.A. Lowe, R. Myers, A. Peet, A. Strominger 
and C. Vafa, Macroscopic and microscopic entropy of near- 
extremal spinning black holes, hep-th/9603078. 

[25] A. Swominger and J. Maldacena, Statistical entropy of four- 
dimensional extremal back holes, hep-th/9603060. 


[26] C.V. Johnson, R.R. Khuri and R.C. Myers, Entropy of 4-D 
extremal black holes, hep-th/9603061. 

[27] G.T. Horowitz, J. Maldacena and A. Strominger, 
Nonextremal black hole microstates and U-duality, hep- 
th/9603109. 

[28] R. Dijkgraaf, E. Verlinde and H. Verlinde, BPS spectrum of 
the five-brane and black hole entropy, hep-th/96033126. 

{29} J. Polchinski, Dirichlet-branes and Ramond-Ramond charges, 
hep-th/9511026. 

[30] H. Lü and C.N. Pope, p-brane solitons in maximal 
supergravities, hep-th/9512012, to appear in Nucl. Phys. B. 

[31] H. Lü and C.N. Pope, Multi-scalar p-brane solitons, hep- 
th/9512153, to appear in Int. J. Mod. Phys. A. 

[32] H. Lü, C.N. Pope, E. Sezgin and K.S. Stelle, Stainless super 
p-branes, Nucl. Phys. B 456 (1995) 669. 

{33} G.W. Gibbons, G.T. Horowitz and PK. Townsend, Class. 
Quantum Grav. 12 (1995) 297. 

{34] F. Larsen and F. Wilczek, Internal structure of black holes, 
hep-th/95 11064. 

[35] M.J. Duff and C.N. Pope, Consistent truncations in Kaluza- 
Klein theories, Nucl. Phys. B 255 (1985) 355. 

[36] C.N. Pope, The embedding of the Einstein Yang-Mills 
equations in D = 11 supergravity, Class. Quant. Grav. 2 
(1985) L77. 

[37] MJ. Duff and J.X. Lu, The self-dual type HB 
superthreebrane, Phys. Lett. B 273 (1991) 409. 

[38] M. Cvetic and D. Youm, Dyonic BPS saturated black holes 
of heterotic string theory on a torus, hep-th/9507090. 

[39] G. Papadopoulos and P.K. Townsend, intersecting M-branes, 
hep-th/9603087. 

[40] A.A. Tseytlin, Harmonic superpositions of M-branes, hep- 
th/9604035. 

[41] MJ. Duff. S. Ferrara, R.R. Khuri and J. Rahméfeld, 
Supersymmetry and dual string solitons, Phys. Lett. B 356 
(1995) 479. 

[42] H. Lii, C.N. Pope and K.W. Xu, Liouville and Toda solitons 
in M-theory, hep-th/9604058. 

[43] J.X. Lu, ADM masses for black strings and p-branes, Phys. 
Lett. B 313 (1993) 29. 


Reprinted from Nucl. Phys. B 475 (1996) 179-92 
Copyright 1996, with permission from Elsevier Science 


Intersecting M-branes 
as four-dimensional black holes 


LR. Klebanov*!, A.A. Tseytlin>? 


a Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544, USA 
> Theoretical Physics Group, Blackett Laboratory, Imperial College, London SW7 2BZ, UK 


Received 6 May 1996; accepted 18 June 1996 


Abstract 


We present two 1/8 supersymmetric intersecting p-brane solutions of 11-dimensional super- 
gravity which upon compactification to four dimensions reduce to extremal dyonic black holes 
with finite area of horizon. The first solution is a configuration of three intersecting 5-branes with 
an extra momentum flow along the common string. The second describes a system of two 2- 
branes and two 5-branes. Related (by compactification and T-duality) solution of type IIB theory 
corresponds to a completely symmetric configuration of four intersecting 3-branes. We suggest 
methods for counting the BPS degeneracy of three intersecting 5-branes which, in the macroscopic 
limit, reproduce the Bekenstein-Hawking entropy. 


PACS: 04.65.+e; 11.27.+d; 11.30.Pb 


1. Introduction 


The existence of supersymmetric extremal dyonic black holes with finite area of the 
horizon provides a possibility of a statistical understanding [1] of the Bekenstein- 
Hawking entropy from the point of view of string theory [2-4]. Such black hole 
solutions are found in four [5-7] and five [4,8] dimensions but not in D > 5 [9,10]. 
While the D-brane BPS state counting derivation of the entropy is relatively straight- 
forward for the D = 5 black holes [4,11], it is less transparent in the D = 4 case, a 
complication being the presence of a solitonic 5-brane or Kaluza-Klein monopole in 
addition to a D-brane configuration in the descriptions used in [12,13]. 


1 E-mail: kiebanov @ puhep 1 princeton.edu. 
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On leave from Lebedev Physics Institute, Moscow. 
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One may hope to find a different lifting of the dyonic D = 4 black hole to D = 10 
string theory that may correspond to a purely D-brane configuration. A related question 
is about the embedding of the D = 4 dyonic black holes into D = 11 supergravity (M- 
theory) which would allow to reproduce their entropy by counting the corresponding 
BPS states using the M-brane approach similar to the one applied in the D = 5 black 
hole case in [14]. 

As was found in [15], the (three-charge, finite area) D = 5 extremal black hole can 
be represented in M-theory by a configuration of orthogonally intersecting 2-brane and 
5-brane (i.e. 2.5) with a momentum flow along the common string, or by configuration 
of three 2-branes intersecting over a point (21212). A particular embedding of (four- 
charge, finite area) D = 4 black hole into D = 11 theory given in [15] can be interpreted 
as a similar 2.5 configuration ‘superposed’ with a Kaluza-Klein monopole. 

Below we shall demonstrate that it is possible to get rid of the complication associated 
with having the Kaluza-Klein monopole. There exists a simple 1/8 supersymmetric 
configuration of four intersecting M-branes (2.121515) with diagonal D = 11 metric. 
Upon compactification along six isometric directions it reduces to the dyonic D = 4 
black hole with finite area and all scalars being regular at the horizon. 

The corresponding 2121414 solution of type HA D = 10 superstring theory (ob- 
tained by dimensional reduction along a direction common to the two 5-branes) is 
T-dual to a D = 10 solution of type IIB theory which describes a remarkably symmetric 
configuration of four intersecting 3-branes. ? 

Our discussion will follow closely that of [15] where an approach to constructing in- 
tersecting supersymmetric p-brane solutions (generalising that of [19]) was presented. 4 
The supersymmetric configurations of two or three intersecting 2- and 5-branes of D = 11 
supergravity which preserve 1/4 or 1/8 of maximal supersymmetry are 212, 515, 215, 
21212, 51515, 21215 and 2145.15. Two 2-branes can intersect over a point, two 
5-branes - over a 3-brane (which in turn can intersect over a string), 2-brane and 
5-brane can intersect over a string [19]. There exists a simple ‘harmonic function’ rule 
[15] which governs the construction of composite supersymmetric p-brane solutions in 
both D = 10 and D = 11: a separate harmonic function is assigned to each constituent 
1/2 supersymmetric p-brane. 


3 Similar D-brane configuration was independently discussed in [16,17]. Note that it is a combination of four 
and not three intersecting 3-branes that is related (for the special choice of equal charges) to the non-dilatonic 
(a = 0) RN D = 4 black hole. 7-dual configuration of one 0-brane and three intersecting 4-branes of type 
HA theory was considered in | 18]. 

4 Intersecting p-brane solutions in [19,15] and below are isometric in all directions internal to all constituent 
p-branes (the background fields depend only on the remaining common transverse directions). They are 
different from possible virtual configurations where, e.g., a (p-2)-brane ends (in transverse radial direction) 
on a p-brane | 20]. A configuration of p-brane and p’-brane intersecting in p-+p’-space may be also considered 
as a special anisotropic p+p’-brane. It seems unlikely that there exist more general static solutions (with 
constituent p-branes effectively having different transverse spaces | 19,211) which may ‘interpolate’ between 
intersecting p-brane solutions and solutions with one p-brane ending on another in the transverse direction of 
the latter. 
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Most of the configurations with four intersecting M-branes, namely, 2.21212, 
2121215 and 5151512 are 1/16 supersymmetric and have transverse x-space dimen- 
sion equal to two (5.151515 configuration with 5-branes intersecting over 3-branes to 
preserve supersymmetry does not fit into 11-dimensional space-time). Being described 
in terms of harmonic functions of x they are thus not asymptotically flat in transverse 
directions. There exists, however, a remarkable exception — the configuration 2.121515 
which (like 51.212, 51512 and 51515) has transverse dimension equal to three and 
the fraction of unbroken supersymmetry equal to 1/8 (Section 3). Upon compactifica- 
tion to D = 4 it reduces to the extremal dyonic black hole with four different charges 
and finite area of the horizon. 

Similar D = 4 black hole background can be obtained also from the ‘boosted’ version 
of the D = 11 515.15 solution [15] (Section 2) > as well from the 3.31313 solution 
of D = 10 type IIB theory (Section 4). The two D = 11 configurations 5.15.15-+ ‘boost’ 
and 2.121515 reduce in D = 10 to0141414 and 2121414 solutions of D = 10 type 
IIA theory which are related by T-duality. 

In Section 5 we shall suggest methods for counting the BPS entropy of three intersect- 
ing 5-branes which reproduce the Bekenstein-Hawking entropy of the D = 4 black hole. 
This seems to explain the microscopic origin of the entropy directly in 11-dimensional 
terms. 


2. ‘Boosted’ 515.15 solution of D = 11 theory 
The D = 11 background corresponding to 5.55 configuration [19] is [15] 


ds}, = (Fi FF)? |F, Fy Fx(—d?’ + dy?) (2.1) 
+ FoFy(dy; + dy) + FiFa(dyj + dys) + FiFo(dyg + dyž) + dx,dxs}, 


Fa =3(*dF,' A dy, A dyz + *dFy' A dy4 \ dys + *dF7' ^ dys ^ dyr). (2.2) 


Here F4 is the 4-form field strength and F; are the inverse powers of harmonic func- 
tions of xs (s = 1,2,3). In the simplest I-center case discussed below F7! = 1 + P;/r 
(r? = xsxX,). The *-duality is defined with respect to the transverse 3-space. The co- 
ordinates v, internal to the three 5-branes can be identified according to the F; factors 
inside the square brackets in the metric: (y1, Y4, Y5, Y6, y7) belong to the first 5-brane, 
(Y1, Y2, Y3, Y6, V7) to the second and (y1, y2, Y3, Y4, y5) to the third. 5-branes intersect 
over three 3-branes which in turn intersect over a common string along yi. If R =F: = 1 
the above background reduces to the single 5-brane solution [22] with the harmonic 
function H = Fy independent of the two of transverse coordinates (here y2, y3). The 


5 The ‘boost’ along the common string corresponds to a Kaluza-Klein electric charge part in the D = II 
metric which is ‘dual’ to a Kaluza-Klein monopole part present in the D = 1t embedding of dyonic black 
hole in [15]. 
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case of F; = 1 describes two 5-branes intersecting over a 3-brane.® The special case of 
F, = F = F; is the solution found in [19]. 

Compactifying yı, .., y7 on circles we learn that the effective ‘radii’ (scalar moduli 
fields in D = 4) behave regularly both at r = co and at r = 0 with the exception of the 
‘radius’ of yı. It is possible to stabilize the corresponding scalar by adding a ‘boost’ 
along the common string. The metric of the resulting more general solution [15] is (the 
expression for F4 remains the same) 


dst, = (F FzF3) ~?) [F F F3(dudv + Kdu’) 


+FF3(dy3 + dy}) + FiF; (dy} + dy2) + F F> (dy? + dy3) + dx,dxs] . 
(2.3) 


Here u = yı — t, v = 2t and K is a harmonic function of the three coordinates xs. A 
non-trivial K = 1+@Q/r describes a momentum flow along the string direction.’ Q also 
has an interpretation of a ‘boost’ along yı direction. 

The D = 11 metric (2.3) is regular at the r = 0 horizon and has a non-zero 9-area of 
the horizon (we assume that all y, have period L) 


Ag = 4r L [r K'/2( Fy FoF3) 7/7 ],49 = 477 \/ OP, PzP. (2.4) 


Compactification along y,...y7 leads to a solitonic D`= 5 string. Remarkably, the 
corresponding 6-volume is constant so that one gets directly the Einstein-frame metric 


dst = H~'(dudv + Kdu*) + H’dx,dx,, H = (RRR). (2.5) 


Further compactification along yı or u gives the D = 4 (Einstein-frame) metric which 
is isomorphic to the one of the dyonic black hole [6], 


ds} =—A(r)dt? + A~! (r) (dr? + 7°dQ}), (2.6) 


2 


Mr) = VKR FA = 4 


Vir +0) + POC EPO +A) 


Note, however, that in contrast to the dyonic black hole background of [6] which has 
two electric and two magnetic charges here there is one electric (Kaluza-Klein) and 3 
magnetic charges. From the D = 4 point of view the two backgrounds are related by 
U-duality. The corresponding 2-area of the r = 0 horizon is of course A9/L’. 

In the special case when all 4 harmonic functions are equal (K = F; = H —!) the 
metric (2.3) becomes 


(2.7) 


6 The corresponding | /4 supersymmetric background also has 3-dimensional transverse space and reduces to 
a D = 4 black hole with two charges (it has a = 1 black hole metric when two charges are equal). The 5.L5 
configuration compactified to D = 10 gives 414 solution of type IIA theory which is T-dual to 313 solution 
of type IIB theory. 

7 The metric (2.3) with F; = 1 (ie. ds? = —K7!'d? + Kl dv, + (K7! — Ddt]? +dyndyn +dxsdxs) reduces 
upon compactification along vı direction to the D = 10 type IIA R-R 0-brane background [23] with Q 
playing the role of the KK electric charge. 
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ds?, = H~'dudv + du? + dys + ... + dy + Hdx,dxs 
=—H~*dt? + B’dx,dx, + [dyi + (H7! — 1)dt]? + dy3 +... + dyf, (2.8) 


and corresponds to a charged solitonic string in D = 5 or the Reissner-Nordström 
(a = 0) black hole in D = 4 (‘unboosted’ 51515 solution with K = 1 and equal F; 
reduces to a = 1/\/3 dilatonic D = 4 black hole [19]). 

A compactification of this 5.5.5+‘boost’ configuration to D = 10 along yı gives a 
type HA solution corresponding to three 4-branes intersecting over 2-branes plus addi- 
tional Kaluza-Klein (Ramond-Ramond vector) electric charge background, or, equiva- 
lently, to the 0141414 configuration of three 4-branes intersecting over 2-branes which 
in turn intersect over a Q-brane. If instead we compactify along a direction common 
only to two of the three 5-branes we get 4.1415+‘boost’ type IIA solution. Other 
related solutions of type ITA and IIB theories can be obtained by applying 7-duality and 
SL(2, Z) duality. 


3. 212145145 solution of D = 11 theory 


Solutions with four intersecting M-branes are constructed according to the rules dis- 
cussed in [15]. The 2121515 configuration is described by the following background: 


ds}, = (NT) P (ARP -nA Fy dt? 
+ Ti Fidy? + T, Fody3 + T,Fidy3 + T} Fady? 
+F, Fy (dys + dy + dy) + dx,dxs], (3.1) 
Fa = —3dt A (dT, A dy; A dyz + dTz A dys A dys) 
+3(*d F7! A dy, A dys + *dF7' A dy; A dys) . (3.2) 


Here T7’ are harmonic functions corresponding to the 2-branes and Fo are harmonic 
functions corresponding to the 5-branes, i.e. 


P; 
re 
(1, y2) belong to the first and (y3, y4) to the second 2-brane. (y1, y3, Y5, Y6, Y7) and 
(Y2, Y4, Y5, Y6, Y7) are the coordinates of the two 5-branes. Each 2-brane intersects each 
5-brane over a string. 2-branes intersect over a 0-brane (x = 0) and S-branes intersect 
over a 3-brane. 

Various special cases include, in particular, the 2-brane solution [24] (In = Fi = 
Fy = 1), as well as 5L5 (Ti = n = 1) [19] and 2.5 (1) = R =1), 21215 (R =1), 
21515 (T = 1) [15] configurations (more precisely, their limits when the harmonic 
functions do not depend on a number of transverse coordinates). 


T!=1+%,  F'=1+ (3.3) 


8 This may be compared to another type IIA configuration (consisting of solitonic 5-brane lying within a 
R-R 6-brane, both being intersected over a ‘boosted’ string by a R-R 2-brane) which also reduces [12,15] to 
the dyonic D = 4 black hole. 
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As in the case of the 515 145+‘boost’ solution (2.3), (2.2), the metric (3.1) is regular 
at the r = 0 horizon (in particular, all internal y,-components smoothly interpolate 
between finite values at r — oo and r — OQ) with the 9-area of the horizon being 
(cf. (2.4)) 


Ag = 4r L UTITA F Fy) 7/7} 40 = 4L’ \/O1O2P\ P. (3.4) 
The compactification of y, on 7-torus leads to a D = 4 background with the metric 
which is again the dyonic black hole one (2.6), now with 
r 
Alr) = VIRF F = EEE , 
ew"? JO FONU F Ol F Pi) r+ P2) 


In addition, there are two electric and two magnetic vector fields (as in [6] ) and also 
7 scalar fields. The two electric and two magnetic charges are directly related to the 
2-brane and 5-brane charges (cf. (3.2)). 


2 
(3.5) 


When all 4 harmonic functions are equal ( Te = Fo! = H) the metric (3.1) becomes 
(cf. (2.8)) 
ds?, = —H~7dt? + H*dx,dx, + dy? +... + dy}, (3.6) 


i.e. describes a direct product of a D = 4 Reissner-Nordstrém black hole and a 7-torus. 

Thus there exists an embedding of the dyonic D = 4 black holes into D = 11 
theory which corresponds to a remarkably symmetric combination of M-branes only. 
In contrast to the embeddings with a Kaluza-Klein monopole [15] or electric charge 
(‘boost’) (2.3), (2.8) it has a diagonal D = 11 metric. 


4. 31314313 solution of type ITB theory 


Dimensional reduction of the background (3.1), (3.2) to D = 10 along a direction 
common to the two 5-brane (e.g. y7) gives a type ITA theory solution representing the 
R-R p-brane configuration 2121414. This configuration is T-dual to 0141414 one 
which is the dimensional reduction of the 51515+‘boost’ solution. This suggests also 
a relation between the two D = 11 configurations discussed in Sections 2 and 3. 

T-duality along one of the two directions common to 4-branes transforms 2121414 
into the 313.1313 solution of type IIB theory. The explicit form of the latter can 
be found also directly in D = 10 type IIB theory (i.e. independently of the above 
D = 11 construction) using the method of [15], where the 1/4 supersymmetric solution 
corresponding to two intersecting 3-branes was given. One finds the following D = 10 
metric and self-dual 5-form (other D = 10 fields are trivial): 


dst = (Tı 12T3T4) zua — DPT T4 dt’ 
+ TiThdyj + Tidy} + TiTady3 + TeTsdyg + ThTadys + T3Tadyę + dxsdxs] , 
(4.1) 
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Fs5=dt A (dT, A dy, A dy2 A dyz + dh A dyi A dy4 A dys 
+ dT; ^A dyz A dy4 ^ dye + dT, A^ dy3 A dys A dye) 
+ *dT,! A dys A dys \ dys + *dTx | A dyz A dy3 ^ dys 


+ «dT; | Ady, A dy; A dys + *dT,' A dy, A dyz A dys. (4.2) 


The coordinates of the four 3-branes are (y1, 2,93), (¥1,¥4,¥5), (Y2, Y4, Y6) and 
(Y3, Y5, Y6), i.e. each pair of 3-branes intersect over a string and all 6 strings inter- 
sect at one point. 7; are the inverse harmonic functions corresponding to each 3-brane, 
T = 1 + Q;/r. Like the 2121515 background of D = 11 theory this D = 10 solution 
is 1/8 supersymmetric, has 3-dimensional transverse space and diagonal D = 10 metric. 

Its special cases include the single 3-brane [23,25] with harmonic function indepen- 
dent of 3 of 6 transverse coordinates (T2 = 73 = T4 = 1), 313 solution found in [15] 
(T3 = Ty = 1) and also 313.13 configuration (T4 = 1). The 1/8 supersymmetric 31.313 
configuration also has 3-dimensional transverse space? but the corresponding D = 10 
metric 


dsig = (AND) P| -NNT at? 
+ Tihdy? + TiT3dy3 + Tydy3 + NTsdy4 + Tady? + T3dyg + dx,dx,] ,(4.3) 
is singular at r = 0 and has zero area of the r = 0 horizon. !° 
As in the two D = 11 cases discussed in the previous sections, the metric of the 
3.131313 solution (4.1) has r = 0 as a regular horizon with finite 8-area, (cf. (2.4), 
(3.4)) 


Ag = 47 L§[ r?(T12T\T2) 7), o = 47 LS \/ 01020304. (4.4) 


Ag/L* is the area of the horizon of the corresponding dyonic D = 4 black hole with the 
metric (2.6) and 


2 


r 
MO ENOL TTB FOV TONE OA) nn 


The gauge field configuration here involves 4 pairs of equal electric and magnetic 
charges. When all charges are equal, the 3.131313 metric (4.1) compactified to D = 4 
reduces to the a = 0 black hole metric (while the 313.13 metric (4.3) reduces to the 
a= 1/¥V3 black hole metric [26]). 


9 Similar configurations of three and four intersecting 3-branes, and, in particular, their invariance under the 
1/8 fraction of maximal supersymmetry were discussed in D-brane representation in [17,16]. 

10 This is similar to what one finds for the ‘unboosted’ 5.15.15 configuration (2.1), (2.2). As is well known 
from 4-dimensional point of view, one does need four charges to get a regular behaviour of scalars near the 
horizon and finite area. 


316 Intersecting branes and black holes 
5. Entropy of D = 4 Reissner-Nordstrém black hole 


Above we have demonstrated the existence of supersymmetric extremal D = 11 and 
D = 10 configurations with finite entropy which are built solely out of the fundamental 
p-branes of the corresponding theories (the 2-branes and the 5-branes of the M-theory 
and the 3-branes of type IIB theory) and reduce upon compactification to D = 4 dyonic 
black hole backgrounds with regular horizon. 

Namely, there exists an embedding of a four-dimensional dyonic black hole (in 
particular, of the non-dilatonic Reissner-Nordstrém black hole) into D = 11 theory 
which corresponds to a combination of M-branes only. This may allow an application of 
the approach similar to the one of [14] to the derivation of the entropy (3.4) by counting 
the number of different BPS excitations of the 2.121515 M-brane configuration. 

The 3.1.3..3.L3 configuration represents an embedding of the 1/8 supersymmetric 
dyonic D = 4 black hole into type IIB superstring theory which is remarkable in that 
all four charges enter symmetrically. It is natural to expect that there should exist 
a microscopic counting of the BPS states which reproduces the Bekenstein-Hawking 
entropy in a (U-duality invariant) way that treats all four charges on an equal footing. 

Although we hope to eventually attain a general understanding of this problem, in what 
follows we shall discuss the counting of BPS states for one specific example considered 
above: the M-theory configuration (2.3), (2.2) of the three intersecting 5-branes with 
a common line. Even though the counting rules of M-theory are not entirely clear, we 
see an advantage to doing this from M-theory point of view as compared to previous 
discussions in the context of string theory [12,13]: the 11-dimensional problem is more 
symmetric. Furthermore, apart from the entropy problem, we may learn something about 
the M-theory. 


5.1. Charge quantization in M-theory and the Bekenstein-Hawking entropy 


Upon dimensional reduction to four dimensions, the boosted 5.15.L5 solution (2.3), 
(2.2), reduces to the 4-dimensional black hole with three magnetic charges, P}, Pz 
and P}, and an electric charge Q. The electric charge is proportional to the momentum 
along the intersection string of length L, P = 27N/L. The general relation between the 
coefficient Q in the harmonic function K appearing in (2.3) and the momentum along 
the D = 5 string (cf. (2.5)) wound around a compact dimension of length L is (see 


e.g. [27]) 


2K 2aN _ KUN E KN 


each OR scares a he A 5.1 
(D—4)øp3 L L C co 


Q 


where «3/87 and x?/87 are Newton’s constants in 4 and 11 dimensions. All toroidal 
directions are assumed to have length L. 

The three magnetic charges are proportional to the numbers n,72,”3 of 5-branes in 
the (14567), (12367), and the (12345) planes, respectively (see (2.1), (2.3)). The 
complete symmetry between nı, n2 and n3 is thus automatic in the 11-dimensional 
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approach. The precise relation between P; and n; is found as follows. The charge q5 of 
a D = 11 5-brane which is spherically symmetric in transverse d + 2 < 5 dimensions is 
proportional to the coefficient P in the corresponding harmonic function. For d +2 = 3 
appropriate to the present case (two of five transverse directions are isotropic, or, 
equivalently, there is a periodic array of 5-branes in these compact directions) we get 


2 4 L? 
Ped a ee cea E (5.2) 


s= VK Jie V2K 
At this point we need to know precisely how the 5-brane charge is quantized. This was 
discussed in [9], but we repeat the argument here for completeness. A different argument 
leading to equivalent results was presented earlier in [28]. Upon compactification on 
a circle of length L, the M-theory reduces to type JIA string theory where all charge 
quantization rules are known. We use the fact that double dimensional reduction turns 
a 2-brane into a fundamental string, and a 5-brane into a Dirichlet 4-brane. Hence, we 


have 
To? =T, Tsè = Tay, (5.3) 


where the 10-dimensional gravitational constant is expressed in terms of the 11-dimen- 
sional one by x?) = x?/L. The charge densities are related to the tensions by 


go =V2KT?, qs = V2KTs, (5.4) 
and we assume that the minimal Dirac condition is satisfied, q2q5 = 27r. These relations, 


together with the 10-dimensional expressions [29] 


1 I 
ko = g(a’)’, Ti = Smal’ mols = ya (5.5) 


fix all the M-theory quantities in terms of a’ and the string coupling constant, g. In 
particular, we find 


ee g(a’)? _ eval 


a aT om 
The tensions turn out to be 
273/2 27? 
2 SS ery 5 = (5.7) 
g(a’)3/2 gla)’ 


Note that T} is identical to the tension of the Dirichlet 2-brane of type IIA theory, 
while 7; ~ to the tension of the solitonic 5-brane. This provides a nice check on our 
results, since single dimensional reduction indeed turns the M-theory 2-brane into the 
Dirichlet 2-brane, and the M-theory 5-brane into the solitonic 5-brane. Note that the 
M-brane tensions satisfy the relation 2775 = Te; which was first derived in [28] using 
toroidal compactification to type IIB theory in 9 dimensions. This serves as yet another 
consistency check. 
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It is convenient to express our results in pure M-theory terms. The charges are 


quantized according to !! 


qn = V2KTy = nV2 2K)", (5.8) 


q5=V2KTs = nVv2( 2)", (5.9) 


: ni mK? y3, 
R mE 
The resulting expression for the Bekenstein-Hawking entropy of the extremal Reissner- 
Nordström type black hole, (2.6), (2.7), which is proportional to the area (2.4), is 


(5.10) 


n 


v (5.11) 


This agrees with the expression found directly in D = 4 [2,3,12,13]. 

In the case of the 2.121515 configuration we get (for each pair of 2-brane and 5- 
brane charges) q2 = to, qs = szp The Dirac condition on unit charges translates 
into g2q5 = 2mnim, where n; and m are the numbers of 2- and 5-branes. We conclude 
that Qı Pı = qp mm. Then from (3.4) we learn that 


P, P P:Q 


SBH = 


m ia 87? a 


Qi Pi QP = 2Ty (5.12) 


Remarkably, this result does not depend on the particular choice of M-brane quantization 
condition (choice of mg = wK~?Ts >) or use of D-brane tension expression since the 
2.12.15..5 configuration contains equal number of 2-branes and 5-branes. This provides 
a consistency check. Note also that the D = 4 black holes obtained from the 2.121515 
and from the 515.15 M-theory configurations are not identical, but are related by U- 
duality. The equality of their entropies provides a check of the U-duality, 

The same expression is obtained for the entropy of the D = 10 configuration 
3.131313 (4.3) (or related D = 4 black hole). Each 3-brane charge q3 is propor- 
tional to the corresponding coefficient Q in the harmonic function (cf. (5.2)) 


SBH = 


l d ae 
(se 0 2 ee Q, (5.13) 
m V2 Kio 2K10 K10 
where «?,/82r is the 10-dimensional Newton constant and the overall factor A is due 


to the dyonic nature of the 3-brane. The charge quantization in the self-dual case implies 
(see [9]) q3 = n/m (the absence of standard v2 factor here effectively compensates 
for the ‘dyonic’ - factor in the expression for the charge). !? Thus, Q; = z "i and 
the area (4.4) leads to the following entropy: 


Vin [30] it was argued that the 2-brane tension, 72, satisfies wT} =m? /mo, where mo is a rational number 
that was left undetermined. The argument of [28], as well as our procedure [9], unambiguously fix mo = 1/2. 
12 This agrees with the D3-brane tension, «1973 = ./7, since in the self-dual case qp = Ki0Tp- 
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2 


SBH = 


TAg BTL 
3 = — a V01020304 = 2m yamna. 64) 


Kio 


5.2. Counting of the microscopic states 


The presence of the factor VN in Sgu (5.11) immediately suggests an interpretation 
in terms of the massless states on the string common to all three 5-branes. Indeed, it 
is well known that, for a (1 + 1)-dimensional field theory with a central charge c, the 
entropy of left-moving states with momentum 27r N/L is, for sufficiently large N, given 
by 13 


Seat = 2ary/ Len. (5.15) 


We should find, therefore, that the central charge on the intersection string is, in the 
limit of large charges, equal to 


c = 6njn2n3. (5.16) 


The fact that the central charge grows as nınzn3 suggests the following picture. 2-branes 
can end on 5-branes, so that the boundary looks like a closed string [20,32,33]. It is 
tempting to associate the massless states with those of 2-branes attached to 5-branes 
near the intersection point. Geometrically, we may have a two-brane with three holes, 
each of the holes attached to different 5-dimensional hyperplanes in which the 5-branes 
lie. Thus, for any three 5-branes that intersect along a line, we have a collapsed 2-brane 
that gives massless states in the (1 + 1)-dimensional theory describing the intersection. 
What is the central charge of these massless states? From the point of view of one of 
the 5-branes, the intersection is a long string in 5 + 1 dimensions. Such a string has 
4 bosonic massless modes corresponding to the transverse oscillations, and 4 fermionic 
superpartners. Thus, we believe that the central charge arising trom the collapsed 2-brane 
with three boundaries is 4(1 + 4) = 6.'* 

The upshot of this argument is that each triple intersection contributes 6 to the central 
charge. Since there are m)nzn3 triple intersections, we find the total central charge 
6n\n2n3. One may ask why there are no terms of order n}, etc. This can be explained 
by the fact that all parallel 5-branes are displaced relative to each other, so that the 
2-branes produce massless states only near the intersection points. 

One notable feature of our argument is that the central charge grows as a product 
of three charges, while in all D-brane examples one found only a product of two 
charges. We believe that this is related to the peculiar n? growth of the near-extremal 
entropy of n coincident 5-branes found in [9] (for coincident D-branes the near-extremal 


'3 As pointed out in [31], this expression is reliable only if N >> c. Requiring N to be much greater than 
ninna is a highly asymmetric choice of charges. If, however, all charges are comparable and large, the 
entropy is dominated by the multiply wound S-branes, which we discuss at the end of this section. 

14 Upon compactification on 77, these massless modes are simply the small fluctuations of the long string in 
4 + 1 dimensions which is described by the classical solution (2.5). One should be able to confirm that the 
central charge on this string is equal to 6 by studying its low-energy modes. 
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entropy grows only as n*). This is because the intersecting D-brane entropy comes from 
strings which can only connect objects pairwise. The 2-branes, however, can connect 
three different 5-branes. Based on our observations about entropy, we conjecture that the 
configurations where a 2-brane connects four or more 5-branes are forbidden (otherwise, 
for instance, the near-extremal entropy of n parallel 5-branes would grow faster than 
n>). Perhaps such configurations do not give rise to massless states or give subleading 
contributions to the entropy. 

The counting argument presented above applies to the configuration where there are 
n; parallel 5-branes in the (14567) hyperplane, nz parallel 5-branes in the (12367) 
hyperplane, and 73 parallel 5-branes in the (12345) hyperplane. As explained in [31], 
if ni ~m ~ n ~ N we need to examine a different configuration where one replaces 
a number of disconnected branes by a single multiply wound brane. Let us consider, 
therefore, a single 5-brane in the (14567) hyperplane wound n; times around the y1- 
circle, a single 5-brane in the (12367) hyperplane wound n times around the y;-circle, 
and a single 5-brane in the (12345) hyperplane wound n3 times around the y,-circle. 
Following the logic of [31], one can show that the intersection string effectively has 
winding number n,n2n3: this is because the 2-brane which connects the three 5-branes 
needs to be transported njn2n3 times around the y,-circle to come back to its original 
state. '° Therefore, the massless fields produced by the 2-brane effectively live on a circle 
of length njn2n3L. This implies [34] that the energy levels of the (1 + 1)-dimensional 
field theory are quantized in units of 27/(njn2n3L). In this theory there is only one 
species of the 2-brane connecting the three 5-branes; therefore, the central charge on the 
string is c = 6. The calculation of BPS entropy for a state with momentum 27rN/L, as 
in [34,31], once again reproduces (5.11). While the end result has the form identical to 
that found for the disconnected 5-branes, the connected configuration is dominant when 
all four charges are of comparable magnitude [31]. Now the central charge is fixed, 
and the large entropy is due to the growing density of energy levels. 


6. Black hole entropy in D = 5 and discussion 


The counting arguments presented here are plausible, but clearly need to be put on 
a more solid footing. Indeed, it is not yet completely clear what rules apply to the 11- 
dimensional M-theory (although progress has been made in [14]). The rule associating 
massless states to collapsed 2-branes with three boundaries looks natural, and seems 
to reproduce the Bekenstein-Hawking entropy of extremal black holes in D = 4. Note 
also that a similar rule can be successfully applied to the case of the finite entropy 
D = 5 extremal dyonic black holes described in 11 dimensions by the ‘boosted’ 2 L 5 


'S The role of ninn: as the effective winding number is suggested also by comparison of the D = 5 
solitonic string metric, (2.5), with the fundamental string metric, ds? = V—!(dudu + Kdu?) + dxsdxs , where 
the coefficient in the harmonic function V is proportional to the tension times the winding number of the 
source string (see e.g. |27}). After a conformal rescaling, (2.5) takes the fundamental string form with 
V = H? = (FFF)! so that near r = 0 the dude: part of it is multiplied by Pı PP} ~ njnzn3. Thus, the 
source string may be thought of as wound ninzn3 times around the circle. 
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configuration [15]. Another possible D = 11 embedding of the D = 5 black hole is 
provided by 21212 configuration [15]. The relevant D = 10 type IIB configuration 
is 3.13 (cf. (4.3)) with momentum flow along common string. In the case of 2 L 5 
configuration the massless degrees of freedom on the intersection string may be attributed 
to a collapsed 2-brane with a hole attached to the 5-brane and one point attached to the 
2-brane. If the 5-brane is wound n; times and the 2-brane - n2 times, the intersection 
is described by a c = 6 theory on a circle of length njn2L. Following the arguments of 
[31], we find that the entropy of a state with momentum, 27rN/L along the intersection 
string is 


Saa = 27 nyngN . (6.1) 


This seems to supply a microscopic M-theory basis, somewhat different from that in 
[14], for the Bekenstein-Hawking entropy of D = 5 extremal dyonic black holes. 

We would now like to show that (6.1) is indeed equal to the expression for the 
Bekenstein-Hawking entropy for the ‘boosted’ 2 L 5 configuration {15] (cf. (5.11)), 


2mAy 47° L® 
Son = 3 ? = =a VO: (6.2) 
Q and P are the parameters in the harmonic functions corresponding to the 2-brane 
and the 5-brane, and Q’ is the parameter in the ‘boost’ function, i.e. T7! = 1 + Q/r’, 


F—! =1 + P/r?, K=1+Q'/r*. Note that here (cf. (5.1)) 


Q' = KRN _ 4T L’ _4rE 
nL ’ q2 Vix ’ 5 Jir 


As in the case of the 2121515 configuration, we can use the Dirac quantization 
condition, g2gs = 27rn,n2, to conclude that QP = Spm. This yields (6.1) when 
substituted into (6.2). A similar expression for the BPS entropy is found in the case of 
the completely symmetric 2.1212 configuration, 


P. (6.3) 


Ar? 


6 
= VQ10203 = 2m ynm , (6.4) 


where we have used the 2-brane charge quantization condition (5.8), which implies that 
Qi = njL~4(«//227)4/3. Agreement of different expressions for the D = 5 black hole 
entropy provides another check on the consistency of (5.8), (5.9). 

Our arguments for counting the microscopic states apply only to the configurations 
where M-branes intersect over a string. It would be very interesting to see how approach 
analogous to the above might work when this is not the case. Indeed, black holes with 
finite horizon area in D = 4 may also be obtained from the 2121515 configuration 
in M-theory, and the 3131313 one in type IIB, while in D = 5 — from the 21212 
configuration. Although from the D = 4,5 dimensional point of view these cases are 
related by U-duality to the ones we considered, the counting of their states seems to be 
harder at the present level of understanding. We hope that a more general approach to 
the entropy problem, which covers all the solutions we discussed, can be found. 


Spy = 
K 
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Chapter 6 


M-theory and duality 


In 1977, Montonen and Olive made a bold conjecture {1]. Might there exist a dual 
formulation of fundamental physics in which the roles of Noether charges and topo- 
logical charges are reversed? In such a dual picture, the magnetic monopoles would 
be the fundamental objects and the quarks, W-bosons and Higgs particles would 
be the solitons! They were inspired by the observation that in certain supersym- 
metric grand unified theories, the masses M of all the particles whether elementary 
(carrying purely electric charge Q), solitonic (carrying purely magnetic charge P) 
or dyonic (carrying both) are described by a universal formula 


M? = v?(Q? + P?) (6.1) 


where v is a constant. Note that the mass formula remains unchanged if we ex- 
change the roles of P and Q. The Montonen-Olive conjecture was that this elec- 
tric/magnetic symmetry is a symmetry not merely of the mass formula but is an 
exact symmetry of the entire quantum theory! The reason why this idea remained 
merely a conjecture rather than a proof has to do with the whole question of pertur- 
bative versus non-perturbative effects. According to Dirac, the electric charge Q is 
quantized in units of e, the charge on the electron, whereas the magnetic charge is 
quantized in units of 1/e. In other words, Q = me and P = n/e, where m and n are 
integers. The symmetry suggested by Montonen and Olive thus demanded that in 
the dual world, we not only exchange the integers m and n but we also replace e by 
1/e (or ħ/e if we restore Planck’s constant) and go from a regime of weak coupling 
to a regime of strong coupling. This was very exciting firstly because it promised a 
whole new window on non-perturbative effects and secondly because this would be 
an intrinsically quantum symmetry with no classical (A — 0) counterpart. On the 
other hand, it also made a proof very difficult and the idea was largely forgotten 
for the next few years. 

Although the original supermembrane paper by Hughes, Liu and Polchinski 
[2] made use of the soliton idea, the subsequent impetus in supermembrane theory 
was to mimic superstrings and treat the p-branes as fundamental objects in their 
own right (analogous to particles carrying an electric Noether charge). Even within 
this framework, however, it was possible to postulate a Poincaré duality between 
one p-brane and another by relating them to the geometrical concept of p-forms. 
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(Indeed, this is how p-branes originally got their name.) Now the low energy limit of 
10-dimensional string theory is a 10-dimensional supergravity theory with a 3-form 
field strength. However, 10-dimensional supergravity had one puzzling feature that 
had long been an enigma from the point of view of string theory. In addition to the 
above version there existed a dual version in which the field strength was a 7-form. 
This suggested [3], a dual version of string theory in which the fundamental objects 
are fivebranes! This became known as the string/fivebrane duality conjecture. The 
analogy was still a bit incomplete, however, because at that time no-one had thought 
of the fivebrane as a soliton. 

Then in 1990, a major breakthrough for the string/fivebrane duality conjecture 
came along when Strominger [4] found that the equations of the 10-dimensional 
heterotic string admit a fivebrane as a soliton solution which also preserves half 
the spacetime supersymmetry and whose mass per unit 5-volume is given by the 
topological charge associated with the 3-form of the string. Moreover, this mass 
became larger, the smaller the strength of the string coupling, exactly as one would 
expect for a soliton. He went on to suggest a complete strong/weak coupling duality 
with the strongly coupled string corresponding to the weakly coupled fivebrane. 
By generalizing some earlier work of Nepomechie [5] and Teitelboim [6], moreover, 
it was possible to show that the electric charge of the fundamental string and 
the magnetic charge of the solitonic fivebrane obeyed a Dirac quantization rule. 
In this form, string/fivebrane duality was now much more closely mimicking the 
electric/magnetic duality of Montonen and Olive. However, since most physicists 
were already sceptical of electric/magnetic duality in four dimensions, they did not 
immediately embrace string/fivebrane duality in ten dimensions! 

Furthermore, there was one major problem with treating the fivebrane as a 
fundamental object in its own right; a problem that has bedevilled supermembrane 
theory right from the beginning: no-one knows how to quantize fundamental p- 
branes with p > 1. All the techniques that worked so well for fundamental strings 
and which allow us, for example, to calculate how one string scatters off another, 
simply do not go through. Problems arise both at the level of the worldvolume 
equations where the old béte noir of non-renormalizability comes to haunt us and 
also at the level of the spacetime equations. Each term in string perturbation theory 
corresponds to a two-dimensional worldsheet with more and more holes: we must 
sum over all topologies of the worldsheet. But for surfaces with more than two 
dimensions we do not know how to do this. Indeed, there are powerful theorems 
in pure mathematics which tell you that it is not merely hard but impossible. 
Of course, one could always invoke the dictum that God does not do perturbation 
theory, but that does not cut much ice unless you can say what He does do! So there 
were two major impediments to string/fivebrane duality in 10 dimensions. First, 
the electric/magnetic duality analogy was ineffective so long as most physicists were 
sceptical of this duality. Secondly, treating fivebranes as fundamental raised all the 
unresolved issues of quantization. 

The first of these impediments was removed, however, when Sen [7] revitalized 
the Montonen—Olive conjecture by establishing that certain dyonic states, which 
their conjecture demanded, were indeed present in the theory. Many duality sceptics 
were thus converted. Indeed this inspired Seiberg and Witten [8] to look for duality 
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in more realistic (though still supersymmetric) approximations to the standard 
model. The subsequent industry, known as Seiberg-Witten theory, provided a 
wealth of new information on non-perturbative effects in four-dimensional quantum 
field theories, such as quark-confinement and symmetry-breaking, which would have 
been unthinkable just a few years ago. 

The Montonen-Olive conjecture was originally intended to apply to four-dimen- 
sional grand unified field theories. In 1990, however, Font, Ibanez, Lust and 
Quevedo [9] and, independently, Rey [10] generalized the idea to four-dimensional 
superstrings, where in fact the idea becomes even more natural and goes by the 
name of S-duality. 

In fact, superstring theorists had already become used to a totally different 
kind of duality called T-duality. Unlike S-duality which was a non-perturbative 
symmetry and hence still speculative, T-duality was a perturbative symmetry and 
rigorously established [11]. If we compactify a string theory on a circle then, in 
addition to the Kaluza—Klein particles we would expect in an ordinary field theory, 
there are also extra winding particles that arise because a string can wind around 
the circle. T-duality states that nothing changes if we exchange the roles of the 
Kaluza~Klein and winding particles provided we also exchange the radius of the 
circle R with its inverse 1/R. In short, a string cannot tell the difference between 
a big circle and a small one! 

Recall that, when wrapped around a circle, an 11-dimensional membrane be- 
haves as if it were a 10-dimensional string. In a series of papers between 1991 and 
1995, Duff, Khuri, Liu, Lu, Minasian and Rahmfeld [12-14, 16-18] argued that this 
may also be the way out of the problems of 10-dimensional string/fivebrane dual- 
ity. If we allow four of the ten dimensions to be curled up and allow the solitonic 
fivebrane to wrap around them, it will behave as if it were a 6-dimensional solitonic 
string! The fundamental string will remain a fundamental string but now also in 
6-dimensions. So the 10-dimensional string/fivebrane duality conjecture gets re- 
placed by a 6-dimensional string/string duality conjecture. The obvious advantage 
is that, in contrast to the fivebrane, we do know how to quantize the string and 
hence we can put the predictions of string/string duality to the test. For example, 
one can show that the coupling constant of the solitonic string is indeed given by 
the inverse of the fundamental string’s coupling constant, in complete agreement 
with the conjecture. 

When we spoke of string/string duality, we originally had in mind a duality 
between one heterotic string and another, but the next major development in the 
subject came in 1994 when Hull and Townsend [19] suggested that, if the four- 
dimensional compact space is chosen suitably, a six-dimensional heterotic string can 
be dual to a six-dimensional Type IJA string! The barriers between the different 
string theories were beginning to crumble. 

String/string duality has another unexpected pay-off [18]. If we compactify 
the six-dimensional spacetime on two circles down to four dimensions, the funda- 
mental string and the solitonic string will each acquire a T-duality. But here is 
the miracle: the T-duality of the solitonic string is just the S-duality of the fun- 
damental string, and vice-versa! This phenomenon, in which the non-perturbative 
replacement of e by 1/e in one picture is just the perturbative replacement of R 
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by 1/R in the dual picture, goes by the name of Duality of Dualities. Thus four- 
dimensional electric/magnetic duality, which was previously only a conjecture, now 
emerges automatically if we make the more primitive conjecture of six-dimensional 
string /string duality. 

All this previous work on T-duality, S-duality, and string/string duality was 
suddenly pulled together by Witten [20] under the umbrella of eleven-dimensions. 
One of the biggest problems with D = 10 string theory is that there are five 
consistent string theories: Type I SO(32), heterotic SO(32), heterotic Eg x Es, 
Type IIA and Type IIB. As a candidate for a unique theory of everything, this is 
clearly an embarrassment of riches. Witten put forward a convincing case that this 
distinction is just an artifact of perturbation theory and that non-perturbatively 
these five theories are, in fact, just different corners of a deeper theory. See table 
6.1. Moreover, this deeper theory, subsequently dubbed M-theory, has D = 11 
supergravity as its low energy limit! Thus the five string theories and D = 11 
supergravity represent six different special points! in the moduli space of M-theory. 
The small parameters of perturbative string theory are provided by < e® >, where 
® is the dilaton field, and < e7' > where g; are the moduli fields which arise after 
compactification. What makes M-theory at once intriguing and yet difficult to 
analyze is that in D = 11 there is neither dilaton nor moduli and hence the theory 
is intrinsically non-perturbative. Consequently, the ultimate meaning of M-theory 
is still unclear, and Witten has suggested that in the meantime, M should stand for 
‘magic’, ‘mystery’ or ‘membrane’, according to taste. Curiously enough, however, 
Witten still played down the importance of supermembranes. But it was only a 
matter of time before he too succumbed to the conclusion that we weren’t doing 
just string theory any more! In the coming months, literally hundreds of papers 
appeared in the internet confirming that, whatever M-theory may be, it certainly 
involves supermembranes in an important way[64]. 


Eg x Eg heterotic string 

SO(32) heterotic string 

SO(32) Type I string M theory 
Type IIA string 

Type IIB string 


Table 6.1. The five apparently different string theories are really just different corners 
of M-theory. 


For example, the 6-dimensional string/string duality discussed above (and 
hence the 4-dimensional electric/magnetic duality) follows from 11-dimensional 
membrane/fivebrane duality [21, 22]. The fundamental string is obtained by wrap- 
ping the membrane around a one-dimensional space and then compactifying on a 


1 Some authors take the phrase M -theory to refer merely to this sixth corner of the moduli space. 
With this definition, of course, M-theory is no more fundamental than the other five corners. For 
us, M-theory means the whole kit and caboodle. 
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four-dimensional space; whereas the solitonic string is obtained by wrapping the 
fivebrane around the four-dimensional space and then compactifying on the one- 
dimensional space. Thus S!/Z2 x K3, S! x K3, S!/Zq x T4 and S! x T* yield 
heterotic/heterotic, Type JI A/heterotic, heterotic/Type JIA and Type IIA/Type 
IIA duality, respectively. Nor did it take long before the more realistic kinds of 
electric/magnetic duality envisioned by Seiberg and Witten [8] were also given an 
explanation in terms of string/string duality and hence M-theory [23, 24, 34, 35]. 
Even QCD now has a D = 11 interpretation [35]. 

It is interesting to ask whether we have exhausted all possible theories of ex- 
tended objects with spacetime supersymmetry and fermionic gauge invariance on 
the worldvolume. This we claimed to have done in chapters 2 and 3 by demanding 
super-Poincaré invariance, but might there exist other Green—Schwarz type actions 
in which the supergroup is not necessarily super-Poincaré? Although we have not 
yet attempted to construct all such actions, one may nevertheless place constraints 
on the dimensions and signatures for which such theories are possible [25]. We 
simply impose bose-fermi matching but relax the requirement of a super-Poincaré 
algebra. Although the possibilities are richer, there are still several constraints. In 
particular, the maximum spacetime dimension is now D = 12 where we can have a 
worldvolume with (2,2) signature provided we have a (10,2) spacetime signature. 
This new case is particularly interesting since it belongs to the O sequence and 
furthermore admits Majorana—Wey] spinors. In fact, the idea of a twelfth timelike 
dimension in supergravity is an old one [26] and twelve-dimensional supersymmetry 
algebras have been discussed in the supergravity literature [27]. In particular, the 
chiral (Ni, N_) = (1,0) supersymmetry algebra in (S,T) = (10,2) involves the 
anti-commutator 


{Qa Qa} = (TM )agPun + (TMNPORS) 7+ MNPORS- (6.2) 


The right-hand side yields a Lorentz generator and a six index object so it is 
certainly not super-Poincaré. 

Despite all the objections one might raise to a world with two time dimensions, 
and despite the above problems of interpretation, the idea of a (2,2) object moving 
in a (10, 2) spacetime has recently been revived [28] in the context of F’-theory [29], 
which involves Type [IB compactifications where the axion and dilaton from the 
Ramond-Ramond sector are allowed to vary on the internal manifold. Given a 
manifold M that has the structure of a fiber bundle whose fiber is T? and whose 
base is some manifold B, then 


F on M = Type IIB on B. (6.3) 


The utility of F-theory is beyond dispute and it has certainly enhanced our under- 
standing of string dualities, Seiberg-Witten theory and much else, but should the 
twelve-dimensions of F-theory be taken seriously? And if so, should F-theory be 
regarded as more fundamental than M-theory? Given that there seems to be no 
supersymmetric field theory with SO(10, 2) Lorentz invariance [30], and given that 
the on-shell states carry only ten-dimensional momenta [29], the more conservative 
interpretation is that the twelfth dimension is merely a mathematical artifact and 
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that F-theory should simply be interpreted as a clever way of compactifying the 
ITB string [31]. Time (or should I say ‘both times’ ?) will tell. 

Even the chiral Eg x Eg string, which according to Witten’s earlier theorem 
could never come from eleven-dimensions, was given an eleven-dimensional explana- 
tion by Horava and Witten [32]. The no-go theorem is evaded by compactifying not 
on a circle (which has no ends), but on a line-segment (which has two ends). Witten 
went on to argue that if the size of this one-dimensional space is large compared 
to the six-dimensional Calabi-Yau manifold, then our world is approximately five- 
dimensional [33]. This may have important consequences for confronting M-theory 
with experiment. For example, it is known that the strengths of the four forces 
change with energy. In supersymmetric extensions of the standard model, one finds 
that the fine structure constants a3, @2, Q associated with the SU(3) x SU(2) xU(1) 
all meet at about 1016 GeV, entirely consistent with the idea of grand unification. 
The strength of the dimensionless number ag = GE”, where G is Newton's con- 
stant and E is the energy, also almost meets the other three, but not quite. This 
near miss has been a source of great interest, but also frustration. However, in a 
universe of the kind envisioned by Witten [33], spacetime is approximately a nar- 
row five dimensional layer bounded by four-dimensional walls. The particles of the 
standard model live on the walls but gravity lives in the five-dimensional bulk. As 
a result, it is possible to choose the size of this fifth dimension so that all four forces 
meet at this common scale. Note that this is much less than the Planck scale of 
10!° GeV, so gravitational effects may be much closer in energy than we previously 
thought; a result that would have all kinds of cosmological consequences. 

On the subject of cosmology, the S7 compactification of M-theory and its 
massless sector of gauged N = 8 D = 4 supergravity have also featured in a recent 
cosmological context with attempts to reconcile an open universe with inflation 
[39-42]. 

Thus this eleven-dimensional framework now provides the starting point for un- 
derstanding a wealth of new non-perturbative phenomena, including string/string 
duality, Seiberg-Witten theory, quark confinement, QCD, particle physics phe- 
nomenology and cosmology. 

So what is M-theory? 

There is still no definitive answer to this question, although several different 
proposals have been made. By far the most popular is M(atrix) theory [40]. The 
matrix models of M-theory are SU(k) supersymmetric gauge quantum mechani- 
cal models with 16 supersymmetries. As we have seen in chapter 2, these models 
were first introduced in the context of M-theory in [42, 41, 43], where they ap- 
peared as regularizations of the D = 11 supermembrane in the lightcone gauge, 
sometimes called the infinite momentum frame. (The lightcone gauged-fixed super- 
membrane is a supersymmetric gauge quantum mechanical model with the group of 
area-preserving diffeomorphisms as its gauge group.) The matrix approach of [40] 
exploits the observation [44] that such models are also interpretable as the effective 
action of k coincident Dirichlet 0-branes, and that the continuous spectrum phe- 
nomenon is then just the no-force condition between them. 

The theory begins by compactifying the eleventh dimension on a circle of radius 
R, so that the longitudinal momentum is quantized in units of 1/R with total Pr = 


The World in Eleven Dimensions 329 


k/R with k — oo. The theory is holographic [40] in that it contains only degrees 
of freedom which carry the smallest unit of longitudinal momentum, other states 
being composites of these fundamental states. This is, of course, entirely consistent 
with their identification with the Kaluza—Klein modes. It is convenient to describe 
these k degrees of freedom as k x k matrices. When these matrices commute, 
their simultaneous eigenvalues are the positions of the 0-branes in the conventional 
sense. That they will in general be non-commuting, however, suggests that to 
properly understand M-theory, we must entertain the idea of a fuzzy spacetime 
in which spacetime coordinates are described by non-commuting matrices. In any 
event, this matrix approach has had success in reproducing many of the expected 
properties of M-theory such as D = 11 Lorentz covariance, D = 11 supergravity 
as the low-energy limit, and the existence of membranes and fivebranes. Other 
important contributions may be found in [53-57]. 

It was further proposed that when compactified on T”, the quantum mechan- 
ical model should be replaced by an (n + 1)-dimensional SU(k) Yang-Mills field 
theory defined on the dual torus T”. Another test of this M(atrix) approach, then, 
is that it should explain the U-dualities [45, 46, 19] of chapter 4. For n = 3, for 
example, this group is SL(3,Z) x SL(2,Z). The SL(3,Z) just comes from the 
modular group of T? whereas the SL(2, Z) is the electric/magnetic duality group 
of four-dimensional N = 4 Yang-Mills [47]. For n > 3, however, this picture looks 
suspicious because the corresponding gauge theory becomes non-renormalizable and 
the full U-duality group has still escaped explanation. There have been specula- 
tions [49, 56, 55) on what compactified M-theory might be, including a revival of 
the old proposal that it is really M(embrane)theory [56]. In other words, perhaps 
D = 11 supergravity together with its BPS configurations: plane wave, membrane, 
fivebrane, KK monopole and the D = 11 embedding of the Type IIA eightbrane, 
are all there is to M-theory and that we need look no further for new degrees of 
freedom. At the time of writing this is still being hotly debated. 

The year 1998 marked a renaissance in anti de-Sitter space brought about 
by Maldacena’s conjectured duality between physics in the bulk of AdS and a 
conformal field theory on the boundary [57]. In particular, M-theory on AdS4 x 
S7 is dual to a non-abelian (n = 8,d = 3) superconformal theory, Type JIB 
string theory on AdS; x S° is dual to a d = 4 SU(k) super Yang-Mills theory 
and M-theory on AdS7 x S* is dual to a non-abelian ((n4,n_) = (2,0),d = 6) 
conformal theory. In particular, as has been spelled out most clearly in the d = 4 
SU(k) Yang-Mills case, there is seen to be a correspondence between the Kaluza~ 
Klein mass spectrum in the bulk and the conformal dimension of operators on 
the boundary [58, 59, 60]. This duality thus holds promise not only of a deeper 
understanding of M-theory, but may also throw light on non-perturbative aspects 
of the theories that live on the boundary which can include four-dimensional gauge 
theories. Models of this kind, where a bulk theory with gravity is equivalent to a 
boundary theory without gravity, have also been advocated by ‘t Hooft [62] and 
by Susskind {63] who call them holographic theories. The reader may notice a 
striking similarity to the earlier idea of “The membrane at the end of the universe’ 
and interconnections between the two are currently being explored [61, 65]. For 
example, one immediately recognizes that the dimensions and supersymmetries of 
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these three conformal theories are exactly the same as the singleton, doubleton and 
tripleton supermultiplets of chapter 4. Many theorists are understandably excited 
about the AdS/CFT correspondence because of what it can teach us about non- 
perturbative QCD. In the editor’s opinion, however, this is, in a sense, a diversion 
from the really fundamental question: What is M-theory? So my hope is that this 
will be a two-way process and that superconformal field theories will also teach us 
more about M-theory. 

Edward Witten is fond of imagining how physics might have developed on 
other planets in which major discoveries, such as general relativity, Yang-Mills and 
supersymmetry were made in a different order from that on Earth. In the same 
vein, I would like to suggest that on planets more logical than ours (Vulcan?), eleven 
dimensions would have been taken as the starting point from which ten-dimensional 
string theory was subsequently derived as a special case. Indeed, future (terrestrial) 
historians may judge the period 1984-95 as a time when theorists were like boys 
playing by the sea shore, and diverting themselves with the smoother pebbles or 
prettier shells of perturbative ten-dimensional superstrings while the great ocean of 
non-perturbative eleven-dimensional M-theory lay all undiscovered before them. 
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Abstract 


The strong coupling dynamics of string theories in dimension d > 4 are studied. It is argued, 
among other things, that eleven-dimensional supergravity arises as a low energy limit of the ten- 
dimensional Type IIA superstring, and that a recently conjectured duality between the heterotic 
string and Type IIA superstrings controls the strong coupling dynamics of the heterotic string in 
five, six, and seven dimensions and implies S-duality for both heterotic and Type II strings. 


1. Introduction 


Understanding in what terms string theories should really be formulated is one of the 
basic needs and goals in the subject. Knowing some of the phenomena that can occur for 
strong coupling — if one can know them without already knowing the good formulation! 
~ may be a clue in this direction. Indeed, S-duality between weak and strong coupling 
for the heterotic string in four dimensions (for instance, see Refs. [1,2]) really ought 
to be a clue for a new formulation of string theory. 

At present there is very strong evidence for S-duality in supersymmetric field theories, 
but the evidence for S-duality in string theory is much less extensive. One motivation 
for the present work was to improve this situation. 

Another motivation was to try to relate four-dimensional S-duality to statements or 
phenomena in more than four dimensions. At first sight, this looks well-nigh implausible 
since S-duality between electric and magnetic charge seems to be very special to four 
dimensions. So we are bound to learn something if we succeed. 

Whether or not a version of S-duality plays a role, one would like to determine the 
strong coupling behavior of string theories above four dimensions, just as S-duality - 
and its conjectured Type II analog, which has been called U-duality [3] - determines the 
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strong coupling limit after toroidal compactification to four dimensions.! One is curious 
about the phenomena that may arise, and in addition if there is any non-perturbative 
inconsistency in the higher-dimensional string theories (perhaps ultimately leading to an 
explanation of why we live in four dimensions) it might show up naturally in thinking 
about the strong coupling behavior. 

In fact, in this paper, we will analyze the strong coupling limit of certain string 
theories in certain dimensions. Many of the phenomena are indeed novel, and many of 
them are indeed related to dualities. For instance, we will argue in Section 2 that the 
strong coupling limit of Type ITA supergravity in ten dimensions is eleven-dimensional 
supergravity! In a sense, this statement gives a rationale for “why” eleven-dimensional 
supergravity exists, much as the interpretation of supergravity theories in d < 10 as low 
energy limits of string theories explains “why” these remarkable theories exist. How 
eleven-dimensional supergravity fits into the scheme of things has been a puzzle since 
the theory was first predicted [5] and constructed [6]. 

Upon toroidal compactification, one can study the strong coupling behavior of the 
Type II theory in d < 10 using U-duality, as we will do in Section 3. One can obtain a 
fairly complete picture, with eleven-dimensional supergravity as the only “surprise.” 

Likewise, we will argue in Section 4 that the strong coupling limit of five-dimensional 
heterotic string theory is Type IIB in six dimensions, while the strong coupling limit 
of six-dimensional heterotic string theory is Type ILA in six dimensions (in each case 
with four dimensions as a K3), and the strong coupling limit in seven dimensions 
involves eleven-dimensional supergravity. These results are based on a relation between 
the heterotic string and the Type IIA superstring in six dimensions that has been proposed 
before [3,4]. The novelty in the present paper is to show, for instance, that vexing 
puzzles about the strong coupling behavior of the heterotic string in five dimensions 
disappear if one assumes the conjectured relation of the heterotic string to Type ITA in 
six dimensions. Also we will see — using a mechanism proposed previously in a more 
abstract setting [7] — that the “string-string duality” between heterotic and Type ITA 
strings in six dimensions implies S-duality in four dimensions, so the usual evidence for 
S-duality can be cited as evidence for string—string duality. 

There remains the question of determining the strong coupling dynamics of the het- 
erotic string above seven dimensions. In this context, there is a curious speculation ? 
that the heterotic string in ten dimensions with SO(32) gauge group might have for its 
strong coupling limit the SO(32) Type I theory. In Section 5 we show that this relation, 
if valid, straightforwardly determines the strong coupling behavior of the heterotic string 
in nine and eight dimensions as well as ten, conjecturally completing the description of 
strong coupling dynamics except for Eg x Eg in ten dimensions. 


' By “strong coupling limit” 1 mean the limit as the string coupling constant goes to infinity keeping fixed 
(in the sigma model sense) the parameters of the compactification. Compactifications that are not explicitly 
described or clear from the context will be toroidal. 

2 This idea was considered many years ago by M. B. Green, the present author, and probably others, but not 
in print as far as I know. 
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The possible relations between different theories discussed in this paper should be 
taken together with other, better established relations between different string theories. 
It follows from T-duality that below ten dimensions the Eg x Eg heterotic string is 
equivalent to the SO(32) heterotic string [8,9], and Type IIA is equivalent to Type IB 
[10,11]. Combining these statements with the much shakier relations discussed in the 
present paper, one would have a web of connections between the five string theories 
and eleven-dimensional supergravity. 

After this paper was written and circulated, I learned of a paper [12] that has some 
overlap with the contents of Section 2 of this paper. 


2. Type II superstrings in ten dimensions 
2.1. Type IIB in ten dimensions 


In this section, we will study the strong coupling dynamics of Type II superstrings in 
ten dimensions. We start with the easy case, Type ITB. A natural conjecture has already 
been made by Hull and Townsend [3]. Type IIB supergravity in ten dimensions has 
an SL(2,R) symmetry; the conjecture is that an SL(2, Z) subgroup of this is an exact 
symmetry of the string theory.> This then would relate the strong and weak coupling 
limits just as S-duality relates the strong and weak coupling limits of the heterotic string 
in four dimensions. 

This SL(2, Z) symmetry in ten dimensions, if valid, has powerful implications below 
ten dimensions. The reason is that in d < 10 dimensions, the Type II theory (Type 
IIA and Type IIB are equivalent below ten dimensions) is known to have a T-duality 
symmetry SO(10 — d,10 — d; Z). This T-duality group does not commute with the 
SL(2,Z) that is already present in ten dimensions, and together they generate the 
discrete subgroup of the supergravity symmetry group that has been called U-duality. 4 
Thus, U-duality is true in every dimension below ten if the SL(2,Z) of the Type HB 
theory holds in ten dimensions. 

In the next section we will see that U-duality controls Type II dynamics below 
ten dimensions. As SL(2, Z) also controls Type IIB dynamics in ten dimensions, this 
fundamental duality between strong and weak coupling controls all Type II dynamics 
in all dimensions except for the odd case of Type ITA in ten dimensions. But that case 
will not prove to be a purely isolated exception: the basic phenomenon that we will 
find in Type IIA in ten dimensions is highly relevant to Type II dynamics below ten 


For earlier work on the possible role of the non-compact supergravity symmetries in string and membrane 
theory, see Ref. [13]. 

4 For instance, in five dimensions, T-duality is SO(5,5) and U-duality is Eg. A proper subgroup of Eg 
that contains SO(5,5) would have to be SO(5,5) itself or SO(5,5) x R* (IR® is the non-compact form of 
U(1)), so when one tries to adjoin to SO(5,5) the SL(2) that was already present in ten dimensions (and 
contains two generators that map NS-NS states to RR states and so are not in SO(5,5)) one automatically 
generates all of Eg. 
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dimensions, as we will see in Section 3. In a way ten-dimensional Type IIA proves to 
exhibit the essential new phenomenon in the simplest context. 

To compare to N = 1 supersymmetric dynamics in four dimensions [14], ten- 
dimensional Type IIA is somewhat analogous to supersymmetric QCD with 3N,/2 > 
Ny > N.+1, whose dynamics is controlled by an effective infrared theory that does not 
make sense at all length scales. The other cases are analogous to the same theory with 
3N: > Ny > 3N,/2, whose dynamics is controlled by an exact equivalence of theories 
- conformal fixed points ~ that make sense at all length scales. 


2.2. Ramond-Ramond charges in ten-dimensional type IIA 


It is a familiar story to string theorists that the string coupling constant is really the 
expectation of a field — the dilaton field ¢. Thus, it can be scaled out of the low energy 
effective action by shifting the value of the dilaton. 

After scaling other fields properly, this idea can be implemented in closed string 
theories by writing the effective action as e~2% times a function that is invariant under 
$ — ġ + constant. There is, however, an important subtlety here that affects the Type 
IIA and Type IIB (and Type I) theories. These theories have massless antisymmetric 
tensor fields that originate in the Ramond-Ramond (RR) sector. If Ap is such a p-form 
field, the natural gauge invariance is ÔA, = dAp—1, with Ap_; a (p ~ 1)-form - and 
no dilaton in the transformation laws. If one scales A, by a power of e%, the gauge 
transformation law becomes more complicated and less natural. 

Let us, then, consider the Type IIA theory with the fields normalized in a way 
that makes the gauge invariance natural. The massless bosonic fields from the (Neveu- 
Schwarz)? or NS-NS sector are the dilaton, the metric tensor gmn, and the antisymmetric 
tensor Bmn. From the RR sector, one has a one-form A and a three-form A3. We will write 
the field strengths as H = dB, F = dA, and F4 = dA3; one also needs Fy =dA3+AAH. 
The bosonic part of the low energy effective action can be written J = Ins + Ip where 
lys is the part containing NS-NS fields only and Jp is bilinear in RR fields. One has 
(in units with æ’ = 1) 


1 
Ins = TEE ge ¢ +4(V¢)? — a) (2.1) 
and 
Ip =— | d'°x Ve opty 1 ge -3 [PARAB (2.2) 
2-2! 2-4! 4 4 


With this way of writing the Lagrangian, the gauge transformation laws of A, B, and 
A3 all have the standard, dilaton-independent form 5X = d4, but it is not true that the 
classical Lagrangian scales with the dilaton like an overall factor of e~7¢. 

Our interest will focus on the presence of the abelian gauge field A in the Type 
IIA theory. The charge W of this gauge field has the following significance. The Type 
IIA theory has two supersymmetries in ten dimensions, one of each chirality; call them 


The World in Eleven Dimensions 337 


Qa and Q,. The space-time momentum P appears in the anticommutators {Q, Q} ~ 
{Q',Q’} ~ P. In the anticommutator of Q with Q’ it is possible to have a Lorentz- 
invariant central charge 


{Qa Qa} ~ Saa W. (2.3) 


To see that such a term does arise, it is enough to consider the interpretation of the Type 
IIA theory as the low energy limit of eleven-dimensional supergravity, compactified on 
R?° x S). From that point of view, the gauge field A arises from the components gm,11 
of the eleven-dimensional metric tensor, W is simply the eleventh component of the 
momentum, and (2.3) is part of the eleven-dimensional supersymmetry algebra. 5 

In the usual fashion [17], the central charge (2.3) leads to an inequality between the 
mass M of a particle and the value of W: 


M > co|WI, (2.4) 


with co a “constant,” that is a function only of the string coupling constant A = e?, and 
independent of which particle is considered. The precise constant with which W appears 
in (2.3) or (2.4) can be worked out using the low energy supergravity (there is no need 
to worry about stringy corrections as the discussion is controlled by the leading terms in 
the low energy effective action, and these are uniquely determined by supersymmetry ). 
We will work this out at the end of this section by a simple scaling argument starting 
with eleven-dimensional supergravity. For now, suffice it to say that the A dependence 
of the inequality is actually 


M> =W] (2.5) 


with cı an absolute constant. States for which the inequality is saturated - we will 
call them BPS-saturated states by analogy with certain magnetic monopoles in four 
dimensions - are in “small” supermultiplets with 2° states, while generic supermultiplets 
have 2!° states. 

In the elementary string spectrum, W is ic-atically zero. Indeed, as A originates in 
the RR sector, W would have had to be a rather exotic charge mapping NS-NS to RR 
states. However, there is no problem in finding classical black hole solutions carrying 
the W charge (or any other gauge charge, in any dimension). It was proposed by Hull 
and Townsend [3] that quantum particles carrying RR charges arise by quantization of 
such black holes. Recall that, in any dimension, charged black holes obey an inequality 
GM? > const: W? (G,M, and W are Newton’s constant and the black hole mass 
and charge); with G ~ A’, this inequality has the same structure as (2.5). These 
two inequalities actually correspond in the sense that an extreme black hole, with the 


5 The relation of the supersymmetry algebra to eleven dimensions leads to the fact that both for the lowest 
level and even for the first excited leve? of the Type IIA theory, the states can be arranged in eleven-dimensional 
Lorentz multiplets [15]. If this would persist at higher levels, it might be related to the idea that will be 
developed below. It would also be interesting to look for possible eleven-dimensional traces in the superspace 
formulation [16]. 
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minimum mass for given charge, is invariant under some supersymmetry [18] and so 
should correspond upon quantization to a “small” supermultiplet saturating the inequality 
(2.5). 

To proceed, then, I will assume that there are in the theory BPS-saturated particles 
with W # 0. This assumption can be justified as follows. Hull and Townsend actually 
showed that upon toroidally compactifying to less than ten dimensions, the assumption 
follows from U-duality. In toroidal compactification, the radii of the circles upon which 
one compactifies can be arbitrarily big. That being so, it is implausible to have BPS- 
saturated states of W # 0 below ten dimensions unless they exist in ten dimensions; that 
is, if the smallest mass of a W-bearing state in ten dimensions were strictly bigger than 
c|W|/A, then this would remain true after compactification on a sufficiently big torus. 

If the ten-dimensional theory has BPS-saturated states of W + 0, then what values of 
W occur? A continuum of values of W would seem pathological. A discrete spectrum 
is more reasonable. If so, the quantum of W must be independent of the string coupling 
“constant” A. The reason is that A is not really a “constant” but the expectation value 
of the dilaton field ø. If the quantum of W were to depend on the value of ¢, then 
the value of the electric charge W of a particle would change in a process in which œ 
changes (that is, a process in which œ changes in a large region of space containing 
the given particle); this would violate conservation of W. 

The argument just stated involves a hidden assumption that will now be made explicit. 
The canonical action for a Maxwell field is 


1 
4e2 d"x /8 ES (2.6) 


Comparing to (2.2), we see that in the case under discussion the effective value of e 
is independent of @, and this is why the charge of a hypothetical charged particle is 
independent of ¢. If the action were 


1 
ake g e$ F? (2.7) 


for some non-zero y, then the current density would equal (from the equations of motion 
of A) Jm = ð” (e? Finn). In a process in which @ changes in a large region of space 
containing a charge, there could be a current inflow proportional to V@ - F, and the 
charge would in fact change. Thus, it is really the ¢-independence of the kinetic energy 
of the RR fields that leads to the statement that the values of W must be independent 
of the string coupling constant and that the masses of charged fields scale as P ae 

Since the classical extreme black hole solution has arbitrary charge W (which can be 
scaled out of the solution in an elementary fashion), one would expect, if BPS-saturated 
charged particles do arise from quantization of extreme black holes, that they should 
possess every allowed charge. Thus, we expect BPS-saturated extreme black holes of 
mass 

c)n] 


M = EU (2.8) 
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where n is an arbitrary integer, and, because of the unknown value of the quantum of 
electric charge, c may differ from cı in (2.5). 

Apart from anything else that follows, the existence of particles with masses of order 
1/A, as opposed to the more usual 1 /A* for solitons, is important in itself. It almost 
certainly means that the string perturbation expansion — which is an expansion in powers 
of A? - will have non-perturbative corrections of order exp(—1/A), in contrast to the 
more usual exp(~1/A*) 6. The occurrence of such terms has been guessed by analogy 
with matrix models [20]. 

The fact that the masses of RR charges diverge as A — 0 - though only as 1/A - is 
important for self-consistency. It means that these states disappear from the spectrum as 
A — 0, which is why one does not see them as elementary string states. 


2.3. Consequences for dynamics 


Now we will explore the consequences for dynamics of the existence of these charged 
particles. 

The mass formula (2.8) shows that, when the string theory is weakly coupled, the 
RR charges are very heavy. But if we are bold enough to follow the formula into 
strong coupling, then for A — oo, these particles go to zero mass. This may seem 
daring, but the familiar argument based on the “smallness” of the multiplets would 
appear to show that the formula (2.8) is exact and therefore can be used even for 
strong coupling. In four dimensions, extrapolation of analogous mass formulas to strong 
coupling has been extremely successful, starting with the original work of Montonen 
and Olive that led to the idea of S-duality. (In four-dimensional N = 2 theories, such 
mass formulas generally fail to be exact [21] because of quantum corrections to the 
low energy effective action. For N = 4 in four dimensions, or for Type IIA supergravity 
in ten dimensions, the relevant, leading terms in the low energy action are uniquely 
determined by supersymmetry. ) 

So for strong coupling, we imagine a world in which there are supermultiplets of mass 
M = c{n|/A for every A. These multiplets necessarily contain particles of spin at least 
two, as every supermultiplet in Type ITA supergravity in ten dimensions has such states. 
(Multiplets that do not saturate the mass inequality contain states of spin > 4.) Rotation 
invariance of the classical extreme black hole solution suggests” (as does U-duality) 
that the BPS-saturated multiplets are indeed in this multiplet of minimum spin. 

Thus, for A — 00 we have light, charged fields of spin two. (That is, they are charged 
with respect to the ten-dimensional gauge field A.) Moreover, there are infinitely many 
of these. This certainly does not correspond to a local field theory in ten dimensions. 
What kind of theory will reproduce this spectrum of low-lying states? One is tempted to 


6 If there are particles of mass 1/A, then loops of those particles should give effects of order e~'/4, while 
loops of conventional solitons, with masses 1/A?, would be of order exp(—1/A?). 

7 Were the classical solution not rotationally invariant, then upon quantizing it one would obtain a band of 
states of states of varying angular momentum. One would then not expect to saturate the mass inequality of 
an extreme black hole without taking into account the angular momentum. 
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think of a string theory or Kaluza—Klein theory that has an infinite tower of excitations. 
The only other option, really, is to assume that the strong coupling limit is a sort of 
theory that we do not know about at all at present. 

One can contemplate the possibility that the strong coupling limit is some sort of a 
string theory with the dual string scale being of order 1/A, so that the charged multiplets 
under discussion are some of the elementary string states. There are two reasons that 
this approach does not seem promising: (i) there is no known string theory with the 
right properties (one needs Type IIA supersymmetry in ten dimensions, with charged 
string states coupling to the abelian gauge field in the gravitational multiplet); (ii) we 
do not have evidence for a stringy exponential proliferation of light states as A — co, 
but only for a single supermultiplet for each integer n, with mass ~ |n]. 

Though meager compared to a string spectrum, the spectrum we want to reproduce 
is just about right for a Kaluza—Klein theory. Suppose that in the region of large A, one 
should think of the theory not as a theory on R!° but as a theory on R!° x S!. Such a 
theory will have a “charge” coming from the rotations of S'. Suppose that the radius 
r(A) of the S! scales as 1/A (provided that distances are measured using the “string” 
metric that appears in (2.1) - one could always make a Weyl rescaling). Then for large 
A, each massless field in the eleven-dimensional theory will give, in ten dimensions, for 
each integer n a single field of charge n and mass ~ |n|A. This is precisely the sort of 
spectrum that we want. 

So we need an eleven-dimensional field theory whose fields are in one-to-one cor- 
respondence with the fields of the Type IIA theory in ten dimensions. Happily, there 
is one: eleven-dimensional supergravity! So we are led to the strange idea that eleven- 
dimensional supergravity may govern the strong coupling behavior of the Type HA 
superstring in ten dimensions. 

Let us discuss a little more precisely how this would work. The dimensional reduction 
of eleven-dimensional supergravity to ten dimensions including the massive states has 
been discussed in some detail (for example, see Ref. [22]). Here we will be very 
schematic, just to touch on the points that are most essential. The bosonic fields in 
eleven-dimensional supergravity are the metric Gmn and a three-form A3. The bosonic 
part of the action is 


[= 5 fe VG (R+ |dA3|*) + [as AdA3 A dA3. (2.9) 


Now we reduce to ten dimensions, taking the eleventh dimensions to be a circle of 
radius e”. That is, we take the eleven-dimensional metric to be ds? = G}, dx” dx” + 
e27(dx!! — A,,dx™)? to describe a ten-dimensional metric G!? along with a vector A and 
scalar y; meanwhile A, reduces to a three-form which we still call A3, and a two-form 
B (the part of the original A3 with one index equal to 11). Just for the massless fields, 
the bosonic part of the action becomes roughly 


I= 5 J d!x VG (e” (R + |Vy|? + |dA3|?) + e” |dA]}? + e7”|dB|?) +... (2.10) 
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This formula, like others below, is very rough and is only intended to exhibit the powers 
of e”. The point in its derivation is that, for example, the part of A; that does not have 
an index equal to “11” has a kinetic energy proportional to e”, while the part with such 
an index has a kinetic energy proportional to e~’. 

The powers of e” in (2.10) do not, at first sight, appear to agree with those in (2.1). 
To bring them in agreement, we make a Weyl rescaling by writing G'° = e~”g. Then in 
terms of the new ten-dimensional metric g, we have 


I 
Les [ive (R + (Vy? + |dB|?) + |dA|? + |dA3}? + ...). (2.11) 
We see that (2.11) now does agree with (2.1) if 
err ec”, (2.12) 


In the original eleven-dimensional metric, the radius of the circle is r(A) =e”, but now, 
relating y to the dilaton string coupling constant via (2.12), we can write 


r(A) = eth = A2/3, (2.13) 


The masses of Kaluza—Klein modes of the eleven-dimensional theory are of order 1/r(A) 
when measured in the metric G!°, but in the metric g they are of order 


e77/2 
r(A) 


Manipulations similar to what we have just seen will be made many times in this paper. 

Here are the salient points: 

(1) The radius of the circle grows by the formula (2.13) as A — oo. This is 
important for self-consistency; it means that when A is large the eleven-dimensional 
theory is weakly coupled at its compactification scale. Otherwise the discussion in terms 
of eleven-dimensional field theory would not make sense, and we would not know how 
to improve on it. As it is, our proposal reduces the strongly coupled Type IIA superstring 
to a field theory that is weakly coupled at the scale of the low-lying excitations, so we 
get an effective determination of the strong coupling behavior. 

(2) The mass of a particle of charge n, measured in the string metric g in the 
effective ten-dimensional world, is of order |n|/A from (2.14). This is the dependence 
on A claimed in (2.5), which we have now in essence derived: the dependence of the 
central charge on ¢ is uniquely determined by the low energy supersymmetry, so by 
deriving this dependence in a Type IIA supergravity theory that comes by Kaluza—Kliein 
reduction from eleven dimensions, we have derived it in general. 

So far, the case for relating the strong coupling limit of Type IIA superstrings to 
eleven-dimensional supergravity consists of the fact that this enables us to make sense 
of the otherwise puzzling dynamics of the BPS-saturated states and that point (1) above 
worked out correctly, which was not obvious a priori. The case will hopefully get much 
stronger in the next section when we extend the analysis to work below ten dimensions 
and incorporate U-duality, and in Section 4 when we look at the heterotic string in seven 


AT, (2.14) 
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dimensions. In fact, the most startling aspect of relating strong coupling string dynamics 
to eleven-dimensional supergravity is the Lorentz invariance that this implies between 
the eleventh dimension and the original ten. Both in Section 3 and in Section 4, we will 
see remnants of this underlying Lorentz invariance. 


3. Type I dynamics below ten dimensions 
3.1, U-duality and dynamics 


In this section, we consider Type II superstrings toroidally compactified to d < 10 
dimensions, with the aim of understanding the strong coupling dynamics, that is, the 
behavior when some parameters, possibly including the string coupling constant, are 
taken to extreme values. 

The strong coupling behaviors of Type ITA and Type IIB seem to be completely 
different in ten dimensions, as we have seen. Upon toroidal compactification below ten 
dimensions, the two theories are equivalent under T-duality [10,11], and so can be 
considered together. We will call the low energy supergravity theory arising from this 
compactification Type II supergravity in d dimensions. 

The basic tool in the analysis is U-duality. Type II supergravity in d dimensions 
has a moduli space of vacua of the form G/K, where G is a non-compact connected 
Lie group (which depends on d) and K is a compact subgroup, generally a maximal 
compact subgroup of G. G is an exact symmetry of the supergravity theory. There are 
also U(1) gauge bosons, whose charges transform as a representation of G. ® The 
structure was originally found by dimensional reduction from eleven dimensions [23]. 

In the string theory realization, the moduli space of vacua remains G/K since this 
is forced by the low energy supergravity. Some of the Goldstone bosons parametrizing 
G/K come from the NS-NS sector and some from the RR sector. The same is true of 
the gauge bosons. In string theory, the gauge bosons that come from the NS-NS sector 
couple to charged states in the elementary string spectrum. It is therefore impossible for 
G to be an exact symmetry of the string theory — it would not preserve the lattice of 
charges. The U-duality conjecture says that an integral form of G, call it G(Z), is a 
symmetry of the string theory. If so, then as the NS~NS gauge bosons couple to BPS- 
saturated charges, the same must be true of the RR gauge bosons - though the charges 
in question do not appear in the elementary string spectrum. The existence of such RR 
charges was our main assumption in the last section; we see that this assumption is 
essentially a consequence of U-duality. 


8 To make a G-invariant theory on G/K, the matter fields in general must be in representations of the unbroken 
symmetry group K. Matter fields that are in representations of K that do not extend to representations of G 
are sections of some homogeneous vector bundles over G/K with non-zero curvature. The potential existence 
of an integer lattice of charges forces the gauge bosons to be sections instead of a flat bundle, and that is why 
they are in a representation of G and not only of K. 
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The BPS-saturated states are governed by an exact mass formula - which will be 
described later in some detail - which shows how some of them become massless 
when one approaches various limits in the moduli space of vacua. Our main dynamical 
assumption is that the smallest mass scale appearing in the mass formula is always the 
smallest mass scale in the theory. 

We assume that at a generic point in G/K, the only massless states are those in the 
supergravity multiplet. There is then nothing to say about the dynamics: the infrared 
behavior is that of d-dimensional Type II supergravity. There remains the question of 
what happens when one takes various limits in G/K — for instance, limits that correspond 
to weak coupling or large radius or (more mysteriously) strong coupling or very strong 
excitation of RR scalars. We will take the signal that something interesting is happening 
to be that the mass formula predicts that some states are going to zero mass. When this 
occurs, we will try to determine what is the dynamics of the light states, in whatever 
limit is under discussion. 

We will get a complete answer, in the sense that for every degeneration of the Type II 
superstring in d dimensions, there is a natural candidate for the dynamics. In fact, there 
are basically only two kinds of degeneration; one involves weakly coupled string theory, 
and the other involves weakly coupled eleven-dimensional supergravity. In one kind of 
degeneration, one sees toroidal compactification of a Type II superstring from ten to d 
dimensions; the degeneration consists of the fact that the string coupling constant is going 
to zero. (The parameters of the torus are remaining fixed.) In the other degeneration 
one sees toroidal compactification of eleven-dimensional supergravity from eleven to d 
dimensions; the degeneration consists of the fact that the radius of the torus is going 
to infinity so that again the coupling constant at the compactification scale is going to 
zero.? (These are actually the degenerations that produce maximal sets of massless 
particles; others correspond to perturbations of these.) 

Thus, with our hypotheses, one gets a complete control on the dynamics, including 
strong coupling. Every limit which one might have been tempted to describe as “strong 
coupling” actually has a weakly coupled description in the appropriate variables. The 
ability to get this consistent picture can be taken as evidence that the hypotheses are 
true, that U-duality is valid, and that eleven-dimensional supergravity plays the role in 
the dynamics that was claimed in Section 2. 

It may seem unexpected that weakly coupled string theory appears in this analysis as 
a “degeneration,” where some particles go to zero mass, so let me explain this situation. 
For d < 9, G is semi-simple, and the dilaton is unified with other scalars. The “string” 
version of the low energy effective action, in which the dilaton is singled out in the 
gravitational kinetic energy 


[ot ge *R (3.1) 


’ It is only in the eleven-dimensional description that the radius is going to infinity. In the ten-dimensional 
string theory description, the radius is fixed but the string coupling constant is going to infinity. 
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is unnatural for exhibiting such a symmetry. The G-invariant metric is the one obtained 
by a Weyl transformation that removes the e~*? from the gravitational kinetic energy. 
The transformation in question is of course the change of variables g = e*4/(4-2) 9’, with 
g’ the new metric. This transformation multiplies masses by e?4/(4-2), that is, by 


wa = A2/(4-2) (3.2) 


(with A the string coupling constant). Thus, while elementary string states have masses 
of order one with respect to the string metric, their masses are of order A2/(4~?) in the 
natural units for discussions of U-duality. So, from this point of view, the region of 
weakly coupled string theory is a “degeneration” in which some masses go to zero. 

It is amusing to consider that, in a world in which supergravity was known and string 
theory unknown, the following discussion might have been carried out, with a view to 
determining the strong coupling limit of a hypothetical consistent theory related to Type 
II supergravity. The string theory degeneration might then have been found, giving a 
clue to the existence of this theory. Similarly, the strong coupling analysis that we are 
about to perform might a priori have uncovered new theories beyond string theory and 
eleven-dimensional supergravity, but this will not be the case. 


3.2. The Nature of Infinity 


It is useful to first explain ~ without specific computations - why NS-NS (rather than 
RR) moduli play the primary role. 

We are interested in understanding what particles become light ~ and how they interact 
- when one goes to infinity in the moduli space G(Z)\G/K. The discussion is simplified 
by the fact that the groups G that arise in supergravity are the maximally split forms of 
the corresponding Lie groups. This simply means that they contain a maximal abelian 
subgroup A which is a product of copies of R* (rather than U(1)). '° 

For instance, in six dimensions G = SO(5,5), with rank 5. One can think of G as 
the orthogonal group acting on the sum of five copies of a two-dimensional real vector 
space H endowed with quadratic form 


0 1 
€ a (3.3) 


Then a maximal abelian subgroup of G is the space of matrices looking like a sum of 
five 2 x 2 blocks, of the form 


eì 0 
( A a (3.4) 


for some A;. This group is of the form (R*)°. Likewise, the integral forms arising in 
T- and U-duality are the maximally split forms over Z; for instance the T-duality group 


10 Algebraists call A a “maximal torus,” and T would be the standard name, but I will avoid this terminology 
because (i) calling (IR*)" a “torus” might be confusing, especially in the present context in which there are 
so many other tori; (ii) in the present problem the letter T is reserved for the T-duality group. 
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upon compactification to 10 — d dimensions is the group of integral matrices preserving 
a quadratic form which is the sum of d copies of (3.3). This group is sometimes called 
SO(d,d;Z). 

With the understanding that G and G(Z) are the maximally split forms, the structure 
of infinity in G(Z)\G/K is particularly simple. A fundamental domain in G(Z)\G/K 
consists of group elements of the form g = tu, where the notation is as follows. u 
runs over a compact subset U of the space of generalized upper triangular matrices; 
compactness of U means that motion in U is irrelevant in classifying the possible ways 
to “go to infinity.” t runs over A/W where A was described above, and W is the Weyl 
group. 

Thus, one can really only go to infinity in the A direction, and moreover, because of 
dividing by W, one only has to consider going to infinity in a “positive” direction. 

Actually, A has a very simple physical interpretation. Consider the special case of 
compactification from 10 to 10 — d dimensions on an orthogonal product of circles S! 
of radius r;. Then G has rank d+ 1, so A is a product of d + 1 R*’s. d copies of R* 
act by rescaling the r; (making up a maximal abelian subgroup of the 7-duality group 
SO(d,d)), and the last one rescales the string coupling constant. So in particular, with 
this choice of A, if one starts at a point in moduli space at which the RR fields are all 
zero, they remain zero under the action of A. 

Thus, one can probe all possible directions at infinity without exciting the RR fields; 
directions in which some RR fields go to infinity are equivalent to directions in which 
one only goes to infinity via NS-NS fields. Moreover, by the description of A just given, 
going to infinity in NS-NS directions can be understood to mean just taking the string 
coupling constant and the radial parameters of the compactification to zero or infinity. 


3.3. The central charges and their role 


Let us now review precisely why it is possible to predict particle masses from U- 
duality. The unbroken subgroup K of the supergravity symmetry group G is realized 
in Type II supergravity as an R-symmetry group; that is, it acts non-trivially on the 
supersymmetries. K therefore acts on the central charges in the supersymmetry algebra. 
The scalar fields parametrizing the coset space G/K enable one to write a G-invariant 
formula for the central charges (which are a representation of K) of the gauge bosons 
(which are a representation of G). For most values of d, the formula is uniquely 
determined, up to a.multiplicative constant, by G-invariance, so the analysis does not 
require many details of supergravity. That is fortunate as not all the details we need 
have been worked out in the literature, though many can be found in Ref. [24]. 

For example, let us recall (following Ref. [3]) the situation in d = 4. The 7-duality 
group is SO(6,6), and S-duality would be SL(2) (acting on the axion-dilaton system 
and exchanging electric and magnetic charge). SO(6, 6) x SL(2) is a maximal subgroup 
of the U-duality group which is G = E> (in its non-compact, maximally split form) and 
has K = SU(8) as a maximal compact subgroup. 
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Toroidal compactification from ten to four dimensions produces in the NS-NS sector 
twelve gauge bosons coupling to string momentum and winding states, and transforming 
in the twelve-dimensional representation of SO(6, 6). The electric and magnetic charges 
coupling to any one of these gauge bosons transform as a doublet of SL(2), so altogether 
the NS-NS sector generates a total of 24 gauge charges, transforming as (12,2) of 
SO(6,6) x SL(2). 

From the RR sector, meanwhile, one gets 16 vectors. (For instance, in Type IIA, the 
vector of the ten-dimensional RR sector gives 1 vector in four dimensions, and the three- 
form gives 6-5/2 = 15.) These 16 states give a total of 16-2 = 32 electric and magnetic 
charges, which can be argued to transform in an irreducible spinor representation of 
SO(6,6) (of positive or negative chirality for Type HA or Type ITB), while being 
SL(2) singlet. The fact that these states are SL(2) singlets means that there is no 
natural way to say which of the RR charges are electric and which are magnetic. 
Altogether, there are 24 + 32 = 56 gauge charges, transforming as 


(12,2) ® (32,1) (3.5) 


under SO(6,6) x SL(2); this is the decomposition of the irreducible 56 of E7. Let us 
call the space of these charges V. 

The four-dimensional theory has N = 8 supersymmetry; thus there are eight positive- 
chirality supercharges Q}, i = 1,...,8, transforming in the 8 of K =SU(8). The central 
charges, arising in the formula 


{2i Qh} = €apZ", (3.6) 


therefore transform as the second rank antisymmetric tensor of SU(8), the 28: this 
representation has complex dimension 28 or real dimension 56. Denote the space of 
Z's as W. 

Indeed, the 56 of E7, when restricted to SU(8), coincides with the 28, regarded as 
a 56-dimensional real representation. (Equivalently, the 56 of E, when complexified 
decomposes as 28 @ 28 of SU(8).) There is of course a natural, SU(8)-invariant metric 
on W. As the 56 is a pseudoreal rather than real representation of E7, there is no E7- 
invariant metric on V. However, as V and W coincide when regarded as representations of 
SU(8), one can pick an embedding of SU(8) in E7 and then define an SU(8)-covariant 
map T : V — W which determines a metric on V. 

There is no reason to pick one embedding rather than another, and indeed the space 
of vacua E7/SU(8) of the low energy supergravity theory can be interpreted as the 
space of all SU(8) subgroups of E7. Given g € E7, we can replace T : V — W by 


Ty =Tg7!. (3.7) 


This is not invariant under g — gk, with k € SU(8), but it is so invariant up to an 
SU(8) transformation of W. So let y € V be a vector of gauge charges of some string 
state. Then 


be > Zp) = Te (3.8) 
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gives a vector in W, representing the central charges of y. The map from “states” y to 
central charges Z(y) is manifestly E7-invariant, that is invariant under 


yg, 
ges. (3.9) 


Also, under g — gk, with k € SU(8), Z transforms to Tk~'T—'Z, that is, it transforms 
by a “local SU(8) transformation” that does not affect the norm of the central charge. 
The formula (3.8) is, up to a constant multiple, the only formula with these properties, 
so it is the one that must come from the supergravity or superstring theory. 

In supersymmetric theories with central charges, there is an inequality between the 
mass of a state and the central charge. For elementary string winding states and their 
partners under U-duality, the inequality is M > |Z|. (More generally, the inequality is 
roughly that M is equal to or greater than the largest eigenvalue of Z; for a description 
of stringy black holes with more than one eigenvalue, see Ref. [19]. Elementary string 
states have only one eigenvalue.) 

So far, we have not mentioned the integrality of the gauge charges. Actually, states 
carrying the 56 gauge charges only populate a lattice Vz C V. If U-duality is true, then 
each lattice point related by U-duality to the gauge charges of an elementary string state 
represents the charges of a supermultiplet of mass |Z()|. 

As an example of the use of this formalism, let us keep a promise made in Section 
2 and give an alternative deduction, assuming U-duality, of the important statement that 
the masses of states carrying RR charges are (in string units) of order 1/A.!! Starting 
from any given vacuum, consider the one-parameter family of vacua determined by 
the following one-parameter subgroup of SO(6,6) x SL(2): we take the identity in 
SO(6,6) (so that the parameters of the toroidal compactification are constant) times 


e 0 
&= E ay (3.10) 


in SL(2) (so as to vary the string coupling constant). We work here in a basis in which 
the “top” component is electric and the “bottom” component is magnetic. 

Using the mass formula M(w) = |Z(w)| = |Tg~'w|, the t dependence of the mass 
of a state comes entirely from the g action on the state. The NS-NS states, as they 
are in a doublet of SL(2), have “electric” components whose masses scale as e~' and 
“magnetic” components with masses of e’. On the other hand, as the RR states are 
SL(2) singlets, the mass formula immediately implies that their masses are independent 
of t. 

These are really the masses in the U-dual “Einstein” metric. Making a Weyl transfor- 
mation to the “string” basis in which the electric NS-NS states (which are elementary 
string states) have masses of order one, the masses are as follows: electric NS-NS, 
M ~ 1; magnetic NS-NS, M ~ e”; RR, M ~ e. But since we know that the magnetic 


Li The following argument was pointed out in parallel by C. Hull. 
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NS-NS states (being fairly conventional solitons) have masses of order 1/A?, we iden- 
tify e' = 1/A (a formula one could also get from the low energy supergravity); hence 
the RR masses are of order 1/A as claimed. !? 

The basic properties described above hold in any dimension above three. (In nine 
dimensions, some extra care is needed because the U-duality group is not semi-simple.) 
In three dimensions, new phenomena, which we will not try to unravel, appear because 
vectors are dual to scalars and charges are confined (for some of the relevant material, 
see Ref. [25]). 


3.4. Analysis of dynamics 


We now want to justify the claims made at the beginning of this section about the 
strong coupling dynamics. 

To do this, we will analyze limits of the theory in which some of the BPS-saturated 
particles go to zero mass. Actually, for each way of going to infinity, we will look only 
at the particles whose masses goes to zero as fast as possible. We will loosely call these 
the particles that are massless at infinity. 

Also, we really want to find the “maximal” degenerations, which produce maximal 
sets of such massless particles; a set of massless particles, produced by going to infinity 
in some direction, is maximal if there would be no way of going to infinity such that 
those particles would become massless together with others. A degeneration (i.e. a path 
to infinity) that produces a non-maximal set of massless particles should be understood 
as a perturbation of a maximal degeneration. (In field theory, such perturbations, which 
partly lift the degeneracy of the massless particles, are called perturbations by relevant 
operators.) We will actually also check a few non-maximal degenerations, just to make 
sure that we understand their physical interpretation. 

To justify our claims, we should show that in any dimension d, there are only two 
maximal degenerations, which correspond to toroidal compactification of weakly coupled 
ten-dimensional string theory and to toroidal compactification of eleven-dimensional 
supergravity, respectively. The analysis is in fact very similar in spirit for any d, but 
the details of the group theory are easier for some values of d than others. I will first 
explain a very explicit analysis for d = 7, chosen as a relatively easy case, and then 
explain an efficient approach for arbitrary d. 

In d = 7, the 7-duality group is SO(3,3), which is the same as SL(4); U-duality 
extends this to G = SL(5). A maximal compact subgroup is K = SO(5). 

In the NS-NS sector, there are six U(1) gauge fields that come from the com- 
pactification on a three-torus; they transform as a vector of SO(3,3) or second rank 
antisymmetric tensor of SL(4). In addition; four more U(1)’s, transforming as a spinor 
of SO(3,3) or a 4 of SL(4), come from the RR sector. These states combine with the 


12 We made this deduction here in four dimensions, but it could be made, using U-duality, in other dimensions 

as well. Outside of four dimensions, instead of using the known mass scale of magnetic monopoles to fix the 
relation between ¢ and A, one could use the known Wey! transformation (3.2) between the string and U-dual 
mass scales. 
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six from the NS-NS sector to make the second rank antisymmetric tensor, the 10 of 
SL(5). 

In Type II supergravity in seven dimensions, the maximal possible R-symmetry is 
K = SO(5) or Sp(4). The supercharges make up in fact four pseudo-real spinors Q5, 
i=1,...,4, of the seven-dimensional Lorentz group SO(1,6), transforming as the 4 of 
Sp(4). The central charges transform in the symmetric part of 4 x 4, which is the 10 or 
antisymmetric tensor of SO(5). Thus, we are in a situation similar to what was described 
earlier in four dimensions: the gauge charges transform as the 10 of SL(5), the central 
charges transform in the 10 of SO(5), and a choice of vacuum in G/K = SL(5) /SO(5) 
selects an SO(5) subgroup of SL(5), enabling one to identify these representations and 
map gauge charges to central charges. 

A maximal abelian subgroup A of SL(5) is given by the diagonal matrices. A one- 
parameter subgroup of A consists of matrices of the form 


vw 0 0 0 0 
0 e 0 0 0 
g= 0 0 e 0 0 
0 0 0 e QO 
0 0 0 0 e 


, (3.11) 


where the a; are constants, not all zero, with >; a; = 0. We want to consider the behavior 
of the spectrum as t — +00. By a Weyl transformation, we can limit ourselves to the 
case that 


ai Z a 2...2 45. (3.12) 


Let pij, i < j be a vector in the 10 of SL(5) whose components are zero except for 
the ij component, which is 1 (and the ji component, which is —1). We will also use the 
name yj; for a particle with those gauge charges. The mass formula M() = |Tg~'y| 
says that the mass of ; scales with ż as 


M (Wij) ~ eae), (3.13) 


By virtue of (3.12), the lightest type of particle is %12. For generic values of the a;, 
this is the unique particle whose mass scales to zero fastest, but if a2 = a3 then ¥2 is 
degenerate with other particles. To get a maximal set of particles degenerate with 42, 
we need a maximal set of a; equal to a2 and a3. We cannot set all a; equal (then they 
have to vanish, as aa a; = 0), so by virtue of (3.12), there are two maximal cases, with 
aı = a2 = a3 = a4, OF A2 = a3 = a4 = as. So the maximal degenerations correspond to 
one-parameter subgroups 


e 0 0 0 0 
Oe 00 0 
g=lo0o 0 e 0 o0 (3.14) 
0 00e 0 
000 0e* 
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&=| 0 0 e” (3.15) 


ooo eo 


with t — +00. As we will see, the first corresponds to weakly coupled string theory, 
and the second to eleven-dimensional supergravity. 

In (3.14), the particles whose masses vanish for t — +00 are the yj; with 1 <i < j < 
4. There are six of these, the correct number of light elementary string states of string 
theory compactified from ten to seven dimensions. Moreover, in (3.14), g, commutes 
with a copy of SL(4) that acts on indices 1—2 —3 —4. This part of the seven-dimensional 
symmetry group SL(5) is unbroken by going to infinity in the direction (3.14), and 
hence would be observed as a symmetry of the low energy physics at “infinity” (though 
most of the symmetry is spontaneously broken in any given vacuum near infinity). 
Indeed, SL(4) with six gauge charges in the antisymmetric tensor representation is the 
correct T-duality group of weakly coupled string theory in seven dimensions. 

There is a point here that may be puzzling at first sight. The full subgroup of SL(5) 
that commutes with g, is actually not SL(4) but SL(4) x R*, where R* is the one- 
parameter subgroup containing g,. What happens to the R*? When one restricts to 
the integral points in SL(5), which are the true string symmetries, this R* does not 
contribute, so the symmetry group at infinity is just the integral form of SL(4). A 
similar comment applies at several points below and will not be repeated. 

Moving on now to the second case, in (3.15), the particles whose masses vanish for 
t — +00 are the y;, i > 1. There are four of these, the correct number for compact- 
ification of eleven-dimensional supergravity on a four-torus T* whose dimensions are 
growing with ft. The gauge charges of light states are simply the components of the 
momentum along T*. The symmetry group at infinity is again SL(4). This SL(4) has 
a natural interpretation as a group of linear automorphisms of T*. !3 In fact, the gauge 
charges carried by the light states in (3.15) transform in the 4 of SL(4), which agrees 
with the supergravity description as that is how the momentum components along T* 
transform under SL(4). As this SL(4) mixes three of the “original” ten dimensions 
with the eleventh dimension that is associated with strong coupling, we have our first 
evidence for the underlying eleven-dimensional Lorentz invariance. 

Finally, let us consider a few non-maximal degenerations, to make sure we understand 
how to interpret them. !4 Degeneration in the direction 


13 That is, if Tî is understood as the space of real variables y’, i = 1,...,4, modulo yi — yi + n', with 
n € Z, then SL(4) acts by yi — w’;y/. For this to be a diffeomorphism and preserve the orientation, the 
determinant of w must be one, so one is in SL(4). Given an n-torus T”, we will subsequently use the phrase 
“mapping class group” to refer to the SL(n) that acts linearly in this sense on T”. 

'4 We will see in the next section that when the U-duality group has rank r, there are r naturally distinguished 
one-parameter subgroups. For SL(5), these are (3.14), (3.15), and the two introduced below. 
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g=| 0 0 e (3.16) 


0 0 0 0 e” 


leaves as t — co the unique lightest state 12. I interpret this as coming from partial 
decompactification to eight dimensions -— taking one circle much larger than the others so 
that the elementary string states with momentum in that one direction are the lightest. 
This family has the symmetry group SL(3) x SL(2), which is indeed the U-duality 
group in eight dimensions, as it should be. 


The family 
e 0 0 0 0 
0 e 0 0 0 
g=| 0 0 e o0 0 (3.17) 
0 0 0 e 0 


W 


t 


0 0 0 0 S 


gives three massless states Wj, 1 < i < j < 3, transforming as (3,1) of the symmetry 
group SL(3) x SL(2). I interpret this as decompactification to the Type IIB theory in 
ten dimensions — taking all three circles to be very large. The three light charges are 
the momenta around the three circles; SL(3) is the mapping class group of the large 
three-torus, and SL(2) is the U-duality group of the Type ITB theory in ten dimensions. 


Partially saturated states 

I will now justify an assumption made above and also make a further test of the 
interpretation that we have proposed. 

First of all, we identified BPS-saturated elementary string states with charge tensors 
hij with (in the right basis) only one non-zero entry. Why was this valid? 

We may as well consider NS-NS states; then we can restrict ourselves to the 7-duality 
group SO(3,3). The gauge charges transform in the vector representation of SO(3, 3). 
Given such a vector vg, one can define the quadratic invariant (v,v) = ab NPVaVe. 

On the other hand, SO(3,3) is the same as SL(4), and v is equivalent to a second 
rank antisymmetric tensor w of SL(4). In terms of y, the quadratic invariant is (Y, y) = 
Le Wi. By an SL(4) transformation, one can bring ¥ to a normal form in which 
the independent non-zero entries are %2 and #34 only. Then 


(yr) = uipa. (3.18) 


So the condition that the particle carries only one type of charge, that is, that only 2 
or 34 ¿s non-zero, is that (Y, y) = 0. 

Now let us consider the elementary string states. Such a state has in the toroidal 
directions left- and right-moving momenta p; and pr. p, and pp together form a vector 
of SO(3,3), and the quadratic invariant is [8] 


(p.p) = |PL}? — Iprl?. (3.19) 
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BPS-saturated states have no oscillator excitations for left- or right-movers, and the mass 
shell condition requires that they obey |pz|? — |pr|? = 0, that is, that the momentum 
or charge vector p is light-like. This implies, according to the discussion in the last 
paragraph, that in the right basis, the charge tensor w has only one entry. That is the 
assumption we made. 

Now, however, we can do somewhat better and consider elementary string states of 
Type II that are BPS-saturated for left-movers only (or equivalently, for right-movers 
only). Such states are in “middle-sized” supermultiplets, of dimension 2'? (as opposed 
to generic supermultiplets of dimension 2'° and BPS-saturated multiplets of dimension 
28). To achieve BPS saturation for the left-movers only, one puts the left-moving oscil- 
lators in their ground state, but one permits right-moving oscillator excitations; as those 
excitations are arbitrary, one gets an exponential spectrum of these half-saturated states 
(analogous to the exponential spectrum of BPS-saturated states in the heterotic string 
{26]). With oscillator excitations for right-movers only, the mass shell condition implies 
that [pz]? > |pp|?, and hence the charge vector is not lightlike. The charge tensor y 
therefore in its normal form has both #2 and #34 non-zero. For such states, the mass 
inequality says that the mass is bounded below by the largest eigenvalue of Tg~'y, with 
equality for the “middle-sized” multiplets. 

With this in mind, let us consider the behavior of such half-saturated states in the 
various degenerations. In the “stringy” degeneration (3.14), a state with non-zero 42 
and 34 has a mass of the same order of magnitude as a state with only %12 non-zero. 
This is as we would expect from weakly coupled string theory with toroidal radii of 
order one: the half-saturated states have masses of the same order of magnitude as the 
BPS-saturated massive modes. To this extent, string excitations show up in the strong 
coupling analysis. 

What about the “eleven-dimensional” degeneration (3.15)? In this case, while the 
particles with only one type of charge have masses that vanish as e~*' for t — oo, the 
particles with two kinds of charge have masses that grow as e*'. The only light states 
that we can see with this formalism in this degeneration are the Kaluza-Klein modes 
of eleven-dimensional supergravity. There is, for instance, no evidence for membrane 
excitations; such evidence might well have appeared if a consistent membrane theory 
with eleven-dimensional supergravity as its low energy limit really does exist. 


3.5. Framework for general analysis 


It would be tiresome to repeat this analysis “by hand” in other values of the dimension. 
Instead, I will now !> explain a bit of group theory that makes the analysis easy. One of 
the main points is to incorporate the action of the Weyl group. This was done above by 
choosing a, > a2 > ... > as, but to exploit the analogous condition in £7, for instance, 
a little machinery is useful. 


15 With some assistance from A. Borel. 
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In d dimensions, the U-duality group G has rank r = 11—d. Given any One-parameter 
subgroup F of a maximal abelian subgroup A, one can pick a set of simple positive 
roots x; such that the action of F on the x; is 

xj — e“! x; (3.20) 
with c; non-negative. In this restriction on the c;, we have used the Weyl action. Con- 
versely, for every set of non-negative c; (not all zero), there is a one-parameter subgroup 
F that acts as (3.20). 

The gauge charges are in some representation R of G; that is, for each weight in 
R there is a corresponding gauge charge. '® Let p = >>, e:x; be the highest weight 
in R. The e; are positive integers. A particle whose only gauge charge is the one that 
corresponds to p has a mass that vanishes for t — +00 as 


p ~ exp (- 2 cet ) ; (3.21) 


Any other weight in R is of the form p’ = 5°; fixi, with f; < e;. A particle carrying the 
p' charge has mass of order 


p ~ exp (- De :) . (3.22) 


Thus M, 2 M, - the particle with only charge p always goes to zero mass at least as 
fast as any other - and M, = Mọ if and only if 


= Q whenever f; < ei. (3.23) 


Now, our problem is to pick the subgroup F, that is, the c;, so that a maximal set 
of My are equal to Mp. If the c; are all non-zero, then (as the highest weight state 
is unique) (3.23) implies that p’ = p and only one gauge charge is carried by the 
lightest particles. The condition in (3.23) becomes less restrictive only when one of the 
ci becomes zero, and to get a maximal set of M, degenerate with Mp, we must set as 
many of the c; as possible to zero. As the c; may not all vanish, the best we can do is 
to set r — 1 of them to zero. There are therefore precisely r one-parameter subgroups F; 
to consider, labeled by which of the c; is non-zero. 

The x; are labeled by the vertices in the Dynkin diagram of G, so each of the F; is 
associated with a particular vertex P;. Deleting P; from the Dynkin diagram of G leaves 
the Dynkin diagram of a rank r — 1 subgroup H; of G. It is the unbroken subgroup 
when one goes to infinity in the F; direction. 


'6 The particular representations R that actually arise in Type Il string theory in d > 4 have the property 
(unusual among representations of Lie groups) that the non-zero weight spaces are all one-dimensional. It 
therefore makes sense to label the gauge charges by weights. (These representations are actually “minuscule” 
- the Weyl group acts transitively on the weights.) d < 3 would have some new features, as already mentioned 
above. 
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With this machinery, it is straightforward to analyze the dynamics in each dimension 
d. As the rank is r = 11 — d, there are 11 — d distinguished one-parameter subgroups 
to check. It turns out that one of them corresponds to weakly coupled string theory in 
d dimensions, one to toroidal compactification of eleven-dimensional supergravity to d 
dimensions, and the others to partial (or complete) decompactifications. In each case, 
the symmetry group when one goes to infinity is the expected one: the 7-duality group 
SO(10 — d, 10 — d) for the string degeneration; the mapping class group SL(11 — d) 
for supergravity; or for partial decompactification to d’ dimensions, the product of the 
mapping class group SL(d' — d) of a (d' — d)-torus and the U-duality group in d’ 
dimensions. 

I will illustrate all this in d = 4, where the U-duality group is Ey. Going to infinity 
in a direction F; associated with one of the seven points in the Dynkin diagram leaves 
as unbroken subgroup H; one of the following: 

(1) SO(6,6): this is the 7-duality group for string theory toroidally compactified 
from ten to four dimensions. This is a maximal degeneration, with (as we will see) 12 
massless states transforming in the 12 of SO(6,6). 

(2) SL(7): this is associated with eleven-dimensional supergravity compactified to 
four dimensions on a seven-torus whose mapping class group is SL(7). This is the other 
maximal degeneration; there are the expected seven massless states in the 7 of SL(7). 

(3) Es: this and the other cases are non-maximal degenerations corresponding to 
partial decompactification. This case corresponds to partial decompactification to five 
dimensions by taking one circle to be much larger than the others; there is only one 
massless state, corresponding to a state with momentum around the large circle. Eg 
arises as the U-duality group in five dimensions. 

(4) SL2 x SO(5,5): this is associated with partial decompactification to six dimen- 
sions. There are two light states, corresponding to momenta around the two large circles; 
they transform as (2,1) under SL; x SO(5,5). SL2 acts on the two large circles and 
SO(5,5) is the U-duality group in six dimensions. 

(5) SL; x SL(5): this is associated with partial decompactification to seven dimen- 
sions. SL(3) acts on the three large circles (and the three light charges), and SL(5) is 
the U-duality in seven dimensions. 

(6) SL4 x SL(3) x SL(2): this is associated with partial decompactification to eight 
dimensions. SL(4) acts on the four large circles and light charges, and SL(3) x SL(2) 
is U-duality in eight dimensions. 

(7) SLe x SL2: this is associated with decompactification to Type IIB in ten dimen- 
sions. SL¢ acts on the six large circles and light charges, and SL(2) is the U-duality in 
ten dimensions. 

In what follows, I will just check the assertions about the light spectrum for the first 
two cases, which are the important ones, and the third, which is representative of the 
others. 

(1) F; can be described as follows. E; contains a maximal subgroup SO(6,6) x 
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SL(2). F, can be taken as the subgroup of SL(2) consisting of matrices of the form 


e 0 
(s r) (3.24) 


The gauge charges are in the 56 of E7, which decomposes under L; as (12,2) (32,1). 
The lightest states come from the part of the (12,2) that transforms as e' under (3.24); 
these are the expected twelve states in the 12 of SO(6, 6). 

(2) E contains a maximal subgroup SL(8). F} can be taken as the subgroup of SL(8) 
consisting of group elements g; = diag(e’,e’,...,e' e-t). The 56 of E decomposes 
as 28 © 28’ - the antisymmetric tensor plus its dual. The states of highest eigenvalue 
(namely e®') are seven states in the 28 transforming in the expected 7 of the unbroken 
SL(7). 

(3) E has a maximal subgroup Es x R*, and F; is just the R*. The 56 of E; decom- 
poses as 27' @ 277! © 13. 173, where the Es representation is shown in boldface and 
the R* charge (with some normalization) by the exponent. Thus in the F3 degeneration, 
there is a unique lightest state, the 1°. 

The reader can similarly analyze the light spectrum for the other F;, or the analogous 
subgroups in d # 4. 


4. Heterotic string dynamics above four dimensions 
4.1. A puzzle in five dimensions 


S-duality gives an attractive proposal for the strong coupling dynamics of the heterotic 
string after toroidal compactification to four dimensions: it is equivalent to the same 
theory at weak coupling. In the remainder of this paper, we will try to guess the 
behavior above four dimensions. This process will also yield some new insight about 
S-duality in four dimensions. 

Toroidal compactification of the heterotic string from 10 to d dimensions gives 2(10— 
d) vectors that arise from dimensional reduction of the metric and antisymmetric tensor. 
Some of the elementary string states are electrically charged with respect to these vectors. 

Precisely in five dimensions, one more vector arises. This is so because in five 
dimensions a two-form Bm, is dual to a vector Am, roughly by dB = *dA. In the 
elementary string spectrum, there are no particles that are electrically charged with 
respect to A, roughly because A can be defined (as a vector) only in five dimensions. 
But it is easy to see where to find such electric charges. Letting H be the field strength 
of B (including the Chern—Simons terms) the anomaly equation 


dH=trFAF-uRAR (4.1) 


(F is the Eg x Eg or SO(32) field strength and R the Riemann tensor) implies that the 
electric current of A is 


J=» FAF —xtr RAR. (4.2) 
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Thus, with G = dA, (4.1) becomes 
D"Gmn = Jn, (4.3) 


showing that J, is the electric current. So the charge density Jo is the instanton density, 
and a Yang-Mills instanton, regarded as a soliton in 4 + 1 dimensions, is electrically 
charged with respect to A. 

Instantons (and their generalizations to include the supergravity multiplet [27,28] ) 
are invariant under one half of the supersymmetries. One would therefore suspect that 
quantization of the instanton would give BPS-saturated multiplets, with masses given by 
the instanton action: 


16777 |n| 
x 


. (4.4) 


Here n is the instanton number or electric charge and A is the string coupling. 

To really prove existence of these multiplets, one would need to understand and 
quantize the collective coordinates of the stringy instanton. In doing this, one needs 
to pick a particular vacuum to work in. In the generic toroidal vacuum, the unbroken 
gauge group is just a product of U(1)’s. Then the instantons, which require a non-abelian 
structure, tend to shrink to zero size, where stringy effects are strong and the analysis is 
difficult. Alternatively, one can consider a special vacuum with an unbroken non-abelian 
group, but this merely adds infrared problems to the stringy problems. The situation 
is analogous to the study [29] of H-monopoles after toroidal compactification to four 
dimensions; indeed, the present paper originated with an effort to resolve the problems 
concerning H-monopoles. (The connection between instantons and H-monopoles is 
simply that upon compactification of one of the spatial directions on a circle, the 
instantons become what have been called H-monopoles.) 

Despite the difficulty in the collective coordinate analysis, there are two good reasons 
to believe that BPS-saturated multiplets in this sector do exist. One, already mentioned, 
is the invariance of the classical solution under half the supersymmetries. The second 
reason is that if in five dimensions, the electrically charged states had masses bounded 
strictly above the BPS value in (4.4), the same would be true after compactification on 
a sufficiently big circle, and then the BPS-saturated H-monopoles required for S-duality 
could not exist. 

Accepting this assumption, we are in a similar situation to that encountered earlier 
for the Type HA string in ten dimensions: there is a massless vector, which couples to 
electric charges whose mass diverges for weak coupling. (The mass is here proportional 
to 1/A? in contrast to 1/A in the other case.) Just as in the previous situation, we have a 
severe puzzle if we take the formula seriously for strong coupling, when these particles 
seem to go to zero mass. 

If we are willing to take (4.4) seriously for strong coupling, then we have for each 
integer n a supermultiplet of states of charge n and mass proportional to |n|, going to 
zero mass as A — oo. It is very hard to interpret such a spectrum in terms of local 
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field theory in five dimensions. But from our previous experience, we know what to do: 
interpret these states as Kaluza—Klein states on R5 x S!. 

The S! here will have to be a “new” circle, not to be confused with the five-torus 
T’ in the original toroidal compactification to five dimensions. (For instance, the T- 
duality group SO(21,5) acts on T° but not on the new circle.) So altogether, we seem 
to have eleven dimensions, R x S! x T°, and hence we seem to be in need of an 
eleven-dimensional supersymmetric theory. 

In Section 2, eleven-dimensional supergravity made a handy appearance at this stage, 
but here we seem to be in a quandary. There is no obvious way to introduce an eleventh 
dimension relevant to the heterotic string. Have we reached a dead end? 


4.2. The heterotic string in six dimensions 


Luckily, there is a conjectured relation between the heterotic string and Type II 
superstrings [3,4] which has just the right properties to solve our problem (though 
not by leading us immediately back to eleven dimensions). The conjecture is that the 
heterotic string toroidally compactified to six dimensions is equivalent to the Type HA 
superstring compactified to six dimensions on a K3 surface. 

The evidence for this conjecture has been that both models have the same supersym- 
metry and low energy spectrum in six dimensions and the same moduli space of vacua, 
namely SO(20, 4; Z)\SO(20, 4; R) /(SO(20) x SO(4) ). For the toroidally compactified 
heterotic string, this structure for the moduli space of vacua is due to Narain [8]; for 
Type II, the structure was determined locally by Seiberg [30] and globally by Aspinwall 
and Morrison [31]. 

In what follows, I will give several new arguments for this “string-string duality” 
between the heterotic string and Type IIA superstrings: 

(1) When one examines more precisely how the low energy effective actions match 
up, one finds that weak coupling of one theory corresponds to strong coupling of the 
other theory. This is a necessary condition for the duality to make sense, since we 
certainly know that the heterotic string for weak coupling is not equivalent to the Type 
IIA superstring for weak coupling. 

(2) Assuming string-string duality in six dimensions, we will be able to resolve the 
puzzle about the strong coupling dynamics of the heterotic string in five dimensions. The 
strongly coupled heterotic string on R’ (times a five-torus whose parameters are kept 
fixed) is equivalent to a Type IIB superstring on R> x S! (times a K3 whose parameters 
are kept fixed). The effective six-dimensional Type IIB theory is weakly coupled at its 
compactification scale, so this is an effective solution of the problem of strong coupling 
for the heterotic string in five dimensions. 

(3) We will also see that ~ as anticipated by Duff in a more abstract discussion 
{7] - string-string duality in six dimensions implies S-duality of the heterotic string 
in four dimensions. Thus, all evidence for S-duality can be interpreted as evidence for 
string-string duality, and one gets at least a six-dimensional answer to the question 
“what higher-dimensional statement leads to S-duality in four dimensions?” 


358 M-theory and duality 


(4) The K3 becomes singular whenever the heterotic string gets an enhanced sym- 
metry group; the singularities have an A~D-E classification, just like the enhanced 
symmetries. 

(5) Finally, six-dimensional string-string duality also leads to an attractive picture for 
heterotic string dynamics in seven dimensions. (Above seven dimensions the analysis 
would be more complicated.) 

I would like to stress that some of these arguments test more than a long distance 
relation between the heterotic string and strongly coupled Type IIA. For instance, in 
working out the five-dimensional dynamics via string—string duality, we will be led to 
a Type IIA theory with a small length scale, and to get a semi-classical description will 
require a 7-duality transformation, leading to Type IIB. The validity of the discussion 
requires that six-dimensional string-string duality should be an exact equivalence, like 
the SL(2, Z) symmetry for Type IIB in ten dimensions and unlike the relation of Type 
II to eleven-dimensional supergravity. 


4.3. Low energy actions 


Let us start by writing a few terms in the low energy effective action of the heterotic 
string, toroidally compactified to six dimensions. We consider the metric g, dilaton ¢, 
and antisymmetric tensor field B, and we let C denote a generic abelian gauge field 
arising from the toroidal compactification. We are only interested in keeping track of 
how the various terms scale with @. For the heterotic string, the whole classical action 
scales as e~2% ~ A~?, so one has very roughly 


[= fe ge 74 (R + |V? + |dB}? + ldac}?). (4.5) 


On the other hand, consider the Type IIA superstring in six dimensions. The low 
energy particle content is the same as for the toroidally compactified heterotic string, 
at least at a generic point in the moduli space of the latter where the unbroken gauge 
group is abelian. Everything is determined by N = 4 supersymmetry except the number 
of U(1)’s in the gauge group and the number of antisymmetric tensor fields; requiring 
that these match with the heterotic string leads one to use Type ITA rather than Type ITB. 
So in particular, the low energy theory derived from Type IIA has a dilaton ¢’, a metric 
g’, an antisymmetric tensor field B’, and gauge fields C’. '’ Here ¢’, g’, and B’ come 
from the NS-NS sector, but C’ comes from the RR sector, so as we noted in Section 2, 
the kinetic energy of @’, 9’, and B’ scales with the dilaton just like that in (4.5), but 
the kinetic energy of C’ has no coupling to the dilaton. So we have schematically 


r= J dfx yg (e-% (R + |VØ' P + [dB"?) + ac"). (4.6) 


17 We normalize B’ and C’ to have standard gauge transformation laws. Their gauge transformations would 
look different if one scaled the fields by powers of eê. This point was discussed in Section 2. 
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We need the change of variables that turns (4.5) into (4.6). In (4.5), the same power 
of eê multiplies R and |dC’|?. We can achieve that result in (4.6) by the change of 
variables g' = ge?* . Then (4.6) becomes 


I' = J dx Ja" (2 (R" + |V) +e" aB"? + et jac"). (4.7) 


Now the coefficient of the kinetic energy of B’ is the opposite of what we want, but 
this can be reversed by a duality transformation. The field equations of B’ say that 
d x (e7?% dB’) = 0, so the duality transformation is 


e™?% dB! = xdB". (4.8) 
Then (4.7) becomes 
I= J dÉx yg” 0 (R" +V? + idaB”? + jaci?) . (4.9) 


This agrees with (4.5) if we identify @ = —¢'. Putting everything together, the change 
of variables by which one can identify the low energy limits of the two theories is 


$ = —¢' ’ 
g= e? g! = e726 p! , 
dB=e72* «dB’, 
C=C’. (4.10) 


Unprimed and primed variables are fields of the heterotic string and Type IIA, respec- 
tively. 

In particular, the first equation implies that weak coupling of one theory is equivalent 
to strong coupling of the other. This makes it possible for the two theories to be 
equivalent without the equivalence being obvious in perturbation theory. 


4.4. Dynamics in five dimensions 


Having such a (conjectured) exact statement in six dimensions, one can try to deduce 
the dynamics below six dimensions. The ability to do this is not automatic because (just 
as in field theory) the dimensional reduction might lead to new dynamical problems at 
long distances. But we will see that in this particular case, the string—string duality in 
six dimensions does determine what happens in five and four dimensions. 

We first compactify the heterotic string from ten to six dimensions on a torus (which 
will be kept fixed and not explicitly mentioned), and then take the six-dimensional 
world to be R° x S}, where S! will denote a circle of radius r. We want to keep r fixed 
and take A = e® to infinity. According to (4.10), the theory in this limit is equivalent to 
the Type IIA superstring on R5 x S!, times a K3 surface (of fixed moduli), with string 
coupling and radius A’ and r’ given by 


X =a, 
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r=Aq'r. (4.11) 


In particular, the coupling A’ goes to zero in the limit for A — oo. However, the 
radius r’ in the dual theory is also going to zero. The physical interpretation is much 
clearer if one makes a T-duality transformation, replacing r’ by 

1 À 


1 
r! = mia, (4.12) 


The T-duality transformation also acts on the string coupling constant. This can be 
worked out most easily by noting that the effective five-dimensional gravitational con- 
stant, which is A?/r, must be invariant under the T-duality. So under r’ — 1/r’, the 
string coupling A’ is replaced by 


Mae (4.13) 


so that 


/ it 


(A)? (aN? 


(4.14) 


Combining this with (4.11), we learn that the heterotic string on RÎ x S! and string 
coupling A is equivalent to a Type II superstring with coupling and radius 


A" = 


re (4.15) 
This is actually a Type IIB superstring, since the T-duality transformation turns the Type 
IIA model that appears in the string-string duality conjecture in six dimensions into a 
Type IIB superstring. 

Eq. (4.15) shows that the string coupling constant of the effective Type IIB theory 
remains fixed as A — oo with fixed r, so the dual theory is not weakly coupled at all 
length scales. However, (4.15) also shows that r” — oo in this limit, and this means 
that at the length scale of the compactification, the effective coupling is weak. (The 
situation is similar to the discussion of the strongly coupled ten-dimensional Type IIA 
superstring in Section 2.) All we need to assume is that the six-dimensional Type II 
superstring theory, even with a coupling of order one, is equivalent at long distances to 
weakly coupled Type II supergravity. If that is so, then when compactified on a very 
large circle, it can be described at and above the compactification length by the weakly 
coupled supergravity, which describes the dynamics of the light degrees of freedom. 


Moduli space of Type ITB vacua 

The following remarks will aim to give a more fundamental explanation of (4.15) 
and a further check on the discussion. 

Consider the compactification of Type IIB superstring theory on RÉ x K3. This gives 
achiral N = 4 supergravity theory in six dimensions, with five self-dual two-forms (that 
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is, two-forms with self-dual field strength) and twenty-one anti-self-dual two-forms 
(that is, two-forms with anti-self-dual field strength). The moduli space of vacua of the 
low energy supergravity theory is therefore [32] G/K with G = SOQ(21,5) and K the 
maximal subgroup SO(21) x SO(5). 

The coset space G/K has dimension 21 x 5 = 105. The interpretation of this number 
is as follows. There are 80 NS-NS moduli in the conformal field theory on K3 (that, 
the moduli space of (4,4) conformal field theories on K3 is 80-dimensional). There are 
24 zero modes of RR fields on K3. Finally, the expectation value of the dilaton - the 
string coupling constant —- gives one more modulus. In all, one has 80 + 24+ 1 = 105 
states. In particular, the string coupling constant is unified with the others. 

It would be in the spirit of U-duality to suppose that the Type IIB theory on R® x K3 
has the discrete symmetry group SO(21,5; Z). In fact, that follows from the assumption 
of SL(2,Z) symmetry of Type IIB in ten dimensions [3] together with the demon- 
stration in Ref. [31] of a discrete symmetry SO(20, 4; Z) for (4,4) conformal field 
theories on K3. For the SO(20, 4; Z) and SL(2, Z) do not commute and together gen- 
erate SO(21,5;Z). The moduli space of Type IIB vacua on RÉ x K3 is hence 


N = S0(21, 5; Z)\SO(21, 5; R) /(SO(21) x SO(5)). (4.16) 


Now consider the Type IIB theory on R° x S! x K3. One gets one new modulus from 
the radius of the S'. No other new moduli appear (the Type IIB theory on RÉ x K3 
has no gauge fields so one does not get additional moduli from Wilson lines). So the 
moduli space of Type IIB vacua on RÍ x S! x K3 is 


M=N xR‘, (4.17) 


where R*+ (the space of positive real numbers) parametrizes the radius of the circle. 

What about the heterotic string on Rî x T°? The 7-duality moduli space of the toroidal 
vacua is precisely M = SO(21,5;Z)\SO(21,5;R)/(SO(21) x SO(5)). There is one 
more modulus, the string coupling constant. So the moduli space of heterotic string 
vacua on R$ x TÍ is once again M =N x Rt. Now the R* parametrizes the string 
coupling constant. 

So the moduli space of toroidal heterotic string vacua on R5 x T° is the same as the 
moduli space of Type IIB vacua on R’ x S! x K3, suggesting that these theories may 
be equivalent. The map between them turns the string coupling constant of the heterotic 
string into the radius of the circle in the Type IIB description. This is the relation that 
we have seen in (4.15) (so, in particular, strong coupling of the heterotic string goes 
to large radius in Type IIB). 

To summarize the discussion, we have seen that an attractive conjecture — the equiv- 
alence of the heterotic string in six dimensions to a certain Type HA theory - implies 
another attractive conjecture — the equivalence of the heterotic string in five dimensions 
to a certain Type IIB theory. The link from one conjecture to the other depended on a 
T-duality transformation, giving evidence that these phenomena must be understood in 
terms of string theory, not just in terms of relations among low energy field theories. 


362 M-theory and duality 


Detailed matching of states 
Before leaving this subject, perhaps it would be helpful to be more explicit about how 


the heterotic and Type II spectra match up in five dimensions. 

Compactification of the six-dimensional heterotic string theory on R° x S! generates 
in the effective five-dimensional theory three U(1) gauge fields that were not present 
in six dimensions. There is the component gm6 of the metric, the component Bme of the 
antisymmetric tensor field, and the vector Am that is dual to the spatial components Bmn 
of the antisymmetric tensor field. Each of these couples to charged states: gme couples 
to elementary string states with momentum around the circle, Bme to states that wind 
around the circle, and Am to states that arise as instantons in four spatial dimensions, 
invariant under rotations about the compactified circle. The mass of these “instantons” is 
r/A2, with the factor of r coming from integrating over the circle and 1/A* the instanton 
action in four dimensions. The masses of these three classes of states are hence of order 
1/r, r, and r/A’, respectively, if measured with respect to the string metric. To compare 
to Type II, we should remember (4.10) that a Weyl transformation g = A7g’ is made in 
going to the sigma model metric of the Type IIA description. This multiplies masses by 
a factor of A, so the masses computed in the heterotic string theory but measured in the 
string units of Type ITA are 


fe 
Em6 * 7 ’ 
Bro: Ar, 
r 
Am: x (4.18) 


Likewise, compactification of the six-dimensional Type IIA superstring on R5 x S! 
gives rise to three vectors ghe Bhe» and A’. The first two couple to elementary string 
states. The last presumably couples to some sort of soliton, perhaps the classical solution 
that has been called the symmetric five-brane [28]. Its mass would be of order r’/( A‘)? 
in string units for the same reasons as before. The masses of particles coupling to the 
three vectors are thus in string units: 


1, 1 
Bm6 ` P’ 
me Ps 
aes 4.19 
An: (a? (4.19) 


Now, (4.18) agrees with (4.19) under the expected transformation A = 1/A’, r = Ar’ 
provided that one identifies gme with g^; Bme with Ap; and Am with Bpo- The interesting 
point is of course that Bm6 and Am switch places. But this was to be expected from the 
duality transformation dB ~ *dB’ that enters in comparing the two theories. 

So under string-string duality the “instanton,” which couples to Am, is turned into the 
string winding state, which couples to B? and the string winding state that couples to 
Bye is turned into a soliton that couples to Ap- 
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4.5. Relation to S-duality 


Now we would like to use six-dimensional string-string duality to determine the 
strong coupling dynamics of the heterotic string in four dimensions. Once again, we 
start with a preliminary toroidal compactification from ten to six dimensions on a fixed 
torus that will not be mentioned further. Then we take the six-dimensional space to be 
a product R* x T?, with T? a two-torus. String-string duality says that this is equivalent 
to a six-dimensional Type IIA theory on Rt x T? (with four extra dimensions in the 
form of a fixed K3). 

One might now hope, as in six and five dimensions, to take the strong coupling 
limit and get a useful description of strongly coupled four-dimensional heterotic string 
theory in terms of Type II. This fails for the following reason. In six dimensions, the 
duality related strong coupling of the heterotic string to weak coupling of Type IIA. In 
five dimensions, it related weak coupling of the heterotic string to coupling of order 
one of Type IIB (see (4.15)). Despite the coupling of order one, this was a useful 
description because the radius of the sixth dimension was large, so (very plausibly) 
the effective coupling at the compactification scale is small. A similar scaling in four 
dimensions, however, will show that the strong coupling limit of the heterotic string in 
four dimensions is related to a strongly coupled four-dimensional Type II superstring 
theory, and now one has no idea what to expect. 

It is remarkable, then, that there is another method to use six-dimensional string- 
string duality to determine the strong coupling behavior of the heterotic string in four 
dimensions. This was forecast and explained by Duff [7] without reference to any 
particular example. The reasoning goes as follows. 

Recall (such matters are reviewed in Ref. [33]) that the 7-duality group of a two- 
torus is SO(2,2) which is essentially the same as SL(2) x SL(2). Here the two SL(2)’s 
are as follows. One of them, sometimes called SL(2)y, acts on the complex structure 
of the torus. The other, sometimes called SL(2),7, acts on the combination of the area 
p of the torus and a scalar b = Bse that arises in compactification of the antisymmetric 
tensor field B. 

In addition to SL(2)y and SL(2)z, the heterotic string in four dimensions is conjec- 
tured to have a symmetry SL(2)s5 that acts on the combination of the four-dimensional 
string coupling constant 


Ag = Apo"? (4.20) 


and a scalar a that is dual to the space-time components Bman (m,n = 1,...,4). We 
know that the heterotic string has SL(2)y and SL(2)7 symmetry; we would like to know 
if it also has SL(2)s5 symmetry. If so, the strong coupling behavior in four dimensions 
is determined. 

Likewise, the six-dimensional Type IIA theory, compactified on R*xT?, has SL(2)y: x 
SL(2)7 symmetry, and one would like to know if it also has SL(2)s symmetry. Here 
SL(2)y: acts on the complex structure of the torus, SL(2)7 acts on the area p’ and 
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scalar b’ derived from B5, and SL(2)s would conjecturally act on the string coupling 
constant Aj and the scalar a’ that is dual to the R* components of B’. 

If string-string duality is correct, then the metrics in the equivalent heterotic and 
Type HA descriptions differ only by a Weyl transformation, which does not change the 
complex structure of the torus; hence SL(2)y can be identified with SL(2)y. More 
interesting is what happens to S and T. Because the duality between the heterotic string 
and Type IIA involves dB ~ *dB’, it turns a into b’ and a’ into b. Therefore, it must turn 
SL(2)s5 into SL(2)7 and SL(2)s5 into SL(2)7. Hence the known SL(2)7 invariance 
of the heterotic and Type IIA theories implies, if string-string duality is true, that these 
theories must also have SL(2)s5 invariance! 

It is amusing to check other manifestations of the fact that string-string duality 
exchanges SL(2) 5 and SL(2)r. For example, the four-dimensional string coupling A, = 
Ap!’ = A/r (r is a radius of the torus) turns under string-string duality into 1/r’ = 
(p’')~'/?. Likewise p = r° is transformed into A?(r’)? = (r'/A')? = 1/(A4)?. So string- 
string duality exchanges A4 with p~!/?, as it must in order to exchange SL(2)s and 
SL(2)r. 


Some other models with S-duality 

From string-string duality we can not only rederive the familiar S-duality, but attempt 
to deduce S-duality for new models. For instance, one could consider in the above a 
particular two-torus T? that happens to be invariant under some SL(2)y transforma- 
tions, and take the orbifold with respect to that symmetry group of the six-dimensional 
heterotic string. This orbifold can be regarded as a different compactification of the 
six-dimensional model, so string-string duality — if true - can be applied to it, relating 
the six-dimensional heterotic string on this orbifold (and an additional four-torus) to a 
Type IEA string on the same orbifold (and an additional K3). 

Orbifolding by a subgroup of SL(2)y does not disturb SL(2)7, so the basic structure 
used above still holds; if six-dimensional string-string duality is valid, then SL(2)5 of 
the heterotic string on this particular orbifold follows from SL(2)7 of Type IIA on the 
same orbifold, and vice versa. This example is of some interest as — unlike previously 
known examples of S-duality - it involves vacua in which supersymmetry is completely 
broken. The S-duality of this and possible related examples might have implications in 
the low energy field theory limit, perhaps related to phenomena such as those recently 
uncovered by Seiberg [14]. 


4.6. Enhanced gauge groups 


Perhaps the most striking phenomenon in toroidal compactification of the heterotic 
string is that at certain points in moduli space an enhanced non-abelian gauge symmetry 
appears. The enhanced symmetry group is always simply-laced and so a product of A, 
D, and E groups; in toroidal compactification to six dimensions, one can get any product 
of A, D, and E groups of total rank < 20. 
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How can one reproduce this with Type IIA on a K3 surface? '* It is fairly obvious 
that one cannot get an enhanced gauge symmetry unless the K3 becomes singular; only 
then might the field theory analysis showing that the RR charges have mass of order 
1/A break down. 

The only singularities a K3 surface gets are orbifold singularities. (It is possible for 
the distance scale of the K3 to go to infinity, isotropically or not, but that just makes field 
theory better.) The orbifold singularities of a K3 surface have an A-D-E classification. 
Any combination of singularities corresponding to a product of groups with total rank 
< 20 (actually at the classical level the bound is < 19) can arise. 

Whenever the heterotic string on a four-torus gets an enhanced gauge group G, the 
corresponding K3 gets an orbifold singularity of type G. This assertion must be a key to 
the still rather surprising and mysterious occurrence of extended gauge groups for Type 
IIA on K3, so I will attempt to explain it. 

The moduli space 


M = SO(20, 4; Z)\SO(20, 4; R) /(SO(20) x SO(4)) (4.21) 


of toroidal compactifications of the heterotic string to six dimensions — or K3 compact- 
ifications of Type II - can be thought of as follows. Begin with a 24 dimensional real 
vector space W with a metric of signature (4,20), and containing a self-dual even inte- 
gral lattice L (necessarily of the same signature). Let V be a four-dimensional subspace 
of W on which the metric of W is positive definite. Then M is the space of all such 
V’s, up to automorphisms of L. Each V has a twenty-dimensional orthocomplement V+ 
on which the metric is negative definite. 

In the heterotic string description, V is the space of charges carried by right-moving 
string modes, and V+ is the space of charges carried by left-moving string modes. 
Generically, neither V nor V+ contains any non-zero points in L. When V+ contains 
such a point P, we get a purely left-moving (antiholomorphic) vertex operator Op of 
dimension dp = —(P,P)/2. (Of course, (P,P) < 0 as the metric of W is negative 
definite on V+.) dp is always an integer as the lattice L is even. The gauge symmetry is 
extended precisely when V+ contains some P of dp = 1; the corresponding Op generate 
the extended gauge symmetry. 

In the K3 description, W is the real cohomology of K3 (including H®, H?, and 
H* together [31]). The lattice L is the lattice of integral points. V is the part of the 
cohomology generated by self-dual harmonic forms. The interpretation is clearest if 
we restrict to K3’s of large volume, where we can use classical geometry. Then H® 
and H* split off, and we can take for W the 22-dimensional space H?, and for V the 
three-dimensional space of self-dual harmonic two-forms. 

Consider a K3 that is developing an orbifold singularity of type G, with r being the 
rank of G. In the process, a configuration of r two-spheres S; (with an intersection 
matrix given by the Dynkin diagram of G) collapses to a point. These two-spheres 


'8 This question was very briefly raised in Section 4.3 of Ref. [34] and has also been raised by other 
physicists. 
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are holomorphic (in one of the complex structures on the K3), and the corresponding 
cohomology classes [5;] have length squared —2. As they collapse, the [S;] become 
anti-self-dual and thus - in the limit in which the orbifold singularity develops - they 
lie in V+. (In fact, as S; is holomorphic, the condition for [5S;] to be anti-self-dual is 
just that it is orthogonal to the Kahler class and so has zero area; thus the [S;] lie in 
V+ when and only when the orbifold singularity appears and the S; shrink to zero.) 
Conversely, the Riemann-Roch theorem can be used to prove that any point in V+ of 
length squared —2 is associated with a collapsed holomorphic two-sphere. 

In sum, precisely when an orbifold singularity of type G appears, there is in V+ an 
integral lattice of rank r, generated by points of length squared —2, namely the S;; the 
lattice is the weight lattice of G because of the structure of the intersection matrix of 
the S;. This is the same condition on V+ as the one that leads to extended symmetry 
group G for the heterotic string. In the K3 description, one U(1) factor in the gauge 
group is associated with each collapsed two-sphere. These U(1)’s should make up the 
maximal torus of the extended gauge group. 

Despite the happy occurrence of a singularity - and so possible breakdown of field 
theory - precisely when an extended gauge group should appear, the occurrence of 
extended gauge symmetry in Type IIA is still rather surprising. It must apparently mean 
that taking the string coupling to zero (which eliminates the RR charges) does not 
commute with developing an orbifold singularity (which conjecturally brings them to 
zero mass), and that conventional orbifold computations in string theory correspond to 
taking the string coupling to zero first, the opposite of what one might have guessed. 


4.7. Dynamics in seven dimensions 


The reader might be struck by a lack of unity between the two parts of this paper. In 
Sections 2 and 3, we related Type II superstrings to eleven-dimensional supergravity. In 
the present section, we have presented evidence for the conjectured relation of Type II 
superstrings to heterotic superstrings. If both are valid, should not eleven-dimensional 
supergravity somehow enter in understanding heterotic string dynamics? 

I will now propose a situation in which this seems to be true: the strong coupling 
limit of the heterotic string in seven dimensions. I will first propose an answer, and then 
try to deduce it from six-dimensional string-string duality. 

The proposed answer is that the strong coupling limit of the heterotic string on 
R’ x T? gives a theory whose low energy behavior is governed by eleven-dimensional 
supergravity on R” x K3! The first point in favor of this is that the moduli spaces 
coincide. The moduli space of vacua of the heterotic string on R” x T? is 


M=M, x Rt (4.22) 
with 


M, =SO(19, 3; Z)\SO(19, 3; R) /SO(19) x SO(3). (4.23) 
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Here My, is the usual Narain moduli space, and Rt parametrizes the possible values 
of the string coupling constant. For eleven-dimensional supergravity compactified on 
R’ x K3, the moduli space of vacua is simply the moduli space of Einstein metrics on 
K3. This does not coincide with the moduli space of (4,4) conformal field theories on 
K3, because there is no second rank antisymmetric tensor field in eleven-dimensional 
supergravity. Rather the moduli space of Einstein metrics of volume 1 on K3 is isomor- 
phic to Mı = SO(19, 3; Z)\SO(19, 3; R)/SO(19) x SO(3). !? Allowing the volume 
to vary gives an extra factor of R*+, so that the moduli space of Einstein metrics on K3 
coincides with the moduli space M of string vacua. 

As usual, the next step is to see how the low energy effective theories match up. 
Relating these two theories only makes sense if large volume of eleven-dimensional 
supergravity (where perturbation theory is good) corresponds to strong coupling of the 
heterotic string. We recall that the bosonic fields of eleven-dimensional supergravity are 
a metric G and three-form A3 with action 


= 5 [ots vG (R+ |aAs?) + f Avndas nda, (4.24) 


To reduce on R’ x K3, we take the eleven-dimensional line-element to be ds? = 
Bmndx"dx" + e?%hagdy*dy*, with m,n = 1,...,7, a,B = 1,...,4; here Ẹ is a met- 
ric on R’, h a fixed metric on K3 of volume 1, and e” the radius of the K3. The 
reduction of A3 on R” x K3 gives on R’ a three-form a3, and 22 one-forms that we 
will generically call A. The eleven-dimensional Lagrangian becomes very schematically 
(only keeping track of the scaling with e”) 


f dx Va (e (R+ Idy]? + |das|?) + \da). (4.25) 


To match this to the heterotic string in seven dimensions, we write g = e~*’g, with g 
the heterotic string metric in seven dimensions. We also make a duality transformation 
e°’da3 = *dB, with B the two-form of the heterotic string. Then (4.25) turns into 


| d’x yg e™® (R + |dy|? + |dB|? + |dA}?) . (4.26) 


The important point is that the Lagrangian scales with an overall factor of e76”, similar 
to the overall factor of A~* = e~2% in the low energy effective action of the heterotic 
string. Thus, to match eleven-dimensional supergravity on R’ x K3 with the heterotic 
string in seven dimensions, one takes the radius of the K3 to be 


e = ebb = Q'/3. (4.27) 


In particular, as we hoped, for A — oo, the radius of the K3 goes to infinity, and the 
eleven-dimensional supergravity theory becomes weakly coupled at the length scale of 
the light degrees of freedom. 


19 This space parametrizes three-dimensional subspaces of positive metric in H2(K3,IR). The subspace cor- 
responding to a given Einstein metric on K3 consists of the part of the cohomology that is self-dual in that 
metric. 
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Now, let us try to show that this picture is a consequence of string-string duality in 
six dimensions. We start with the heterotic string on R® x S! x T?, where S! is a circle 
of radius r;, and T? is a three-torus that will be held fixed throughout the discussion. 2° 
If Az and As denote the heterotic string coupling constant in seven and six dimensions, 
respectively, then 


=. (4.28) 


We want to take r, to infinity, keeping A7 fixed. That will give a heterotic string in 
seven dimensions. Then, after taking rı to infinity, we consider the behavior for large 
A7, to get a strongly coupled heterotic string in seven dimensions. 

The strategy of the analysis is of course to first dualize the theory, to a ten-dimensional 
Type Il theory, and then see what happens to the dual theory when first rı and then A 
are taken large. Six-dimensional string-string duality says that for fixed r; and A, the 
heterotic string on RÉ x S! x T? is equivalent to a Type IA superstring on RÉ x K3, 
with the following change of variables. The six-dimensional string coupling constant A% 
of the Type IIA description is 


1 1/2 
N= — = ahs. 4.29 
ear ae ( ) 
The metrics g and g’ of the heterotic and Type IIA descriptions are related by 
2¢,! 2,/ Aj ' 
gaze 8 = AE Epe (4.30) 


In addition, the parameters of the K3 depend on r; (and the parameters of the T?, which 
will be held fixed) in a way that we will now analyze. 

There is no unique answer, since we could always apply an SO(20, 4; Z) transfor- 
mation to the K3. However, there is a particularly simple answer. The heterotic string 
compactified on S! x T? has 24 abelian gauge fields. As the radius r, of the S! goes to 
infinity, the elementary string states carrying the 24 charges behave as follows. There is 
one type of charge (the momentum around the S!) such that the lightest states carrying 
only that charge go to zero mass, with 


M~ on (4.31) 
ri 
There is a second charge, the winding number around S!, such that particles carrying 
that charge have masses that blow up as rı. Particles carrying only the other 22 charges 
have fixed masses in the limit. 
Any two ways to reproduce this situation with a K3 will be equivalent up to a T- 
duality transformation. There is a particularly easy way to do this — take a fixed K3 and 


20 Generally, there are also Wilson lines on T? breaking the gauge group to a product of U(1)’s; these will 
be included with the parameters of the T? that are kept fixed in the discussion. 
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scale up the volume V, leaving fixed the “shape.” This reproduces the above spectrum 
with a relation between V and r; that we will now determine. 

We start with the Type IIA superstring theory in ten dimensions. The bosonic fields 
include the metric gio, dilaton $j), gauge field A, and three-form A3. The action is 
schematically 


J dx 4/2, (c~*ioRig + |dAl? + |dA3|? +.. .) , (4.32) 


Upon compactification on R® x K3, massless modes coming from A and A3 are as 
follows. A gives rise to a six-dimensional vector, which we will call a. A3 gives rise 
to 22 vectors ~ we will call them C; - and a six-dimensional three-form, which we 
will call a3. If V is the volume of the K3, the effective action in six dimensions scales 
schematically as 


1 
J dfx yg (a + V|dal? + Vida3|? + aci) (4.33) 
6 


Visible in (4.33) are 23 vectors, namely a and the C;. However, precisely in six 
dimensions a three-form is dual to a vector, by Vda3 = *db. So we can replace (4.33) 
with 


1 
J dfx y/g' (a + V|da|? + lab)? + cr?) f (4.34) 
6 
with 24 vectors. As the canonical kinetic energy of a vector is 
1 
df dA|’, 4.35 
J x PEA | ( ) 


with éeg the effective charge, we see that we have one vector with effective charge of 
order V~'/2, one with effective charge of order V'/?, and 22 with effective charges of 
order one. 

According to our discussion in Section 2, the mass of a particle carrying an RR charge 
is of order éeg¢/ Ag. So for fixed Ag and V — oo, one type of particle goes to zero mass, 
one to infinite mass, and 22 remain fixed - just like the behavior of the heterotic string 
as rı — oo. The lightest charge-bearing particle has a mass of order 


i 1 


= VA * (4.36) 


To compare this to the mass (4.31) of the lightest particle in the heterotic string descrip- 
tion, we must remember the Weyl transformation (4.30) between the two descriptions. 
Because of this Weyl transformation, the relation between the two masses should be 
M = A;'M' = ALM’. So A% scales out, and the relation between the two descriptions 
involves the transformation 


V=r. (4.37) 
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The reason that the string coupling constant scales out is that it does not enter the map 
between the moduli space of heterotic string vacua on a four-torus and (4,4) conformal 
field theories on K3; the relation (4.37) could have been deduced by studying the 
description of quantum K3 moduli space in Ref. [31] instead of using low energy 
supergravity as we have done. 

Since we know from (4.37) and (4.29) how the parameters V and A% of the Type 
IIA description are related to the heterotic string parameters, we can identify the ten- 
dimensional Type IIA string coupling constant Ajo, given by 


v ı 
(jg)? Op? on 
We get 
pr 
1 m 1 
joo. (4.39) 


Thus, for rı — oo, the Type IA theory is becoming strongly coupled. At the same 
time, according to (4.37) one has V — oo, so the Type HA theory is becoming 
decompactified. 

In Section 2 we proposed a candidate for the strong coupling behavior of Type ITA 
on R!°: it is given by eleven-dimensional supergravity on R!° x S!. To be more precise, 
the relation acted as follows on the massless modes. If the line element of the eleven- 
dimensional theory is ds? = G/?dx'dx! + rj,(dx"')?, i,j = 1,..., 10, with G!° a metric 
on R!’ and rj, the radius of the circle, then rj; is related to the ten-dimensional Type 
IIA string coupling constant by 


F 
r= (Aio) = 7 (4.40) 


and the Type ITA metric g’ is related to G!° by 
g = (Ala) G". (4.41) 


As this result holds for any fixed metric g’ on R!®, it must, physically, hold on any 
ten-manifold M as long as the dimensions of M are scaled up fast enough compared to 
the growth of the ten-dimensional string coupling constant. I will assume that with Ajg 
and V going to infinity as determined above, one is in the regime in which one can use 
the formulas (4.40), (4.41) that govern the strong coupling behavior on R". 

If this is so, then from (4.41) the volume V, of the K3 using the metric of the 
eleven-dimensional supergravity is related to the volume V using the string metric of 
the Type IIA description by 


Vi = (Aig) OV = ater V = ag? (4.42) 


Now we have the information we need to solve our problem. The heterotic string on 
R6 x S! x T’, with radius rı of the S! and string coupling constant Az, is related to 
eleven-dimensional supergravity on RÉ x S! x K3, where the radius of the S! is given in 
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(4.40) and the volume of the K3 in (4.42). We are supposed to take the limit r} — co 
and then consider the behavior for large A7. The key point is that Vi; is independent of 
rı. This enables us to take the limit as r; — oo; all that happens is that rı; — 00, so 
the RÉ x S! x K3 on which the supergravity theory is formulated becomes R?’ x K3. 
(Thus we see Lorentz invariance between the “eleventh” dimension which came from 
strong coupling and six of the “original” dimensions.) The dependence on the heterotic 
string coupling A7 is now easy to understand: it is simply that the volume of the K3 
is V ~ a! 3. That is of course the behavior of the volume expected from (4.27). So 
the relation that we have proposed between the heterotic string in seven dimensions and 
eleven-dimensional supergravity on R’ x K3 fits very nicely with the implications of 
string-string duality in six dimensions. 


5. On heterotic string dynamics above seven dimensions 


By now we have learned that the strong coupling dynamics of Type H superstrings 
is, apparently, tractable in any dimension and that the same appears to be true of the 
heterotic string in dimension < 7. Can we also understand the dynamics of the heterotic 
string above seven dimensions? 

It might be possible to extend the use of six-dimensional string-string duality above 
seven dimensions (just as we extended it above six dimensions at the end of the last 
section). This will require more careful analysis of the K3’s and probably more subtle 
degenerations than we have needed so far. 

But is there some dual description of the heterotic string above seven dimensions that 
would give the dynamics more directly? For instance, can we find a dual of the heterotic 
string directly in ten dimensions? 

Once this question is asked, an obvious speculation presents itself, at least in the case 
of SO(32). (For the Eg x Eg theory in ten dimensions, I have no proposal to make.) 
There is another ten-dimensional string theory with SO(32) gauge group, namely the 
Type I superstring. Might they in fact be equivalent? ?! 

The low energy effective theories certainly match up; this follows just from the low 
energy supersymmetry. Moreover, they match up in such a way that strong coupling of 
one theory would turn into weak coupling of the other. This is an essential point in any 
possible relation between them, since weak coupling of one is certainly not equivalent 
to weak coupling of the other. In terms of the metric g, dilaton ¢, two-form B, and 
gauge field strength F, the heterotic string effective action in ten dimensions scales with 
the dilaton like 


fe ge (R+|Vpl? + F? + |dBI’) . (5.1) 


21 The SO(32) heterotic string has particles that transform as spinors of SO(32); these are absent in the 
elementary string spectrum of Type | and would have to arise as some sort of solitons if these two theories 
are equivalent. 
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If we transform g = efg’ and ¢ = —¢’, this scales like 
J d!0x yg (e (R' + |V) +e” F? + \aB/*) f (5.2) 


This is the correct scaling behavior for the effective action of the Type I superstring. 
The gauge kinetic energy scales as e7% instead of e~?¢’ because it comes from the disc 
instead of the sphere. The B kinetic energy scales trivially with ø’ in Type I because B 
is an RR field. The fact that œ = —¢’ means that strong coupling of one theory is weak 
coupling of the other, as promised. 

Though a necessary condition, this is scarcely strong evidence for a new string-string 
duality between the heterotic string and Type I. However, given that the heterotic and 
Type II superstrings and eleven-dimensional supergravity all apparently link up, one 
would be reluctant to overlook a possibility for Type I to also enter the story. 

Let us try to use this hypothetical new duality to determine the dynamics of the 
heterotic string below ten dimensions. (Below ten dimensions, the SO(32) and Eg x Eg 
heterotic strings are equivalent [9], so the following discussion applies to both.) We 
formulate the heterotic string, with ten-dimensional string coupling constant A, on R? x 
T!°-4 with T!°-4 a (10 — d)-torus of radius r. This would be hypothetically equivalent 
to a toroidally compactified Type I theory with coupling constant A’ = 1/A and (in view 
of the Weyl transformation used to relate the low energy actions) compactification scale 
r’ =r/A'/?, Thus, as A — 00 for fixed r, A’ goes to zero, but r’ also goes to zero, making 
the physical interpretation obscure. It is more helpful to make a T-duality transformation 
of the Type I theory to one with radius z” = 1/r’. The T-duality transformation has 
a very unusual effect for Type I superstrings [11], mapping them to a system that is 
actually somewhat similar to a Type II orbifold; the relation of this unusual orbifold to 
the system considered in Section 4 merits further study. The 7-duality transformation 
also changes the ten-dimensional string coupling constant to a new one A” which obeys 


(r') 0-4 (1) 0-4 


iS 5.3 
( A')2 ( A")? ( ) 
so that the d-dimensional effective Newton constant is invariant. Thus 
ny (10—d)/2 (8—d)/2 
{rr _A 
AU =A (5) = "goed (5.4) 


So for d = 9, the strong coupling problem would be completely solved: as A — o0 
with fixed r, A” — 0 (and r” — oo, which gives further simplification). For d = 8, we 
have a story similar to what we have already found in d = 5 and 7 (and for Type ITA 
in d = 10): though A” is of order 1, the fact that r” — oo means that the coupling is 
weak at the compactification scale, so that one should have a weakly coupled description 
of the light degrees of freedom. But below d = 8, the transformation maps one strong 
coupling limit to another. 

Of course, once we get down to seven dimensions, we have a conjecture about the 
heterotic string dynamics from the relation to Type II. Perhaps it is just as well that the 
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speculative relation of the heterotic string to Type I does not give a simple answer below 
eight dimensions. If there were a dimension in which both approaches could be applied, 
then by comparing them we would get a relation between (say) a weakly coupled Type 
II string and a weakly coupled Type I string. Such a relation would very likely be false, 
so the fact that the speculative string-string duality in ten dimensions does not easily 
determine the strong coupling behavior below d = 8 could be taken as a further (weak) 
hint in its favor. 
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The ten or eleven dimensional origin of central charges in the N=4 or N=8 su- 
persymmetry algebra in four dimensions is reviewed: while some have a standard 
Kaluza-Klein interpretation as momenta in compact dimensions, most arise from 
p-form charges in the higher-dimensional supersymmetry algebra that are carried 
by p-brane ‘solitons’. Although p = 1 is singled out by superstring perturbation 
theory, U-duality of N=8 superstring compactifications implies a complete ‘p- 
brane democracy’ of the full non-perturbative theory. An ‘optimally democratic’ 
perturbation theory is defined to be one in which the perturbative spectrum in- 
cludes all particles with zero magnetic charge. Whereas the heterotic string is 
optimally democratic in this sense, the type II superstrings are not, although 
the 11-dimensional supermembrane might be. 


Soon after the advent of four-dimensional (D=4) supersymmetry, it was pointed 
out (Haag et al. 1975) that the N-extended supersymmetry algebra admits a central 
extension with N(N — 1) central charges: if Qi, (i =1...,N), are the N Majorana- 
spinor supersymmetry charges and P, the 4-momentum, then 


{Q}, Q} = (C )agPa + U“ (C)as + V"(C 7s) ap ’ (1) 


where UY = -UF and V`% = —V” are the central charges and C is the (antisymmet- 
ric) charge conjugation matrix. At first, the possibility of central charges was largely 
ignored. One reason for this is that the initial emphasis was naturally on N = 1 
supersymmetry, for which there are no central charges. Another reason is that the 
emphasis was also on massless field theories; since the central charges appearing in 
(1) have dimension of mass they cannot be carried by any massless particle. Central 
charges acquired importance only when massive excitations of extended supersymmet- 
ric theories came under scrutiny. One way that massive excitations naturally arise is 
when a gauge group of an otherwise massless gauge theory is spontaneously broken by 
vacuum expectation values of scalar fields. Consider N = 4 super Yang-Mills (YM) 
theory with gauge group SU(2) spontaneously broken to U(1) by a non-vanishing 
vacuum expectation value of one of the six (Lie-algebra valued) scalar fields. This 
can be viewed as an N = 4 super-Maxwell theory coupled to a massive N = 4 com- 
plex vector supermultiplet. Clearly, this massive supermultiplet has maximum spin 
one, but all massive representations of the ‘standard’ N = 4 supersymmetry algebra 
contain fields of at least spin 2. The resolution of this puzzle is that the massive 
supermultiplet is a representation of the centrally-extended supersymmetry algebra, 
which has short multiplets of maximum spin one. The central charge is the U(1) 
electric charge. Similar considerations apply to the magnetic monopole solutions of 
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spontaneously broken gauge theories with N=4 supersymmetry (Witten and Olive 
1978, Osborn 1979). Fermion zero modes in the presence of a magnetic monopole en- 
sure that the states obtained by semi-classical quantization fall into supermultiplets. 
Since there cannot be bound states of spin greater than one in any field theory with 
maximum spin one (Weinberg and Witten 1980), these supermultiplets must have 
maximum spin one and must therefore carry a central charge, which is in fact the 
magnetic charge. 

The appearance of central charges has usually been seen as a relic of additional 
compact dimensions. Consider N = 2 supersymmetry, for which there can be two 
central charges; to be specific, consider an N=2 super-YM theory with gauge group 
SU(2) spontaneously broken to U(1). The electric and magnetic charges associated 
with the unbroken U(1) group can be interpreted as momenta in two extra dimen- 
sions, consistent with the natural interpretation of the N = 2 super-YM theory as 
a dimensionally-reduced six-dimensional super-YM theory. However, this cannot be 
the whole story because this interpretation of central charges fails when we consider 
N > 2. For example, the N = 4 super-YM theory can be obtained by dimensional 
reduction from ten dimensions. If we consider the momentum in each extra dimension 
above four as a possible central charge in the four-dimensional N = 4 supersymmetry 
algebra then we find a total of 6 central charges. But the total number of possible 
central charges is 12, not 6. One’s first reaction to this discrepancy might be to 
suppose that it is due to central charges that are already present in the D=10 su- 
persymmetry algebra, but the full N=1 D=10 super-Poincaré algebra does not admit 
central charges. It might therefore seem that no D=10 interpretation can be given 
to 6 of the 12 central charges in the D=4 N=4 supersymmetry algebra. What this 
argument overlooks is that central charges in D=4 might arise from charges that are 
not central in D=10. It is possible (in various spacetime dimensions) to include p- 
form charges that are central with respect to the supertranslation algebra but not 
with respect to the full super-Poincaré algebra (van Holten and Van Proeyen 1982). 
Together with the momenta in the extra dimensions, these p-form charges provide 
the higher-dimensional origin of all central charges in N-extended supersymmetry 
algebras (Abraham and Townsend 1991). 

For the case under discussion, the 6 ‘surplus’ central charges have their D=10 
origin in a self-dual five-form central charge, Z*, in the N=1 D=10 supertranslation 
algebra: 

{Qa Qs} = (PIMC) gPm + (PIMNPORC) g ZMNPQR ’ (2) 


where P is a chiral projector. Such p-form charges are excluded by the premises of the 
theorem of Haag, Lopuszanski and Sohnius, and so are not relevant to representations 
of supersymmetry by particle states. They are relevant to extended objects however; 
in the presence of a p-dimensional extended object, or p-brane, the supertranslation 
algebra aquires a p-form central charge (Azcárraga et al. 1989). We might therefore 
expect to find a fivebrane solution of D=10 super-YM theory corresponding to the 
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five-form charge in (2) and there is indeed such a solution. It is found by interpreting 
the YM instanton of four dimensional Euclidean space as an ‘extended soliton’ in ten 
dimensional Minkowski space (Townsend 1988). By the inverse construction, which 
may be interpreted as ‘wrapping’ the fivebrane soliton around a 5-torus, one obtains 
an ‘instantonic’ soliton in five dimensions, i.e. a solution of the self-duality condition 
for YM fields on R‘. By solving these equations on R3 x S', which amounts to a 
further S? compactification to four spacetime dimensions, we obtain a BPS monopole 
of the four-dimensional YM/Higgs equations. The magnetic charge it carries is one of 
six possible types because there are six Higgs fields in the N = 4 super-YM multiplet. 
Which one gets an expectation value depends on which 5-torus is chosen for the first 
step in the construction, and this can be done in six ways. Thus, six central charges 
are momenta in the six extra dimensions but six more arise from the five-form charge 
in ten dimensions. From this interpretation, it is clear that we should expect to get 
‘surplus’ central charges only for spacetime dimension D < 5 because only in these 
cases can a fiveform charge yield a scalar charge on dimensional reduction. As a 
check, consider the N=4 super YM theory in, say, D=7; the relevant supersymmetry 
algebra has an SO(3) automorphism group, and the central charges in the relevant 
supersymmetry algebra belong to a 3 of SO(3), i.e. there are three of them, just 
the number of extra dimensions. In D=5, the relevant supersymmetry algebra has a 
USp(4) automorphism group and central charges belong to a 5 @ 1 of USp(4), i.e. 
there are five central charges for the five extra dimensions and one from dimensional 
reduction of the fiveform charge in ten dimensions. As a final point, observe that 
since the LHS of (2) is a 16 x 16 real symmetric matrix the maximal number of 
algebraically distinct charges that can appear on the RHS is 136, which is precisely 
the total number of components of Py and Zi;npgr- 

Many of the observations made above concerning super YM theories can be gen- 
eralized to supergravity theories. Certain N=2 and N=4 supergravity theories can 
be considered as compactifications of D=6 and D=10 supergravity on T? and T®, 
respectively. The D=10 case is of particular interest because of its close connection 
with the heterotic string. Consider first D=10 supergravity coupled to a rank r semi- 
simple D=10 super-YM theory. The generic four dimensional massless field theory 
resulting from a compactification on Tî is N=4 supergravity coupled to (6+r) abelian 
N=4 vector supermultiplets, six of which contain the Kaluza-Klein (KK) gauge fields 
for U(1)®, the isometry group of T°. Since the graviton multiplet contains six vec- 
tor fields, the total gauge symmetry group is U(1)!*+" and the corresponding field 
strengths can be assigned to the irreducible vector representation of SO(6,6 + r), 
which is a symmetry group of the four-dimensional effective action. The massive 
excitations in four dimensions discussed above for the pure super-YM theory are still 
present, since in addition to the massive vector mutiplets arising from the breaking 
of the rank r gauge group to U(1)’, there are also gravitational analogues of the 
BPS monopoles (Harvey and Liu 1991, Gibbons et al. 1994, Gibbons and Townsend 
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1995), which can be viewed (Khuri 1992, Gauntlett et al. 1993) as ‘compactifica- 
tions’ of Strominger’s fivebrane solution (Strominger 1990) of the D=10 heterotic 
string. These excitations are sources for the U(1)" fields. However, there are now 
new massive excitations of KK origin; the electrically charged excitations arise from 
the harmonic expansion of the fields on Tê, while the magnetically charged ones are 
the states obtained by semi-classical quantization of KK monopoles. These serve as 
sources for the six KK gauge fields. This provides us with massive excitations car- 
rying 2 x (6 +r) of the 2 x (12+ 1) types of electric and magnetic charges. What 
about massive excitations carrying the remaining 6+6 electric and magnetic charges? 
There are none in the context of pure KK theory but the electrically charged states, 
at least, are present in string theory; they are the string winding modes around the 
six-torus. In D=10 the magnetic dual to a string is a fivebrane, so we should expect 
to find the corresponding magnetically charged states as compactifications on T° of a 
new D=10 fivebrane of essentially gravitational origin. Such a solution indeed exists. 
In terms of the string metric, the bosonic action of D=10 N=1 supergravity is 


S= f d°x eR + 4(V6)? - ZH?) (3) 


where H is the three-form field strength of the two-form potential that couples to the 
string, and @ is the scalar ‘dilaton’ field. The field equations have a ‘neutral’ fivebrane 
solution (Duff and Lu 1991, Callan et al. 1991) for which the metric is 


ds? = —dt? + dy - dy + h + 4] (do? + Pa) , (4) 


where y are coordinates for E°, i.e. the fivebrane is aligned with the y-axes, dQ3 is the 
SO(4)-invariant metric on the three-sphere, and ys is an arbitrary constant (at least in 
the classical theory; we shall return to this point below). This solution is geodesically 
complete because p = 0 is a null hypersurface at infinite affine parameter along 
any geodesic. Clearly, this solution of D=10 supergravity is also a solution of D=10 
supergravity coupled to a D=:10 super-YM theory because the YM fields vanish (hence 
the terminology ‘neutral’). It may therefore be considered as an approximate solution 
of the heterotic string theory, but it is not an exact solution because the effective 
field theory of the heterotic string includes additional interaction terms involving 
the Lorentz Chern-Simons three-form. There is an exact solution, the ‘symmetric’ 
fivebrane, that takes account of these terms (Callan et al. 1991). Since the metric of 
the symmetric fivebrane solution is identical to that of the neutral fivebrane, it seems 
possible that, in the string theory context, the latter should be simply replaced by 
the former. In any case, the difference will not be of importance in this contribution. 
The main point for the present discussion is that there is an additional fivebrane in 
the supergravity context whose ‘wrapping modes’ are magnetically charged particles 
in D=4 that are the magnetic duals of the string winding modes. 
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We have now found massive excitations carrying all 28+28 electric and magnetic 
charges of the heterotic string (since r = 22 in this case). Because of the Dirac 
quantization condition, only 28 of the 56 possible types of charges can be carried by 
states in the perturbative spectrum, no matter how we choose the small parameter 
of perturbation theory. Heterotic string theory is ‘optimal’ in the sense that states 
carrying 28 different types of electric charge appear in string perturbation theory, 
whereas perturbative KK theory has states carrying only 22 electric charges. How- 
ever, one can try to ‘improve’ KK theory by taking into account the fact that D=10 
supergravity admits the extreme string solution (Dabholkhar et al. 1990) for which 
the metric is 


p 


where ø is one of the space coordinates, i.e. the string is aligned with the c-axis, dM? 
is the SO(8)-invariant metric on the seven-sphere, and p, is an arbitrary constant 
proportional to the string tension. Winding modes of this string ‘soliton’ carry the 
extra 6 electric charges that are missing from the KK theory. This suggests that we 
bring the extra 6 charges into perturbation theory by identifying this solitonic string 
with a fundamental string. 

There is a suggestive analogy here with the Skyme model of baryons: in the 
limit of vanishing quark masses the pions are the massless fields of QCD and the 
non-linear sigma model their effective action, just as D=10 supergravity can be seen 
as the effective action for the massless modes of a string theory. The sigma-model 
action has Skyrmion solutions that carry a topological charge which can be identified 
as baryon number, and these solutions are identified with the baryons of QCD. A 
potential difficulty in the D=10 supergravity case is that the string solution (5) is not 
really solitonic because the singularity at p = 0 is a naked timelike singularity at finite 
affine parameter. This could of course be taken simply as a further indication that 
one should introduce the string as a fundamental one and relinquish any attempt 
to interpret the solution (5) as a soliton. On the other hand, there is a similar 
difficulty in the pion sigma model: there are no non-singular static solutions carrying 
baryon number unless an additional, higher-derivative, term is included in the action. 
Perhaps something similar occurs in D=10 supergravity. 

Another potential difficulty in trying to interpret the string soliton (5) as the 
fundamental string is that the constant j; in this solution is arbitrary. The resolution 
of this difficulty requires consideration of the quantum theory. First, we observe that 
the reason that (5) is called ‘extreme’ is that it saturates a Bogomolnyi-type lower 
bound on the string tension in terms of the charge qe = fe~?’ x H, where x is the 
Hodge dual of H and the integral is over the seven-sphere at ‘transverse spatial 
infinity’. A similar result holds for the constant ys of the fivebrane solution (4) but 
with the ‘electric’ charge qe replaced by the ‘magnetic’ charge qm = $H, where now 


-l 
ds? = h + a] ( - dt? + do?) + (dp? + Paa?) , (5) 
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the integral is over the three-sphere at transverse spatial infinity. Given these facts, 
the parameters z; and ps are proportional, with definite constants of proportionality 
whose precise values are not important here, to qe and qm respectively. Second, the 
existence of a non-singular magnetic dual fivebrane solution implies a quantization of 
qe. Specifically, the product q.q,, is quantized as a consequence of a generalization 
of the Dirac quantization condition in dimension D to pbranes, and their duals of 
dimension p = D — p — 4 (Nepomechie 1985, Teitelboim 1986). Thus, not only is qe 
quantized, but so too is gm. 

One way to establish the above mentioned Bogomolnyi bound on the constants 
Hı, Hs is to make use of the supersymmetry algebra. In the fivebrane case one can 
relate the charge qm to a contraction of the five-form charge in the D=10 algebra 
(2) with the five-vector formed from the outer-product of the five spatial translation 
Killing vectors of the fivebrane solution. The Bogomoinyi bound can then be deduced 
from the supersymmetry algebra by a procedure modeled on the derivation of Witten 
and Olive for magnetic monopoles in D=4. There might appear to be an asymmetry 
between strings and fivebranes in this respect because while (2) includes a five-form 
charge, carried by fivebranes, it does not include the corresponding one-form charge 
that we might expect to be carried by strings. To include such a charge we must 
modify the algebra (2) to 


{Qa,Q3} = (PIMC) ,.4(Pu + Tm) + (PIM *PORC) Zhi wear - (6) 


This algebra is isomorphic to the previous one, which is why the absence of the 
one-form charge T did not show up in the earlier counting exercise; classically, T 
can be absorbed into the definition of P. But suppose k is an everywhere non- 
singular spacelike Killing vector of spacetime, with closed orbits of length R; then 
the eigenvalues of the scalar operators k- P and k-T are multiples of R~! and R, 
respectively, so in the quantum theory T cannot be absorbed into the definition of 
P. Moreover, it follows from the form of the Green-Schwarz action for the heterotic 
superstring that this one-form charge is indeed present in the algbra (Azcárraga et 
al. 1989, Townsend 1993). 

The massive states of the heterotic string carry a total of 28 electric and 28 
magnetic charges, as mentioned above, but only 12 linear combinations can appear 
as central charges in the N=4 D=4 supersymmetry algebra. This fact leads to some 
interesting consequences, e.g. symmetry enhancement at special vacua (Hull and 
Townsend 1995b). Here, however, I shall concentrate on theories which have N=8 
supergravity as their effective D=4 field theory, e.g. type II superstrings compactified 
on a six-torus. In this case, the 56 electric or magnetic charges associated with the 
28 abelian gauge fields of N=8 supergravity all appear as central charges in the 
N=8 supersymmetry algebra. From the standpoint of KK theory, only those massive 
states carrying the six electric KK charges appear in perturbation theory. Type II 
superstring theory improves on this by incorporating into perturbation theory the 
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string winding modes, which carry six more electric charges, but this still leaves 16 
electric charges unaccounted for. These 16 charges are those which would, if present 
in the spectrum, couple to the Ramond-Ramond (R-R) gauge fields of the D=4 type 
II string. They are absent in perturbation theory, however, because the R-R gauge 
fields couple to the string through their field strengths only. This has long been 
recognized as a problematic feature of type II superstrings, e.g. in the determination 
of the free type II string propagator (Mezincescu et al. 1989). 

An alternative way to see that states carrying RR charges must be absent in per- 
turbation theory is to note that the set of 56 electric plus magnetic central charges can 
be assigned to the irreducible 56 representation of the duality group E77 (Cremmer 
and Julia 1978,1979), which becomes the U-duality group E7(Z) of the string the- 
ory (Hull and Townsend 1995a). Now E77 > S2; R) x SO(6,6), so the U-Duality 
group has as a subgroup the product of the S-Duality group SI(2; Z) and the type 
II T-Duality group SO(6,6;Z). With respect to SI(2; R) x SO(6,6) the 56 of E77 
decomposes as 

56 — (2,12) @ (1, 32) . (7) 


The analogous decomposition of the (2, 28) representation of the S x T duality group 
S1(2;R) x SO(6, 22) of the generic T*-compactified heterotic string is 


(2, 28) — (2,12) @ 16 x (2,1), (8) 


which makes it clear that the (1,32) representation in (7) is that of the 16+16 elec- 
tric and magnetic RR charges, which are therefore S-Duality inert and transform ir- 
reducibly under T-Duality. Since T-Duality is perturbative and magnetic monopoles 
cannot appear in perturbation theory, this means that both electric and magnetic RR 
charges must be non-perturbative. Moreover, while the complete absence from the 
spectrum of states carrying RR charges would be consistent with S and T duality, 
their presence is required by U-duality. In fact, these states are present (Hull and 
Townsend 1995a). They are p-brane ‘wrapping modes’ for p > 1, which explains their 
absence in perturbative string theory. 

Thus, in contrast to the heterotic string, the type II string is non-optimal, in the 
sense that it does not incorporate into perturbation theory ail electrically charged 
states. Just as string theory improves on KK theory in this respect, one wonders 
whether there is some theory beyond string theory that is optimal in the above sense. 
As a first step in this direction one can try to ‘improve’ string theory, as we tried to 
‘improve’ KK theory, by incorporating p-brane solitons that preserve half the D=10 
N=2 supersymmetry (no attempt will be made here to consider solitons that break 
more than half the supersymmetry). In order to preserve half the supersymmetry, 
a p-brane must carry a p-form central charge in the D=10 N=2 supertranslation 
algebra, so we shall begin by investigating the possibilities for such p-form charges. 
Consider first the N=2A D=10 supersymmetry algebra. Allowing for all algebraically 
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inequivalent p-form charges permitted by symmetry, we have 


{Qa Qs} = (TMC),5Pu + (TuiC)opZ + (PMP uC) agZu + (TYC) Zan 
+ (TMN PAT C) ag ZMNPQ + (PMNPORC) BZMNPQR - (9) 


The supersymmetry charges are 32 component non-chiral D=10 spinors, so the max- 
imum number of components of charges on the RHS is 528, and this maximum is 
realized by the above algebra since 


10 + 1+ 10+ 45 + 210 + 252 = 528 . (10) 


Note that in this case the [',, matrix distinguishes between the term involving the 
10-momentum P and that involving the one-form charge carried by the type IIA 
superstring. This means that on compactification to D=4 we obtain an additional 
six electric central charges from this source, relative to the heterotic case. These are 
balanced by an additional six magnetic charges due to the fact that the five-form 
charge is no longer self-dual as it was in the heterotic case. Thus, there is now a 
total of 24 D=4 central charges carried by particles of KK, string, or fivebrane origin. 
These are the charged particles in the NS-NS sector of the superstring theory. 

The remaining 32 D=4 central charges of the D=4 N=8 supersymmetry algebra 
have their D=10 origin in the zero-form, two-form and four-form charges of the D=10 
algebra (9). One might suppose from this fact that these 32 charges would be carried 
by particles in the (non-perturbative) R-R sector whose D=10 origin is either a D=10 
black hole, membrane or fourbrane solution of the ITA supergravity theory, but this is 
only partly correct. There are indeed R-R p-brane solutions of D=10 HA supergravity 
for p = 0, 2, 4, in addition to the NS-NS p-brane solutions for p = 1,5, but there is also 
a R-R p-brane solution for p = 6. (Horowitz and Strominger 1991). The ITA p-branes 
with p = (0,6); (1,5); (2,4) are the (electric, magnetic) sources for the one-form, 
two-form and three-form gauge fields, respectively, of type ITA supergravity. 

The reason for this mis-match can be traced to the fact that the four-form charge 
in (9) actually contributes ‘twice’ to the D=4 central charges because apart from 
the obvious 15 charges it also contributes an additional one central charge via the 
component Zyyee, which is equivalent to a scalar in D=4. This scalar can alternatively 
be viewed as the obvious scalar charge in D=4 associated with a six-form charge in the 
D=10 algebra. However, a six-form charge is algebraically equivalent to a four-form 
charge, which explains why it is absent in (9) and why it is not needed to explain the 
56 D=4 central charges. It is possible that the situation here for the six-form charge 
in the IIA algebra is analogous to the one-form charge in the heterotic case in that 
it may be necessary to include it as a separate charge in the quantum theory even 
though it is not algebraically independent of the other charges. 

One objection that can be made to the association of p-brane solutions of a super- 
gravity theory with p-form charges in the supersymmetry algebra is that the possibil- 
ity just noted of replacing a four form by a six form in D=10 is of general applicability. 
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Thus, a p-form charge in a D-dimensional supersymmetry algebra could always be 
replaced by an algebraically equivalent (D — p)-form charge. Note that this is not 
simply a matter of exchanging one p-brane for its dual because the dual object is a 
(D — p — 4)-brane, not a (D — p)-brane. As a result of this ambiguity, one cannot 
deduce from the algebra alone which p-brane solutions will occur as solutions of the 
supergravity theory; one needs additional information. Fortunately, this information 
is always available, and it is always the case that the supersymmetry algebra admits a 
p-form charge whenever the supergravity multiplet contains a (p + 1)-form potential. 
Let us now consider how this type of analysis fares when applied to the type IIB 
superstring. The HB supersymmetry algebra has two Majorana-Weyl supercharges, 
# , (i==1,2), of the same chirality and, allowing for p-form central charges, the super- 
translation algebra is 


{Qh A} = 5°(PIMC)5Pu + (PIMC) ag Zu, + (PIM NPC), Zune 
+69(PIMNPORC) (Z*) mnpqr + (PIMNPORC)4(Z*)iwegr » (11) 


where the tilde indicates the tracefree symmetric tensor of SO(2), equivalently a U(1) 
doublet. The total number of components of all charges on the RHS of (11) is 


10 +2 x 10 + 120 +126 + 2 x 126 = 528 . (12) 


Moreover, all p-form charges are needed to provide a D=10 interpretation of the 
56 central charges of the D=4 N=8 supersymmetry algebra. I emphasize this point 
because it is not what one might expect given that D=10 IIB supergravity admits 
p-brane solutions for p = 1,3,5, with there being two strings and two fivebranes 
because there are two two-form gauge potentials. Each of these p-brane solutions can 
be paired with a p-form charge in the supersymmetry algebra, but this leaves one 
self-dual five-form charge without an associated fivebrane solution. This is because 
there are three (self-dual) five-form charges, not two. 

Perhaps even more surprising is that origin of this discrepancy lies in the NS-NS 
sector and not in the R-R sector. The reason for this has to do with the D=10 
interpretation of the magnetic duals to the 6 KK charges, i.e. the magnetic charges 
carried by the KK monopoles. In type IT string theory the KK charges are related 
by T-duality to the string winding modes. These have their origin in the D=10 NS- 
NS string for which the magnetic dual is a fivebrane. This fivebrane is associated 
with a five-form charge, so T-duality implies that the duals of the KK charges also 
have their D=10 origin in a fiveform charge. This is true for both the type ITA and 
the type IIB superstrings. In the type IIA case there was apparently only one five- 
form charge in the supesymmetry algebra but, in distinction to the heterotic case, it 
was not self dual. Thus, effectively there were two five-form charges: the self-dual 
one, in common with the heterotic string, and an additional anti-self-dual one. The 
additional one is not associated with a p-brane solution of the D=10 supergravity 
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theory but, instead, is associated with the KK monopoles. From this perspective it 
is not surprising that there are three, rather than two, self-dual five-form charges in 
the type IIB supersymmetry algebra. 

Having established the potential importance of p-brane solutions of the D=10 
supergravity theories, the next step is to determine whether these solutions are non- 
singular. The NS-NS string is singular but it may be identified with the fundamental 
string and, as noted earlier, the NS-NS fivebrane solution (4) is geodesically complete, 
so we need concern ourselves only with the additional R-R p-branes. In the type IIB 
case these comprise a string, a threebrane and a fivebrane. While the threebrane 
is non-singular (Gibbons et al. 1995), the R-R string and fivebrane are singular 
(Townsend 1995a, Hull 1995), and the significance of this is unclear at present. In 
the type IIA case, the R-R p-branes comprise a zero-brane, i.e. extreme ‘black hole’, 
a two-brane, i.e. membrane, a four-brane and a six-brane. Again, all are singular 
but in this case there is a simple resolution of this difficulty, which we shall explain 
shortly. 

At this point it should be clear that, for either the type ITA or type IIB superstring 
compactified on Tf, one can account for the existence of states in the spectrum 
carrying all 56 charges provided account is taken of the wrapping modes of the D=10 
p-brane solitons associated with the p-form charges in the D=10 supersymmetry 
algebra. From the standpoint of perturbative string theory, p = 1 is a special value 
since string theory incorporates p = 1 wrapping modes, alias string winding modes, 
into perturbation theory. However, U-Duality of the non-perturbative D=4 string 
theory implies that the distinction between p = 1 and p > 1 is meaningless in the 
context of the full non-perturbative theory: i.e. U-Duality implies a complete p-brane 
‘democracy’, hence the title of this contribution. It is merely by convention that we 
continue to refer to this non-perturbative theory as ‘string’ theory. 

Having just said, in effect, that ‘all p-branes are equal’, perhaps we can neverthe- 
less allow ourselves the luxury of considering, following Orwell’s dictum, that some 
are more equal than others. Specifically, it is convenient to divide the 56 central 
charges into the electric ones and the magnetic ones. I have emphasized above that 
the heterotic string is ‘optimal’ in that it incorporates all electric charges into pertur- 
bation theory; we might now say that it is ‘as democratic’ as a perturbative theory 
can be. Is there a similarly ‘optimally democratic’ perturbative theory underlying 
the type II string theories? The answer is a qualified ‘yes’, at least in the type ITA 
case, and it involves consideration of D=11 supergravity, to which we now turn our 
attention. 

D=11 supergravity compactified on T” has in common with the type II super- 
strings compactified on T® that the effective D=4 field theory is N=8 supergravity 
(Cremmer and Julia 1978,1979). From the D=11 standpoint, seven of the 56 central 
charges can be interpreted as momenta in the extra dimensions, ie. as KK electric 
charges, but this still leaves 49 unaccounted for. These remaining 49 charges must 
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have a D=11 origin as p-form charges. Allowing for all possible p-form charges, the 
D=11 supersymmetry algebra is 


{Qa Qs} = (T™ C), Pm + (TMNC)ap ZmN + (TMNPARC) 8 ZMNPQR - (13) 


That is, there is a two-form and a five-form charge. The total number of components 
of all charges on the RHS of (13) is 


11 + 55 + 462 = 528 , (14) 


which is, algebraically, the maximum possible number. From this algebra one might 
guess that D=11 supergravity admits p-brane solutions that preserve half the super- 
symmetry for p=2 and p=5, and this guess is correct (Duff and Stelle 1991, Güven 
1992). In the KK theory the only charged massive states are the KK modes carry- 
ing 7 of the 28 electric charges and the KK monopoles carrying the corresponding 
7 magnetic charges. The remaining 21 electric charges are carried by the wrapping 
modes of the D=11 twobrane, i.e. membrane, while the corresponding 21 magnetic 
charges are carried by wrapping modes of the D=11 fivebrane. Note that all magnetic 
charges have their D=11 origin in the five-form charge; as for the type ITA string the 
five-form charge accounts not only for the fivebrane charges but also for the charges 
carried by KK monopoles. 

The 11-metric for both the membrane and the fivebrane solution of D=11 super- 
gravity can be written as 


-5t 


pir a 
{8-p) 
ds? = h + PE (—dt? + dy - dy) + h + sft] (dp? + aR p) , (15) 
where y are coordinates of EP, so the p-brane is aligned with the y axes, and jy 
is a constant. In both cases there is a singularity at p = 0 and this was originally 
interpreted as due to a physical source. However, this singularity is merely a coordi- 
nate singularity, and the hypersurface p = 0 is an event horizon. Since the horizon 
can be reached and crossed in finite proper time, one might think that the appro- 
priate generalization of the singularity theorems of General Relativity would imply 
the existence of a singularity behind the horizon. This is indeed the case for p=2, 
and the Carter-Penrose diagram in this case is rather similar to that of the extreme 
Reissner-Nordstrom (RN) solution of General Relativity, i.e. a timelike curvature 
singularity hidden behind an event horizon (Duff et al. 1994). For p=5, however, the 
the analytic continuation of the exterior metric through the horizon leads to an inte- 
rior metric that is isometric to the exterior one. The maximally analytic extension of 
this exterior metric is therefore geodesically complete for p=5 (Gibbons et al. 1995). 
Thus, the fivebrane is genuinely solitonic while the membrane has a status similar to 
that of the extreme RN black hole in GR. This disparity suggests that we identify 
the membrane solution as the fields exterior to a fundamental supermembrane. Var- 
ious reasons in favour of this idea can be found in the literature (Hull and Townsend 
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1995a, Townsend 1995a 1995b). Another one is that it could allow us to bring into 
perturbation theory the 21 electric charges that cannot be interpreted as momenta in 
the extra 7 dimensions. Thus, a fundamental supermembrane theory is ‘optimal’, in 
the sense that all electric charges appear in perturbation theory. This presupposes, 
of course, that some sense can be made of supermembrane perturbation theory. Until 
now, attempts in this direction have been based on the the worldvolume action for 
a D=11 supermembrane (Bergshoeff et al. 1987,1988), but this approach runs into 
the difficulty that the spectrum is most likely continuous (de Wit et al 1989), which 
would preclude an interpretation in terms of particles. We shall return to this point 
at the conclusion of this contribution. 

This is a convenient point to summarize the p-brane solutions of the N=2 D=10 
supergravity theories and of D=11 supergravity via the ‘type II Branescan’ of Table 
1. Note that each p-brane has a dual of dimension p = D — p — 4, except the type 
ITB D=10 threebrane which is self-dual (Horowitz and Strominger 1991, Duff and Lu 
1991b). 


Table 1. The TYPE II Branscan 


We are now in a position to return, as promised, to the resolution of the problem 
in type ITA superstring theory that the RR p-brane solutions are singular. Note first 
that the IIA supergravity can be obtained by dimensional reduction from D=11 super- 
gravity, which was how it was first constructed (Gianni and Pernici 1984, Campbell 
and West 1984). The Green-Schwarz action for the type IIA superstring (Green and 
Schwarz 1984) can be obtained (Duff et al. 1987) by double dimensional reduction 
of the worldvolume action of the D=1] supermembrane. The D=10 extreme string 
solution is similarly related to the D=11 membrane solution (Duff and Stelle 1991) 
and this relation allows the singularity of the string solution to be reinterpreted as 
a mere coordinate singularity at the horizon in D=11 (Duff et al. 1994). As men- 
tioned above, there remains a further singularity behind the horizon. It is not clear 
what the interpretation of this singularity should be. One can argue that ‘clothed’ 
singularities are not inconsistent with the soliton interpretation, as has been argued 
in the past for extreme RN black holes (Gibbons 1985), or one can argue that the 
D=11 membrane solution should be interpreted as a fundamental supermembrane. 
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It should be noted here that there are strong arguments against simply discarding 
the membrane solution: it is needed for U-duality of the D=4 type II superstring 
(Hull and Townsend 1995a) and for the symmetry enhancement in K3-compactified 
D=11 supergravity (Hull and Townsend 1995b) needed for the proposed equivalence 
(Witten, 1995) to the T? compactified heterotic string. 

Let us now turn to the other p-brane solutions of the type IIA theory. First, the 
fourbrane can be interpreted as a double dimensional reduction of the D=11 fivebrane, 
in which the singularity of the fourbrane becomes a coordinate singularity at the hori- 
zon of the fivebrane (Duff et al. 1994). Thus both the D=10A string and fourbrane 
in Table 1 are derived by double dimensional reduction from the D=11 membrane 
and fivebrane diagonally above. Second, the D=10 membrane and D=10 fivebrane 
can each be interpreted as a superposition of the corresponding D=11 solutions, so 
each of these D=10A solutions in Table 1 has a straightforward interpretation as the 
dimensional reduction of the D=11 solution directly above it. There is, however, an 
important distinction between the D=10A membrane and the D=10A fivebrane: in 
the membrane case it is necessary to pass to D=11 to remove the singularity, whereas 
this is optional for the fivebrane (as expected from the fact that this fivebrane solution 
must do triple purpose as both the type ITA fivebrane and the heterotic and NS-NS 
type IIB fivebrane). Third, the type IIA sixbrane solution can be interpreted as a 
direct analogue in D=10 of the Kaluza-Klein monopole in D=4. Just as the latter 
becomes non-singular in D=5, so the singular D=10 sixbrane becomes non-singular 
in D=11 (Townsend 1995a). At this point we may pause to note that all magnetic 
p-brane solutions have now been interpreted as completely non-singular solutions in 
D=11. 

This leaves the electric D=10A 0-branes, alias extreme black holes. These carry 
the scalar central charge in the type ITA supersymmetry algebra (9). Since these black 
hole solutions are extreme they saturate a Bogomolnyi bound. Their mass is therefore 
a fixed multiple of their electric charge and, because of the existence of the magnetic 
six-brane dual, this electric charge is quantized. Hence their masses are quantized. 
Moreover, because they saturate a Bogomolnyi bound the corresponding ground state 
soliton supermultiplets are short ones of maximum spin 2. These are precisely the 
features exhibited by the tower of Kaluza-Klein states obtained by compactification 
of D=11 supergravity on S', and it is therefore natural to conjecture that the D=10 
type IIA extreme black hole states should be identified as the KK states of D=11 
supergravity (Townsend 1995a). Alternatively, or perhaps equivalently, one can think 
of the KK states of S! compactified D=11 supergravity as the effective description 
of the black hole states of the D=10 IIA superstring theory (Witten 1995). Another 
argument for the identification of the extreme black holes with KK states is that the 
former can be interpreted as parallel plane waves propagating at the speed of light 
in the-compact direction (cf. Gibbons and Perry 1984), so the corresponding quanta 
can be interpreted as massless particles with momentum in the compact dimension, 
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which is essentially a description of KK modes. 

Thus, the type ITA superstring is really an eleven-dimensional theory. From the 
D=11 standpoint, the string coupling constant g is g = R?/3 (Witten 1995), where 
R is the radius of the 11th dimension, so that weak coupling perturbation theory 
is a perturbation theory about R = 0. This explains why the critical dimension of 
the perturbative type IIA superstring theory is D=10. The strong coupling limit is 
associated with the decompactification limit R — œo and D=11 supergravity can be 
interpreted as the effective field theory at strong coupling (Witten 1995). However, 
the type IIA superstring is really an 11-dimensional theory at any non-zero coupling, 
weak or strong, and the question arises as to whether there is an intrinsically 11- 
dimensional description of this theory that is not merely an effective one. 

The only candidate for such a theory at present is the D=11 supermembrane but, 
as noted earlier, its quantization via its worldvolume action leads to difficulties. We 
can now explain why this should have been expected. While both the extreme string 
solution of D=10 supergravity, in the string metric, and the D=11 supermembrane 
solution of D=11 supergravity have a timelike singularity, consistent with their in- 
terpretation as fundamental extended objects, the two solutions differ in that the 
string singularity is naked whereas the membrane singularity is ‘clothed’. The dif- 
ference is significant. The fact that the string singularity is naked shows that the 
string is classically structureless. The worldsheet action is therefore an appropriate 
starting point for quantization. In contrast, the supermembrane has a finite core due 
to its horizon. Since the worldvolume action fails to take this classical structure into 
account it is not an appropriate starting point for quantization. An alternative ap- 
proach (Townsend 1995a) that could circumvent this criticism would be to quantize 
the classical membrane solution of D=11 supergravity. This might run into difficul- 
ties caused by the singularity, however, in which case some hybrid approach would 
be required. Clearly, there is much to do before we can be sure whether a quantum 
11-dimensional supermembrane makes physical sense. 
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Abstract 


A proposed duality between type IIB superstring theory on R? x S' and a conjectured 11D fundamental theory (“M 
theory”) on R? x T? is investigated. Simple heuristic reasoning leads to a consistent picture relating the various p-branes 
and their tensions in each theory. Identifying the M theory on R'° x S’ with type ITA superstring theory on R", in a similar 
fashion, leads to various relations among the p-branes of the IA theory. 


1. Introduction 


Recent results indicate that if one assumes the ex- 
istence of a fundamental theory in eleven dimensions 
(let’s call it the ‘M theory’? ), this provides a pow- 
erful heuristic basis for understanding various results 
in string theory. For example, type II superstrings can 
be understood as arising from a supermembrane in 
eleven dimensions [1] by wrapping one dimension of 
a toroidal supermembrane on a circle of the spatial 
geometry [2-5]. Similarly, when the spatial geome- 
try contains a K3, one can obtain a heterotic string by 
wrapping a five-brane with the topology of K3 x S' 
on the K3 [6,7]. This provides a very simple heurts- 
tic for understanding ‘string-string duality’ between 
type ITA and heterotic strings in six dimensions [8~ 
10,6,11,12]. One simply considers the M theory on 
Ré x S! x K3. This obviously contains both type H 
strings and heterotic strings, arising by the two wrap- 
pings just described. Moreover, since the membrane 


2 This name was suggested by E. Witten. 


and 5-brane are electric-magnetic duals in 11 dimen- 
sions, the two strings are dual in six dimensions, and 
so it is natural that the strong-coupling expansion of 
one corresponds to the weak-coupling expansion of the 
other. The remarkable thing about this kind of reason- 
ing is that it works even though we don’t understand 
how to formulate the M theory as a quantum theory. 
It is tempting to say that the success of the heuristic 
arguments that have been given previously, and those 
that will be given here, suggest that there really is a 
well-defined quantum M theory even when perturba- 
tive analysis is not applicable. The only thing that now 
appears to be special about strings is the possibility of 
defining a perturbation expansion. In other respects, 
all p-branes seem to be more or less equal [13,14]. 
Recently, I have analyzed heuristic relationships be- 
tween Type II strings and the M theory [15]. The 
approach was to compare the 9D spectrum of the M 
theory on R? x T? with the IIB theory on R? x S'. 
A nice correspondence was obtained between states 
arising from the supermembrane of the M theory and 
the strings of the IIB theory. The purpose of this paper 
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is to extend the analysis to include higher p-branes 
of both theories, and to see what can be learned from 
imposing the natural identifications. 

Let us begin by briefly recalling the results obtained 
in [15}. We compared the M theory compactified on 
a torus of area Ay in the canonical 11D metric g? 
with the IIB theory compactified on a circle of radius 
Rg (and circumference Lg = 27Rg) in the canoni- 
cal 10D IIB metric g'®). The canonical HB metric is 
the convenient choice, because it is invariant under the 
SL(2,R) group of IIB supergravity. By matching the 
9D spectra of the two models (especially for BPS satu- 
rated states), the modular parameter 7 of the torus was 
identified with the modulus Ap = yo + ie~*, which 
is the vev of the complex scalar field of the HB the- 
ory. This identification supports the conjectured non- 
perturbative SL(2,Z) duality symmetry of the IIB 
theory. (This was also noted by Aspinwall [16}.) 

A second result was that the IIB theory has an in- 
finite spectrum of strings, which forms an SL(2, Z) 
multiplet. The strings, labelled by a pair of relatively 
prime integers (q1, q2), were constructed as solutions 
of the low-energy 10D IIB supergravity theory using 
results in Refs. [17,18]. They have an SL(2, Z) co- 
variant spectrum of tensions given by 


TOSS”. (1) 


where TP is a constant with dimensions of mass- 
squared, which defines the scale of the theory, and 3 
Ay =e” (q ~ 2X0)? + 67% qh. (2) 
Note that strings with qo # 0, those carrying RR 
charge, have tensions that, for small string coupling 
gp = e*, scale as on”. The usual (1,0) string, on 
the other hand, has T ~ gy >" In the string metric, 
these become gg ' and 1, respectively. 

The mass spectrum of point particles (zero-branes) 
in nine dimensions obtained from the two different 
viewpoints were brought into agreement (for BPS sat- 
urated states, in particular) by identifying winding 
modes of the family of type IIB strings on the circle 


* Eq. (2) was given incorrectly in the original versions of my 
previous papers [15]. Also, TË? and 7"? were called T and 
T\;, and Ay was called Aj;. A more systematic notation is now 
desirable. 


with Kaluza-Klein modes of the torus and by identify- 
ing Kaluza-Klein modes of the circle with wrappings 
of the supermembrane (2-brane) on the torus.* The 
2-brane of the M theory has a tension (mass per unit 
area) in the 11D metric denoted To, If one intro- 
duces a parameter £ to relate the two metrics (g(®) = 
B?8™ ), then one finds the following relations [15] 


TM) 43/2 
r)i? AM > 


(PLR) = (3) 


Br = APT p(B). (4) 


Both sides of Eq. (3) are dimensionless numbers, 
which are metric independent, characterizing the size 
of the compact spaces. Note that, since 7{®) and 7{™) 
are fixed constants, Eq. (3) implies that Lp ~ Agel. 

Strings (1-branes) in nine dimensions were also 
matched. A toroidal 2-brane with one of its cycles 
wrapped on the spatial two-torus was identified with 
a type IIB string. When the wrapped cycle of the 
2-brane is mapped to the (41,42) homology class of 
the spatial torus and taken to have minimal length 
Lq = (Am/72)'?|qor ~ ail = (AmAg)'/, this gives 
a spectrum of string tensions in the 11D metric 
TM) = LyT;. Converting to the IB metric by 


Ty? = BUT precisely reproduces the previous 
formula for Th, in Eq. (1), which therefore supports 
the proposed interpretation. 


2. More consequences of M/IIB duality 


Having matched 9D point particles (O-branes) and 
strings (1-branes) obtained from the IIB and M the- 
ory pictures, let us now explore what additional in- 
formation can be obtained by also matching p-branes 
with p = 2,3,4,5 in nine dimensions.” It should be 
emphasized that even though we use extremely sim- 
ple classical reasoning, it ought to be precise ( assum- 
ing the existence of an M theory), because we only 


4 The rule that gave sensible results was to allow the membrane 
to cover the torus any number of times (counting orientation), 
and to identify all the different ways of doing as equivalent. For 
other problems (such as Suominger’s conifold transitions [19]) a 
different rule is required. As yet, a stngle principle that gives the 
correct rule for all such problems is not known. I am grateful to A. 
Strominger and A. Sen for correspondence concerning this issue. 

5 For useful background on p-branes see Refs. [20.22]. 
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consider p-branes whose tensions are related to their 
charges by saturation of a BPS bound. This means 
that the relations that are obtained should not receive 
perturbative or non-perturbative quantum corrections. 
This assumes that the supersymmetry remains unbro- 
ken, which is certainly believed to be the case. 

We begin with p = 2. In the M theory the 2-brane in 
9D is the same one as in 11D. In the IIB description it 
is obtained by wrapping an S! factor in the topology 
of a self-dual 3-brane once around the spatial circle. 
Denoting the 3-brane tension by PER its wrapping 
gives a 2-brane with tension eT. Y Converting to 
the 11D metric and identifying the two 2-branes gives 
the relation 


T = PLTP. (5) 


Using Eqs. (3) and (4) to eliminate Lg and £ leaves 
the relation 


ar, (6) 


The remarkable thing about this result is that it is a 
relation that pertains entirely to the IIB theory, even 
though it was deduced from a comparison of the IIB 
theory and the M theory. It should also be noted that 
the tension T{ 5) is independent of the string coupling 
constant, which implies that in the string metric it 
scales as gp |. 

Next we consider 3-branes in nine dimensions. The 
only way they can arise in the M theory is from wrap- 
ping a 5-brane of suitable topology (once) on the spa- 
tial torus. In the IIB theory the only 3-brane is the 
one already present in ten dimensions. Identifying the 
tensions of these two 3-branes gives the relation 


T™ Am x pr. (7) 
Eliminating 2 and substituting Eq. (6) gives 
l 2 
(M) M 
T; = = (7 ') ; (8) 


This result pertains entirely to the M theory. Section 
3 of Ref. |12] analyzed the implication of the Dirac 
quantization rule |23] for the charges of the 2-brane 
and 5-brane in the M theory. It was concluded that (in 
my notation) 776% /( 75")? should be an integer. 
The present analysis says that it is 1/2. Indeed, I be- 
lieve that Eq. (8) corresponds to the minimum prod- 
uct of electric and magnetic charges allowed by the 


quantization condition. It is amusing that simple clas- 
sical reasoning leads to a non-trivial quantum result. 

Next we compare 4-branes in nine dimensions. The 
IIB theory has an infinite SL(2, Z) family of 5-branes. 
These are labeled by a pair of relatively prime inte- 
gers (41,42), just as the IIB strings are. The reason is 
that they carry a pair of magnetic charges that are dual 
to the pair of electric charges carried by the strings. 
Let us denote the tensions of these 5-branes in the IIB 
metric by sae Wrapping cach of them once around 
the spatial circle gives a family of 4-branes in nine di- 
mensions with tensions LBT. In the M theory we 
can obtain 4-branes in nine dimensions by considering 
5-branes with an S' factor in their topology and map- 
ping the $! to a (q1, q2) cycle of the spatial torus. Just 
as when we wrapped the 2-brane this way, we assume 
that the cycle is as short as possible, i.e., its length is 
L,. Identifying the two families of 4-branes obtained 
in this way gives the relation 


LyTs = B LaTi (9) 
Substituting the relations [15] 
by = APT BT (10) 
and 

2 
LB? = rTM (T) (11) 


and using Eq. (8) gives 


l 3 
Rea (hn) - (12) 
This relation pertains entirely to the IIB theory. Since 
5-brane charges are dual to l -brane charges, they trans- 
form contragrediently under SL(2, R). This means 
that in this case qı is a magnetic R-R charge and q2 
is a magnetic NS-NS charge. Thus 5-branes with pure 
R-R charge have a tension that scales as ee and ones 
with any NS-NS charge have tensions that scale as 
g Converting to the string metric, these give gp | 
and a respectively. Of course, ga" is the character- 
istic behavior of ordinary solitons, whereas gg ' is the 
remarkable intermediate behavior that is characteris- 
tic of all p-branes carrying R-R charge. It is gratifying 
that these expected properties emerge from matching 
M theory and HB theory p-branes. 

We have now related all |-brane, 3-brane. and 5- 
brane tensions of the IB theory in ten dimensions, so 
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that they are determined by a single scale. We have 
also related the 2-brane and 5-brane tensions of the 
M theory in eleven dimensions, so they are also given 
by a single scale. The two sets of scales can only be 
related to one another after compactification, however, 
as the only meaningful comparison is provided by Eqs. 
(3) and (4). 

All that remains to complete this part of the story, is 
to compare 5-branes in nine dimensions. Here some- 
thing a little different happens. As is well-known, com- 
pactification on a space K with isometries (such as 
we are considering), so that the complete manifold 
is K x R“, give rise to massless vectors in d dimen- 
sions. Electric charges that couple to these vectors 
correspond to Kaluza~Klein momenta and are carried 
by point-like 0-branes. The dual magnetic objects are 
(d — 4)-branes. This mechanism therefore contributes 
“Kaluza~Klein 5-branes” in nine dimensions. How- 
ever, which 5-branes are the Kaluza—Klein ones de- 
pends on whether we consider the M theory or the IIB 
theory. The original 5-brane of the M theory corre- 
sponds to the unique Kaluza~K lein 5-brane of the ITB 
theory, and the SL(2, Z) family of 5-branes of the IIB 
theory corresponds to the Kaluza-Klein S-branes of 
the M theory. The point is that there are three vector 
fields in nine dimensions which transform as a sin- 
glet and a doublet of the SL(2, R) group. The singlet 
arises à la Kaluza~Klein in the IIB theory and from 
the three-form gauge field in the M theory. Similarly, 
the doublet arises from the doublet of two-form gauge 
fields in the IIB theory and à la Kaluza-Klein in the 
M theory. 

We can now use the identifications described above 
to deduce the tensions of Kaluza~Klein 5-branes in 
nine dimensions. The KK 5-brane of the IIB theory is 
identified with the fundamental 5-brane of the M the- 
ory, which implies that its tension is T;) = pTi. 
Combining this with Eq. (11) gives 


B l B)\4 
T; l= gjy e(N NS (13) 


Note that this diverges as Ly — 00, as is expected 
for a Kaluza-Klein magnetic p-brane. Similarly the 
SL(2,Z) multiplet of KK 5-branes obtained from the 
M theory must have tensions that match the 5-branes of 
the 10D IB theory. This implies that TSM? = Beri’. 
Substituting Eqs. (4) and (12) gives 


1 3 
TP = eae AN (TAM) a a4) 
This also diverges as Ay —> 0c, as is expected. As a 
final comment, we note that if all tensions are rescaled 
by a factor of 277 (in other words, equations are rewrit- 
ten in terms of 7 = 7/277), then all the relations we 
have obtained in Eqs. (3)-(14) have a numerical co- 
efficient of unity. 


3. The IIA theory 


The analysis given above is easily extended to the 
IIA theory in ten dimensions. The IIA theory is simply 
interpreted [4,5] as the M theory on R'° x S'. Let 
L = 27r be the circumference of the circle in the 
11D metric g™). The string metric of the IIA theory 
is given by g'®’ = exp(2¢,/3)9'™), where da is 
the dilaton of the ITA theory. The ITA string coupling 
constant ga is given by the vev of exp da. These facts 
immediately allow us to deduce the tensions T^ of 
IIA p-branes for p = 1,2, 4,5. The results are 


THM) = gi OLTIN, (15) 
TIN a gr T™, (16) 
TEN = gz ied (17) 
Ty = gTM. (18) 


Since Tt^ and T{™ are constants, Eq. (15) gives the 
scaling rule ga ~ L*/? [5,15]. Substituting Eqs. (15) 
and (8) into Eqs. (17) and (18) gives 

1 


| 
- A M A A 
g It ‘Ty Tee 5 Ti T n (19) 


AY _ 
T; = Ia? 1 


l 2 
TY 2 (TAY. ) 
Again we have found the expected scaling behaviors: 
gq! for the 2-brane and 4-branc, which carry R-R 
charge, and BA’ for the NS-NS solitonic 5-brane. Com- 
bining Eqs. (19) and (20) gives 


PAPS NY N (21) 


This shows that the quantization condition for the cor- 
responding charges is satisfied with the same (mini- 
mal) value in each case. 
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The IIA theory also contains an infinite spectrum 
of BPS saturated 0-branes (aka ‘black holes’) and a 
dual 6-brane, which are of Kaluza—Klein origin like 
those discussed earlier in nine dimensions. Since the 
Kaluza—Klein vector field is in the R-R sector, the 
tensions of these should be proportional to gx 1 as was 
demonstrated for the 0-branes in [5]. 


4. P-branes with P > 7 


The IIB theory has a 7-brane, which carries mag- 
netic y charge. The way to understand this is that y 
transforms under SL(2, R) just like the axion in the 
4D N = 4 theory. It has a Peccei-Quinn translational 
symmetry (broken to discrete shifts by quantum ef- 
fects), which means that it is a O-form gauge field. As 
a consequence, the theory can be recast in terms of a 
dual 8-form potential. Whether or not one does that, 
the classical supergravity equations have a 7-brane so- 
lution, which is covered by the general analysis of 
[20], though that paper only considered p < 6. Thus 
the 7-brane in ten dimensions is analogous to a string 
in four dimensions. Let us call the tension of the IIB 
7-brane T}®). 

The existence of the 7-brane in the 10D IIB theory 
suggests that after compactification on a circle, the 
resulting 9D theory has a 7-brane and a 6-brane. If so, 
these need to be understood in terms of the M theory. 
The 6-brane does not raise any new issues, since it is 
already present in the 10D IIA theory. It does, however, 
reinforce our confidence in the existence of the IIB 
7-brane. A 9D 7-brane, on the other hand, certainly 
would require something new in the M theory. What 
could it be? To get a 7-brane after compactification 
on a torus requires either a 7-brane, an 8-brane, or a 
9-brane in the 11D M theory. However, the cases of 
p = 7 and p = 8 can be ruled out immediately. They 
require the existence of a massless vector or scalar 
particle, respectively, in the 11D spectrum, and neither 
of these is present. The 9-brane, on the other hand, 
would couple to a 10-form potential with an 11-form 
field strength, which does not describe a propagating 
mode and therefore cannot be so easily excluded. Let 
us therefore consider the possibility that such a 9- 
brane with tension To really exists and trace through 
its consequences in the same spirit as the preceding 
discussions. 


First we match the 7-brane obtained by wrapping 
the hypothetical 9-brane of the M theory on the spatial 
torus to the 7-brane obtained from the IIB theory. This 
gives the relation 


AT)? = BT. (22) 
Substituting Eq. (4) gives 


sij TEM 


— TF: 
(M) 
(2) 
This formula is not consistent with our assumptions. 
A consistent picture would require T{®) to be inde- 


pendent of Am or Lg, but we have found that TP ~ 


An ~ LÝ k Also, the 8-brane and 9-brane of the IIA 
theory implied by a 9-brane in the M theory do not 
have the expected properties. I’m not certain what to 
make of all this, but it is tempting to conclude that 
there is no 9-brane in the M theory. Then, to avoid a 
paradox for 9D 7-branes, we must argue that they are 
not actually present, I suspect that the usual methods 
for obtaining BPS saturated p-branes in d — | dimen- 
sions from periodic arrays of them in d dimensions 
break down for p = d — 3, because the fields are not 
sufficiently controlled at infinity, and therefore there 
is no 7-brane in nine dimensions. Another reason to 
be suspicious of a 9D 7-brane is that a (d — 2)-brane 
in d dimensions is generically associated with a cos- 
mological term, but straightforward compactification 
of the IIB theory on a circle does not give one. 

In a recent paper [24], Polchinski has argued for 
the existence of a 9-brane in the 10D IIB theory and 
an 8-brane in the 10D IIA theory, both of which carry 
RR charges. (He also did a lot of other interesting 
things.) It ought to be possible to explore whether 
the existence of these objects is compatible with the 
reasoning of this paper, but it is unclear to me what 
the appropriate rules are for handling such objects. 


TIP = (Am) (23) 


5. Conclusion 


We have shown that by assuming the existence of a 
quantum `M theory’ in cleven dimensions one can de- 
rive a number of non-trivial relations among various 
perturbative and non-perturbative structures of string 
theory. Specifically, we have investigated what can be 
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learned from identifying M theory on R? x T? with 
type IIB superstring theory on R? x S' and matching 
(BPS saturated) p-branes in nine dimensions. Sim- 
ilarly, we identified the M theory on R'° x S! with 
type IIA superstring theory on R!° and matched p- 
branes in ten dimensions. Even though quantum M 
theory surely has no perturbative definition in 11D 
Minkowski space, these results make it more plausible 
that a non-perturbative quantum theory does exist. Of 
course, this viewpoint has been advocated by others - 
most notably Duff and Townsend - for many years. 

Clearly, it would be interesting to explore other 
identifications like the ones described here. The nat- 
ural candidate to consider next, which is expected to 
work in a relatively straightforward way, is a compar- 
ison of the M theory on R?’ x K3 with the heterotic 
string theory on R” x T?. There is a rich variety of p- 
branes that need to be matched in seven dimensions. 
In particular, the M theory 5-brane wrapped on the K3 
surface should be identified with the heterotic string 
itself. 

The M theory on R* x S! x K, where K is a Calabi- 
Yau space, should be equivalent to the type IIA su- 
perstring theory on R* x K. Kachru and Vafa have 
discussed examples for which there is a good candi- 
date for a dual description based on the heterotic string 
theory on R* x K3 x T? [25]. A new element, not 
encountered in the previous examples, is that while 
there is plausibly a connected moduli space of N = 2 
models that is probed in this way, only part of it is 
accessed from the M theory viewpoint and a different 
(but overlapping) part from the heterotic string the- 
ory viewpoint. Perhaps this means that we still need 
to find a theory that is more fundamental than either 
the heterotic string theory or the putative M theory. 
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Abstract 


We propose that the ten-dimensional Eg x Eg heterotic string is related to an eleven-dimensional 
theory on the orbifold R” x S'/Z» in the same way that the Type IIA string in ten dimensions 
is related to R? x S'. This in particular determines the strong coupling behavior of the ten- 
dimensional Eg x Eg theory. It also leads to a plausible scenario whereby duality between SO(32) 
heterotic and Type I superstrings follows from the classical symmetries of the eleven-dimensional 
world, just as the SL(2,Z) duality of the ten-dimensional Type IIB theory follows from eleven- 
dimensional diffeomorphism invariance. 


1. Introduction 


In the last year, the strong coupling behavior of many supersymmetric string theories 
(or more exactly of whal we now understand to be the one supersymmetric string theory 
in many of its simplest vacua) has been determined. For instance, the strong coupling 
behavior of most of the ten-dimensional theories and their toroidal compactifications 
seems to be under control [1]. A notable exception is the Eg x Eg heterotic string 
theory in ten dimensions; no proposal has yet been made that would determine its low- 
energy excitations and interactions in the strong coupling regime. One purpose of this 
paper is to fill this gap. 
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We also wish to further explore the relation of string theory to eleven dimensions. 
The strong coupling behavior of the Type HA theory in ten dimensions has turned out 
[2,1] to involve cleven-dimensional supergravity on R'° x S!, where the radius of the S! 
grows with the string coupling. An eleven-dimensional interpretation of string theory has 
had other applications, some of them explained in [3-5]. The most ambitious interpre- 
tation of these facts is to suppose that there really is a yet-unknown eleven-dimensional 
quantum theory that underlies many aspects of string theory, and we will formulate this 
paper as an exploration of that theory. (But our arguments, like some of the others that 
have been given, could be compatible with interpreting the eleven-dimensional world as 
a limiting description of the low-energy excitations for strong coupling, a view taken in 
[1].) As it has been proposed that the eleven-dimensional theory is a supermembrane 
theory but there are some reasons to doubt that interpretation,? we will non-committally 
call it the M-theory, leaving to the future the relation of M to membranes. 

Our approach to Jearning more about the M-theory is to consider its behavior on 
a certain eleven-dimensional orbifold R! x S!/Z». In the process, beyond making a 
proposal for how the Eg x Eg heterotic string is related to the M-theory, we will make a 
proposal for relating the classical symmetries of the M-theory to the conjectured heterotic 
- Type I string duality in ten dimensions [1,7-9], much as the classical symmetries of 
the M-theory have been related to Type II duality symmetries [1,5,10]. These proposals 
suggest a common eleven-dimensional origin of all ten-dimensional string theories and 
their dualities. 


2. The M-theory on an orbifold 


The M-theory has for its low-energy limit eleven-dimensional supergravity. On an 
eleven-manifold, with signature — + +...+, we introduce gamma matrices ris 
1,..., 11, obeying {f,,y} = 271, and (in an oriented orthonormal basis) 


rr... =. (2.1) 


We will assume that the M-theory has enough in common with what we know of string 
theory that it makes sense on a wide class of orbifolds - but possibly, like string theory, 
with extra massless modes arising at fixed points. We will consider the M-theory on 
the particular orbifold R!° x S!/Z?, where Zz acts on S! by x!'! — —x'!, reversing 
the orientation. Note that eleven-dimensional supergravity is invariant under orientation- 
reversal if accompanied by change in sign of the three-form A“), so this makes sense 
at least for the massless modes coming from eleven dimensions. * 


3 To get the right spectrum of BPS saturated states after toroidal compactification, the eleven-dimensional 
theory should support stable macroscopic membranes of some sort, presumably described at long wavelengths 
by the supermembrane action | 6,2]. We will indeed make this assumption later. But that the theory can be 
understood as a theory of fundamental membranes seems doubtful because (i) on the face of it, membranes 
cannot be quantized; (ii) there is no dilaton or coupling parameter that would justify a classical expansion in 
membranes. 

4 One might wonder whether there is a global anomaly that spoils parity conservation, as described on p. 309 
of [11]. This does not occur, as there are no exotic twelve-spheres [12]. 
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On R!° x S!, the M-theory is invariant under supersymmetry generated by an arbitrary 
constant spinor €. Dividing by Zz kills half the supersymmetry; sign conventions can be 
chosen so that the unbroken supersymmetries are generated by constant spinors € with 
le =e. Together with (2.1), this condition means that 


r'r?.. re =e, (2.2) 


so € is chiral in the ten-dimensional sense. 

The M-theory on R'® x §'/Z, thus reduces at low energies to a ten-dimensional 
Poincaré-invariant supergravity theory with one chiral supersymmetry. There are three 
string theories with that low-energy structure, namely the Eg x Eg heterotic string and 
the two theories ~ Type I and heterotic - with SO(32) gauge group. It is natural to 
wonder whether the M-theory on R? x §!/Z, reduces, as the radius of the S! shrinks to 
zero, to one of these three string theories, just as the M-theory on R!° x S! reduces to 
the Type IIA superstring in the same limit. We will give three arguments that all show 
that if the M-theory on R'® x S!/Z» reduces for small radius to one of the three string 
theories, it must be the Eg x Eg heterotic string. The arguments are based respectively 
on space-time gravitational anomalies, the strong coupling behavior, and world-volume 
gravitational anomalies. 


(i) Gravitational anomalies. First we consider the gravitational anomalies of the 
M-theory on R!° x S! /Zz; these should be computable without detailed knowledge of 
the M-theory because anomalies can be computed from only a knowledge of the low- 
energy structure. In raising the question, we understand a metric on R!® x S!/Z3 to be 
a metric on R!° x S! that is invariant under Z3; a diffeomorphism of R!° x S'/Z, is 
a diffeomorphism of R'? x S! that commutes with Z2. The standard massless fermions 
of the M-theory are the gravitinos; by a gravitino mode on R!° x S!/Z} we mean a 
gravitino mode on R!° x S! that is invariant under Z2. With these specifications, it makes 
sense to ask whether the effective action obtained by integrating out the gravitinos on 
R!° x S! /Z2 is anomaly-free, that is, whether it is invariant under diffeomorphisms. 

First of all, on a smooth eleven-manifold, the effective action obtained by integrating 
out gravitinos is anomaly-free; purely gravitational: anomalies are absent (except pos- 
sibly for global anomalies in 8k or 8k + 1 dimensions) in any dimension not of the 
form 4k + 2 for some integer k. But the result on an orbifold is completely different. 
In the case we are considering, it is immediately apparent that the Rarita-Schwinger 
field has a gravitational anomaly. In fact, the eleven-dimensional Rarita-Schwinger field 
reduces in ten dimensions to a sum of infinitely many massive fields (anomaly-free) 
and the massless chiral ten-dimensional gravitino discussed above ~ which [11] gives 
an anomaly under ten-dimensional diffeomorphisms. Thus, at least under those diffeo- 
morphisms of the eleven-dimensional orbifold that come from diffeomorphisms of R!® 
(times the trivial diffeomorphism of S! /Z2), there is an anomaly. 

To compute the form of this anomaly, it is not necessary to do anything essentially 
new; it is enough to know the standard Rarita-Schwinger anomaly on a ten-manifold, 
as well as the result (zero) on a smooth eleven-manifold. Thus, under a space-time 
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diffeomorphism 5x! = ev! generated by a vector field v’, the change of the effective 
action is on general grounds of the form 


Ol = ie J d''x ‘gv! (x) W(x), (2.3) 
R®xs!/Z> 


where g is the eleven-dimensional metric and W;(x) can be computed locally from the 
data at x. The existence of a local expression for W; reflects the fact that the anomaly can 
be understood to result entirely from failure of the regulator to preserve the symmetries, 
and so can be computed from short distances. 

Now, consider the possible form of W;(x) in our problem. If x is a smooth point 
in IR'° x S!/Zz (not an orbifold fixed point), then lack of anomalies of the eleven- 
dimensional theory implies that W;(x) = 0. W; is therefore a sum of delta functions 
supported on the fixed hyperplanes x!! = 0 and x!! = a, which we will call H’ and H”, 
so (2.3) actually takes the form 


T= ie f dx Vg vW! + ie f ax Ve" v' w} (2.4) 
H’ H" 


where now g’ and g” are the restrictions of g to H’ and H” and W’, W” are local 
functionals constructed from the data on those hyperplanes. Obviously, by symmetry, 
W” is the same as W’, but defined from the metric at H” instead of H’. The form 
of W' and W” can be determined as follows without any computation. Let the metric 
on R!° x §!/Z? be the product of an arbitrary metric on R!° and a standard metric on 
S!/Zo, and take v to be the pullback of a vector field on R!®. In this situation (as we are 
simply studying a massless chiral gravitino on R!° plus infinitely many massive fields), 
oT must simply equal the standard ten-dimensional anomaly. The two contributions in 
(2.4) from x!! = 0 and x!! = m must therefore each give one-half of the standard 
ten-dimensional answer. Though we considered a rather special configuration to arrive 
at this result, it was general enough to permit an arbitrary metric at x'! = 0 (or 7) and 
hence to determine the functionals W’, W” completely. 

Since the anomaly is not zero, the massless modes we know about cannot be the 
whole story for the M-theory on this orbifold. There will have to be additional massless 
modes that propagate only on the fixed planes; they will be analogous to the twisted 
sector modes of string theory orbifolds. The modes will have to be ten-dimensional 
vector multiplets because the vector multiplet is the only ten-dimensional supermultiplet 
with all spins < 1. Let us determine what vector multiplets there may be. 

First of all, part of the anomaly can be canceled by a generalized Green-Schwarz 
mechanism [13], with the fields B’ and B”, defined as the components AG of the 
three-form on H’ and HA”, entering roughly as the usual B field does in the Green- 
Schwarz mechanism. There will be interactions fy, B’ A Zg and f,,,, B” A Zg at the fixed 
planes, with some eight-forms Z’ and Z”, and in addition the gauge transformation law 
of A®) will have terms proportional to delta functions supported on H’ and H”. In this 
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way ~ as in the more familiar ten-dimensional case ~ some of the anomalies can be 
canceled, but not all. 

In fact, recall that the anomaly in ten-dimensional supergravity is constructed from a 
twelve-form Yiz that is a linear combination of (tr R?)3, tr R? - tr R4, and tr RÉ (with R 
the curvature two-form and tr the trace in the vector representation). The first two terms 
are “factorizable” and can potentially be canceled by a Green-Schwarz mechanism. The 
last term is “irreducible” and cannot be so canceled. The irreducible part of the anomaly 
must be canceled by additional massless modes - necessarily vector multiplets - from 
the “twisted sectors”. 

In ten dimensions, the story is familiar [13]. The irreducible part of the standard ten- 
dimensional anomaly can be canceled precisely by the addition of 496 vector multiplets, 
so that the possible gauge groups in ten-dimensional N = 1 supersymmetric string theory 
have dimension 496. We are in the same situation now except that the standard anomaly 
is divided equally between the two fixed hyperplanes. We must have therefore precisely 
248 vector multiplets propagating on each of the two hyperplanes! 248 is, of course, 
the dimension of Eg. So if the M-theory on this orbifold is to be related to one of the 
three string theories, it must be the Eg x Eg theory, with one Eg propagating on each 
hyperplane. SO(32) is not possible as gauge invariance would force us to put all the 
vector multiplets on one hyperplane or the other. 

By placing one Eg at each end, we cancel the irreducible part of the anomaly, but it 
may not be immediately apparent that the reducible part of the anomaly can be similarly 
canceled. To see that this is so, recall some facts about the standard ten-dimensional 
anomaly. With the gauge fields included, the anomaly is derived from a twelve-form 
Fiz that is a polynomial in tr F? and tr F2 (Fi and F, are the two Eg curvatures; the 
symbol tr denotes 1/30 of the trace in the adjoint representation) as well as tr R?, tr R4. 
(tr RÉ is absent as that part has been canceled by adding vector multiplets.) Y2 has the 
properties 


aN _ 
ðtrF? ð tr F? 


Vio = (trF?+ rF? — rR?) AN (2.5) 


where the details of the polynomial % will not be essential. The factorization in the 
second equation is the key to anomaly cancellation. The first equation reflects the fact 
that (as the massless fermions are in the adjoint representation) there is no massless 
fermion charged under each Eg, so that the anomaly has no “cross-terms” involving both 
Ex’s. 

Note that if we set U; = tr F? — }tr R? for i = 1,2, then the first equation in (2.5) 
implies that 


UL A (Ui, Ua, R?,tr R*) — ¥e(U,, 0, tr R, tr R’) 


+UA (Ñ (U1, Uo, tr R?, ir R) - ¥(0, Uz, tr R?, tr R°) ) = 0. (2.6) 
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Hence we can write 


Yio = (tr F? — btr R?) A Ze(tr Fè, tr RÉ, tr R°) 
+(tr Fy — ur R?) A Ze (tr Fy, tr R’, tr RA). (2.7) 


Here Zg is defined by Zg(tr F?, tr R, tr R*) = ¥g(U;, 0, tr R?, tr R*). (2.7) is the desired 
formula showing how the anomalies can be canceled by a variant of the Green-Schwarz 
mechanism adapted to the eleven-dimensional problem. The first term, involving F, but 
not F}, is the contribution from couplings of what was above called B’, and the second 
term, involving F> but not Fi, is the contribution from B”. 


(ii) Strong coupling behavior. If it is true that the M-theory on this orbifold is 
related to the Eg x Eg superstring theory, then the relation >~‘ween the radius R of 
the circle (in the eleven-dimensional metric) and the string coupling constant A can be 
determined by comparing the predictions of the two theories for the low-energy effective 
action of the supergravity multiplet in ten dimensions. The analysis is precisely as in 
{ 1] and will not be repeated here. It gives the same relation 


R= VP (2.8) 


that one finds between the M-theory on R!° x S! and Type IIA superstring theory. 

In particular, then, for small R - where the supergravity cannot be a good description 
as R is small compared to the Planck length - the string theory is weakly coupled 
and can be a good description. On the other hand, we get a candidate for the strong 
coupling behavior of the Eg x Eg heterotic string: it corresponds to supergravity on the 
R?? x S!'/Z» orbifold, which is an effective description (of the low-energy interactions 
of the light modes) for large A as then R is much bigger than the Planck length. If 
our proposal is correct, then what a low energy observer sees in the strongly coupled 
Eg x Eg theory depends on where he or she is; a generic observer, far from one of the 
fixed hyperplanes, sees simply eleven-dimensional supergravity (or the M-theory), and 
does not distinguish the strongly coupled Eg x Eg theory from a strongly coupled Type 
IIA theory, while an observer near one of the distinguished hyperplanes sees eleven- 
dimensional supergravity on a half-space, with an Eg gauge multiplet propagating on 
the boundary. 

We can also now sce another reason that if the M-theory on R!° x S'/Z» is related 
to one of the three ten-dimensional string theories, it must be the Eg x Eg heterotic 
string. Indeed, there is by now convincing evidence [1,7-9] that the strong coupling 
limit of the Type I superstring in ten dimensions is the weakly coupled SO(32) heterotic 
string, and vice-versa, so we would not want to relate either of the two SO(32) theories 
to eleven-dimensional supergravity. We must relate the orbifold to the Eg x Eg theory 
whose strong coupling behavior has been previously unknown. 


(iii) Extended membranes. As our third and last piece of evidence, we want to 
consider extended membrane. states in the M-theory after further compactification to 
R? x S! x S! /Z2. 
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Our point of view is not that the M-theory “is” a theory of membranes but that 
it describes, among other things, membrane states. There is a crucial difference. For 
instance, any spontaneously broken unified gauge theory in four dimensions with an 
unbroken U(1) describes, among other things, magnetic monopoles. That does not mean 
that the theory can be recovered by quantizing magnetic monopoles; that is presumably 
possible only in very special cases. Classical magnetic monopole solutions of gauge 
theory, because of their topological stability, can be quantized to give quantum states. 
But topologically unstable monopole-antimonopole configurations, while representing 
possibly interesting classical solutions, cannot ordinarily be quantized to understand 
photons and electrons. Likewise, we assume that when the topology is right, the M- 
theory has topologically stable membranes (presumably described if the length scale 
is large enough by the low-energy supermembrane action [2]) that can be quantized 
to give quantum eigenstates. Even when the topology is wrong - for instance on R!! 
where there is no two-cycle for the membrane to wrap around - macroscopic membrane 
solutions (with a scale much bigger than the Planck scale) will make sense, but we do 
not assume that they can be quantized to recover gravitons. 

The most familiar example of a situation in which there are topologically stable 
membrane states is that of compactification of the M-theory on R? x S! x S!. With 
x! understood as the time and x!°,x!! as the two periodic variables, the classical 
membrane equations have a solution described by x? =... = x? = 0. This solution is 
certainly topologically stable so (if the radii of the circles are big in Planck units) it 
can be reliably quantized to obtain quantum states. The solution is invariant under half 
of the supersymmetries, namely those obeying 


rreprie se, (2.9) 


so these will be BPS-saturated states. This latter fact gives the quantization of this 
particular membrane solution a robustness that enables one (even if the membrane in 
question can not for other purposes be usefully treated as elementary) to extrapolate to 
a regime in which one of the S!’s is small and one can compare to weakly coupled 
string theory. 

Let us recall the result of this comparison, which goes under the name of double 
dimensional reduction of the supermembrane [14]. The membrane solution described 
above breaks the eleven-dimensional Lorentz group to SO(1,2) x SO(8). The massless 
modes on the membrane world-volume are the oscillations of x2,...,x®, which transform 
as (1,8), and fermions that transform as (2,8). Here 2 is the spinor of SO(1,2) and 
8, 8’, and 8” are the vector and the two spinors of SO(8). To interpret this in string 
theory terms, one considers only the zero modes in the x!! direction, and decomposes 
the spinor of SO(1,2) into positive and negative chirality modes of SO(1,1); one 
thus obtains the world-sheet structure of the Type HA superstring. So those membrane 
excitations that are low-lying when the second circle is small will match up properly 
with Type IIA states. Since many of these Type HA states are BPS saturated and can 
be followed from weak to strong coupling, the membrane we started with was really 
needed to reproduce this part of the spectrum. 
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Now we move on to the R!° x S'/Z, orbifold. We assume that the classical membrane 
solution x? =... = x? is still allowed on the orbifold; this amounts to assuming that 
the membranes of the M-theory can have boundaries that lie on the fixed hyperplanes. 
In the orbifold, unbroken supersymmetries (as we discussed at the outset of Section 2) 
correspond to spinors e with I'''e = e€; these transform as the 16 of SO(1,9), or as 
8! @ 8” of SO(1,1) x SO(8). The spinors unbroken in the field of the membrane 
solution also obey (2.9), or equivalently P'T'e = e. Thus, looking at the situation 
in string terms (for an observer who does not know about the eleventh dimension), 
the unbroken supersymmetries have positive chirality on the string world-sheet and 
transform as 8’, (where the + is the SO(1,1) chirality) under SO(1,1) x SO(8). The 
massless world-sheet bosons, oscillations in x2,...,x°, survive the orbifolding, but half 
of the fermions are projected out. The survivors transform as 8”; one can think of them 
[15] as Goldstone fermions for the 8” supersymmetries that are broken by the classical 
membrane solution. The — chirality means that they are right-moving. 

So the massless modes we know about transform like the world-sheet modes of the 
heterotic string that carry space-time quantum numbers: left- and right-moving bosons 
transforming in the 8 and right-moving fermions in the 8”. Recovering much of the 
world-sheet structure of the heterotic string does not imply that the string theory (if 
any) related to the M-theory orbifold is a heterotic rather than Type I string; the Type I 
theory also describes among other things an object with the world-sheet structure of the 
heterotic string [9]. It is by considerations of anomalies on the membrane world-volume 
that we will reach an interesting conclusion. 

The Dirac operator on the membrane three-volume is free of world-volume gravita- 
tional anomalies as long as the world-volume is a smooth manifold. (Recall that except 
possibly for discrete anomalies in 8k or 8k + 1 dimensions, gravitational anomalies 
occur only in dimensions 4k +2.) In the present case, the world-volume is not a smooth 
manifold, but has orbifold singularities (possibly better thought of as boundaries) at 
x!! = 0 and at x!! = 7. These singularities give rise to three-dimensional gravitational 
anomalies; this is obvious from the fact that the massless world-sheet fermions in the 
two-dimensional sense are the fermions 8” of definite chirality. By analysis just like we 
gave in the eleven-dimensional case, the gravitational anomaly on the membrane world- 
volume vanishes at smooth points and is a sum of delta functions supported at x!! = 0 and 
x!! = m. As in the eleven-dimensional case, these delta functions each represent one half 
of the usual two-dimensional anomaly of the effective massless two-dimensional 8” field. 

As is perhaps obvious intuitively and we will argue below, the gravitational anomaly 
of the 8” field is the usual gravitational anomaly of right-moving RNS fermions and 
superconformal ghosts in the heterotic string. So far we have only considered the modes 
that propagate in bulk on the membrane world-volume. If the membrane theory makes 
sense in the situation we are considering, the gravitational anomaly of the 8” field 
must be canceled by additional world-volume “twisted sector” modes, supported at the 
orbifold fixed points x!! = 0 and x!! = 7. If we are to recover one of the known string 
theories, these “twisted sector modes” should be left-moving current algebra modes 
with c = 16. (In any event there is practically no other way to maintain space-time 
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supersymmetry.) Usually both SO(32) and Eg x Eg are possible, but in the present 
context the anomaly that must be cancelled is supported one half at x'' = 0 and one 
half at x?! = 7, so the only possibility is to have Eg x Eg with one Eg supported at 
each end. This then is our third reason that if the M-theory on the given orbifold has a 
known string theory as its weak coupling limit, it must be the Eg x Eg heterotic string. 

It remains to discuss somewhat more carefully the gravitational anomalies that have 
just been exploited. Some care is needed here as there is an important distinction 
between objects that are quantized as elementary strings and objects that are only 
known as macroscopic strings embedded in space-time. (See, for instance, [16,17].) 
For elementary strings, one usually considers separately both right-moving and left- 
moving conformal anomalies. The sum of the two is the total conformal anomaly 
(which generalizes to the conformal anomaly in dimensions above two), while the 
difference is the world-sheet gravitational anomaly. For objects that are only known 
as macroscopic strings embedded in space-time, the total conformal anomaly is not 
a natural concept, since the string world-sheet has a natural metric (and not just a 
conformal class of metrics) coming from the embedding. But the gravitational anomaly, 
which was exploited above, still makes sense even in this situation, as the world-sheet 
is still not endowed with a natural coordinate system. 

Let us justify the claim that the world-sheet gravitational anomaly of the 8” fermions 
encountered above equals the usual gravitational anomaly from right-moving RNS 
fermions and superconformal ghosts. A detailed calculation is not necessary, as this 
can be established by the following simple means. First let us state the problem (as it 
appears after double dimensional reduction to the Green-Schwarz formulation of the het- 
erotic string) in generality. The problem really involves, in general, a two-dimensional 
world-sheet & embedded in a ten-manifold M. The normal bundle N to the world-sheet 
is a vector bundle with structure group SO(8). If S_ is the bundle of negative chirality 
spinors on X and N” is the bundle associated to N in the 8” representation of SO(8), 
then the 8” fermions that we want are sections of L- @ N”. By making a triality 
transformation in SO(8), we can replace the fermions with sections of L~. & N without 
changing the anomalies. Now using the fact that the tangent bundle of M is the sum 
of N and the tangent bundle of & - TM = N TÈ - we can replace L. @ N by 
L- & TM if we also subtract the contribution of fermions that take values in L_ @ TÈ. 
The L.. @ TM-valued fermions are the usual right-moving RNS fermions, and (as su- 
perconformal ghosts take values in L- @ TÈ) subtracting the contribution of fermions 
valued in L- ® TÈ has the same effect as including the superconformal ghosts. 


3. Heterotic - Type I duality from the M-theory 


In this section, we will try to relate the eleven-dimensional picture to another inter- 
esting phenomenon, which is the conjectured duality between the heterotic and Type I 
SO(32) superstrings. 

So far we have presented arguments indicating that the Eg x Eg heterotic string theory 
is related to the M-theory on R!° x S!/Zp, just as the Type IIA theory is related to the 
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M-theory compactified on R!° x S!. 

We can follow this analogy one step further, and compactify the tenth dimension of the 
M-theory on S?. Schwarz [5] and Aspinwall [10]explained how the SL(2,Z) duality 
of the ten-dimensional Type IIB string theory follows from space-time diffeomorphism 
symmetry of the M-theory on R°? x T?. (For some earlier results in that direction see 
also [18].) Here we will argue that the SO(32) heterotic - Type I duality similarly 
follows from classical symmetries of the M-theory on R? x S! x S!/Zp. 

First we need several facts about T-duality of open-string models. 


T-duality in Type | superstring theory. The Type I theory in ten dimensions can be 
interpreted as a generalized Z} orbifold of the Type IIB theory [19-23]. The orbifold 
in question acts by reversing world-sheet parity, and acts trivially on the space-time. 
Projection of the Type IIB spectrum to Z2-invariant states makes the Type IIB strings 
unoriented; this creates an anomaly in the path integral over world-sheets with crosscaps, 
which must be compensated for by introducing boundaries. The open strings, which are 
usually introduced to cancel the anomaly, are naturally interpreted as the twisted states 
of the parameter-space orbifold. 

More generally, one can combine the reversal of world-sheet orientation with a space- 
time symmetry, getting a variant of the Type I theory [20-22]. > A special case of this 
will be important here. Upon compactification to R? x S!, Type IIB theory is T-dual to 
Type IIA theory. Analogously, the Type I theory - which is a Z orbifold of Type IIB 
theory - is 7-dual to a certain Z orbifold of Type IIA theory. This orbifold is constructed 
by dividing the Type IIA theory by a Z2 that reverses the world-sheet orientation and 
acts on the circle by x? — —x!9, Note that the Type IIA theory is invariant under 
combined reversal of world-sheet and space-time orientations (but not under either one 
separately), so the combined operation is a symmetry. This theory has been called the 
Type I’ or Type IA theory. In this theory, the twisted states are open strings that have their 
endpoints at the fixed points x!’ = 0 and x!° = m. To cancel anomalies, these open strings 
must carry Chan-Paton factors. If we want to treat the two fixed points symmetrically 
- as is natural in an orbifold - while canceling the anomalies, there must be SO(16) 
Chan-Paton factors at each fixed point, so the gauge group is SO(16) x SO(16). 

In fact, it has been shown [20-22] that the SO(16) x SO(16) theory just described 
is the T-dual of the vacuum of the standard Type I theory on R? x S! in which SO(32) 
is broken to SO(16) x SO(16) by a Wilson line. This is roughly because T-duality ex- 
changes the usual Neumann boundary conditions of open strings with Dirichlet boundary 
conditions, and gives a theory in which the open strings terminate at the fixed points. 

Of course, the Type I theory on R? x S! has moduli corresponding to Wilson lines; by 
adjusting them one can change the unbroken gauge group or restore the full SO(32). In 
the T-dual description, turning on these moduli causes the positions at which the open 


5 More generally still, one can divide by a group containing some elements that act only on space-time 
and some that also reverse the world-shcet orientation; the construction of the twisted states then has certain 
subtleties that were discussed in | 24]. 
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strings terminate to vary in a way that depends upon their Chan-Paton charges [25]. The 
vacuum with unbroken SO(32) has all open strings terminating at the same fixed point. 


Heterotic - Type 1 duality. We are now ready to try to relate the eleven-dimensional 
picture to the conjectured heterotic - Type I duality of ten-dimensional theories with 
gauge group SO(32). 

What suggests a connection is the following. Consider the Type I superstring on 
R? x S!. Its T-dual is related, as we have discussed, to the Type IIA theory on an 
R? x S! /Z2 orbifold. We can hope to identify the Type IIA theory on R? x S'/Z, with 
the M-theory on R? x S!/Zz x S!, since in general one hopes to associate Type IIA 
theory on any space X with M-theory on X x S!. 

On the other hand, we have interpreted the Eg x Eg heterotic string as M-theory on 
R!° x S!/Zp, so the M-theory on R? x S! x S!/Z, should be the Eg x Eg theory on 
R? x S!. 

So we now have two ways to look at the M-theory on X = R° x S'/Z, x S!. (1) It 
is the Type IIA theory on R° x S'/Z» which is also the T-dual of the Type I theory on 
R? x S!. (2) After exchanging the last two factors so as to write X as R? x S! x §'/Zp, 
the same theory should be the Eg x Eg heterotic string on R? x S!. So it looks like we 
can predict a relation between the Type I and heterotic string theories! 

This cannot be right in the form stated, since the model in (1) has gauge group 
SO(16) x SO(16), while that in (2) has gauge group Eg x Eg. Without really under- 
standing the M-theory, we cannot properly explain what to do, but pragmatically the 
most sensible course is to turn on a Wilson line in theory (2), breaking Eg x Eg to 
SO(16) x SO(16). 

At this point, it is possible that (1) and (2) are equivalent (under exchanging the last 
two factors in R? x S'/Z x S!). The equivalence does not appear, at first sight, to be 
a known equivalence between string theories. We can relate it to a known equivalence 
by making a T-duality transformation on each side. In (1), a T-duality transformation 
will convert to the Type I theory on R°’ x S! (in its SO(16) x SO(16) vacuum). In 
(2), a T-duality transformation will convert to an SO(32) heterotic string with SO(32) 
spontaneously broken to SO(16) x SO(16).© At this point, theories (1) and (2) are 
Type I and heterotic SO(32) theories (in their respective SO(16) x SO(16) vacua), so 
we can try to compare them using the conjectured heterotic - Type I duality. It turns out 
that this acts in the expected way, exchanging the last two factors in X = R?xS!/Z,xS!. 

Since the logic may scem convoluted, let us recapitulate. On side (1), we start with 
the M theory on R? x S'/Z x S!, and interpret is as the T-dual of the Type I theory 
on R° x S!. On side (2), we start with the M-theory on R? x S! x S!'/Zo, interpret it 
as the Eg x Eg heterotic string on R°? x S! and (after turning on a Wilson line) make 
a T-duality transformation to convert the gauge group to SO(32). Then we compare 


é R —» 1/R symmetry, with R the radius of the circle in R? x S!, maps the heterotic string vacuum with 
unbroken SO(32) to itself, and maps the heterotic string vacuum with unbroken Eg x Eg to itself, but maps a 
heterotic string vacuum with /, x Eg broken to SO(16) x SO(16) to a heterotic string vacuum with SO(32) 
broken to SO( 16) x SO( 16). This follows from facts such as those explained in [26,27]. 
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(1) and (2) using heterotic - Type I duality, which gives the same relation that was 
expected from the eleven-dimensional point of view. One is still left wishing that one 
understood better the meaning of 7-duality in the M-theory. 

We hope that this introduction will make the computation below easier to follow. 


Side (1). We start with the M-theory on R? x S'/Z, x S!, with radii Rig and Rii 
for the two circles. We interpret this as the Type IA theory, which is the Z orbifold of 
the Type II theory on R° x S!, a T-dual of the Type I theory in a vacuum with unbroken 
SO(16) x SO(16). 

The relation between Rig and Rj; and the Type IA parameters (the ten-dimensional 
string coupling Ara and radius Ria of the S!) can be computed by comparing the low- 
energy actions for the supergravity multiplet. The computation and result are as in [1]:7 

> R 
Ri =A > Rw= Sy. (3.1) 
Ma 
Now we make a 7-duality transformation to an ordinary Type I theory (with unbroken 
gauge group SO(16) x SO(16)), by the standard formulas Ry = 1/Ria, At = Aa / Ria. So 
2/3 FUEN 


Ro = 5. (3.2) 
i Ri’ 


Side (2). Now we start with the M-theory on R? x S! x S!/Z?, with the radii of 
the last two factors denoted as Rig and Rj,. This is hopefully related to the Eg x Eg 
heterotic string on R? x°S!, with the M-theory parameters being related to the heterotic 
string coupling Ag, and radius Re, by formulas 


L 42/3 to 
Ri, = Ag, , 107 


(3.3) 
just like (3.1), and obtained in the same way. After turning on a Wilson line and making 
a T-duality transformation to an SO(32) heterotic string, whose parameters Àn, Rp are 
related to those of the Eg x Eg theory by the standard T-duality relations Ra = 1/Re,, 
An = Ag, / Reg we get the analog of (3.2), 


,_ ae 
Ri = 75 Rio = ST: (3.4) 
/3 1/3 p2/3 
R; Àr Ri 


Comparison. Now we compare the two sides via the conjectured SO(32) heterotic 
- Type I duality according to which these theories coincide with 


l R 
Àh =o, Ry 


=—-, 3.5 
Ài Ay? (3.3) 


o, , . -2/3 - 
7 The second equation is equivalent to the Wey! rescaling gio,M = Ay af 210,A Obtained in {1] between the 
ten-dimensional metrics as measured in the M-theory or Type IIA. Also, by Aja we refer to the ten-dimensional 
string coupling constant, similar convention is also used for all other string theories below. 
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A comparison of (3.2) and (3.4) now reveals that the relation of Rig, Ri; to Rio Rii 
is simply 


Rio = Ry, Rii = Rio. (3.6) 


So - as promised — under this sequence of operations, the natural symmetry in eleven 
dimensions becomes standard heterotic - Type I duality. 


4. Comparison to Type II dualities 


We have seen a close analogy between the dualities that involve heterotic and Type I 
string theories and relate them to the M-theory, and the corresponding Type II dualities 
that relate the Type IIA theory to eleven dimensions and the Type IIB theory to itself. 
The reason for this analogy is of course that while the Type II dualities are all related 
to the compactification of the M-theory on R°? x T?, the heterotic and Type I dualities 
are related to the compactification of the M-theory on a Zz orbifold of R? x T°. It is 
the purpose of this section to make this analogy more explicit. 

The moduli space of compactifications of the M-theory on a rectangular torus is shown 
in Fig. 1, following [10,5]. Let us first recall how one can see the SL(2, Z) duality of 
the ten-dimensional Type IIB theory in the moduli space of the M-theory on R° x T?. 
The variables of the Type IIB theory on R? x S! are related to the compactification radii 
of the M-theory on R° x T? by 


Ri l 
Ai = Rio’ Rig = —— z: (4.1) 


0R 
The string coupling constant Ang depends on the shape of the two-torus of the M-theory, 
but not on its area. As we send the radius Rye to infinity to make the Type IIB theory 
ten-dimensional at fixed Ayp, the radii Rio and Ry,. go to zero. So, the ten-dimensional 
Type IIB theory at arbitrary string coupling corresponds to the origin of the moduli 
space of the M-theory on R? x T? as shown in Fig. 1. The SL(2,Z) duality group of 
the ten-dimensional Type IIB theory can be identified with the modular group acting on 
the T? [5,10]. 

Similarly, the region of the moduli space where only one of the radii Rig and Rj, is 
small corresponds to the weakly coupled Type IIA string theory. When both radii become 
large simultaneously, the Type IIA string theory becomes strongly coupled, and the low- 
energy physics of the theory is described by eleven-dimensional supergravity [1]. 

Now we can repeat the discussion for the heterotic and Type I theories. The moduli 
space of the M-theory compactified on R? x S! /Z2 x S! is sketched in Fig. 2. In the pre- 
vious sections we discussed the relations between the Type IA theory on R°? x S! /Z2, the 
Type I theory on R° x S', and the M-theory on R? x S! /Z2 x S!. This relation leads to the 
following expression for the Type I variables in terms of the variables of the M-theory: 


Ay= tt 


’ |S a 
Rio RyoR\? 


(4.2) 
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10D type HA 11D supergravity 
Ri 
0 oo 
10D type IIB Rio 10D type ITA 


Fig. 1. A section of the moduli space of compactifications of the M-theory on R? x T?. By virtue of the Z2 
symmetry between the two compact dimensions, only the shaded half of the diagram is relevant. 


10D E,x Eg M-theory on 
heterotic R!!/ Z, 
Ri 
0 oo 
10D SO(32) Rio 10D type IA 


heterotic type I 


Fig. 2. A section of the moduli space of compactifications of the M-theory on R? x S! x S! /Z2. Here Rio is 
the radius of S! /Z2. 


The string coupling constant A; depends only on the shape of the two-torus of the 
M-theory. By the same reasoning as in the Type IIB case, the ten-dimensional Type I 
theory at arbitrary string coupling A; is represented by the origin of the moduli space, 
which should be — in both cases - more rigorously treated as a blow-up. 

We have related the SO(32) heterotic string is related to variables of the M-theory by 


A Rii R ! (4.3) 
h2 5> k= Sp or m . 
Rio RoR,” 
Using heterotic - Type I duality, which simply exchanges the two radii, 
Rio = Ru, Rit = Rio, (4.4) 
we can express this relation in terms of Rio and Rj1, 
R 1 
Ane, R=- (4.5) 
Ru Rii Rio 


Just like the ten-dimensional Type I theory, the ten-dimensional SO(32) heterotic theory 
at all couplings corresponds to the origin of the moduli space. The heterotic - Type I du- 
ality maps one of these theories at strong coupling to the other theory at weak coupling, 
and vice-versa. 
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Now we would like to understand the regions of the moduli space where at least one 
of the radii Rio, Ry, is large. Recall that Rio and Ry; - as measured in the M-theory - 
are related to the string coupling constants by 

2/3 
Roza, Ry =A. (4.6) 
If one of the radii is large and the other one is small, the natural description of the 
physics at low energies is in terms of the weakly-coupled Type IA or Eg x Eg heterotic 
string theory. Conversely, as we go to the limit where both Rio and Rj, are large, both 
string theories are strongly coupled, and the low-energy physics is effectively described 
by the M-theory. 


Comparison of the spectra. We can gain some more insight into the picture by 
looking at some physical states of the M-theory and interpreting them as states in 
different weakly-coupled string theories. 

A particularly natural set of states in the M-theory on R? x T? is given by the Kaluza- 
Klein (KK) states of the supergravity multiplet, that is the states carrying momentum 
in the tenth and eleventh dimension, along with the wrapping modes of the membrane. 
As measured in the M-theory, these states have masses 


e 


M? = -> 
Rio 


m? 2p2 p2 
+ =~ + Rio), (4.7) 

Ry 
for certain values of m,n, £. 

We are of course interested in states of the M-theory on R? x S!/Z2 x S!. In order 
to get the states that survive on the orbifold, we must project (4.7) to the Z2 invariant 
sector. Schematically, the orbifold group acts on the states with the quantum numbers 
of (4.7) as follows: 


|€,m,n) — +| — £, m,n). (4.8) 


The action of the orbifold group on the KK modes follows directly from its action on the 
space-time coordinates. The action on the membrane wrapping modes indicates that the 
orbifold changes simultaneously the space-time orientation as well as the world-volume 
orientation of the membrane. 

While m and n are conserved quantum numbers even in the orbifold, Z is not. Nev- 
ertheless, we include it in the discussion since £ is approximately conserved in some 
limits. 

If our prediction about the relation of the M-theory on R? x S'/Z, x S! to the 
heterotic and Type I string theories is correct, the stable states of the M-theory must 
have an interpretation in each of these string theories. The string masses of these states 
as measured by the Type I observer are 
mR? r 


+5 (4.9) 


M = OR? 
SE Re 
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The membrane wrapping modes can be identified with the KK modes of the Type I string, 
while the unstable states correspond to unstable winding modes of the elementary Type 
I string. The membrane KK modes along the eleventh dimension are non-perturbative 
states in the Type I theory. These states can be identified with winding modes of non- 
perturbative strings with tension T2 x Ay ' We will see below that this is simply the 
solitonic heterotic string of the Type I theory [7-9]. 

Similarly, we can try to interpret the states in the T-dual, Type IA theory. A Type IA 
observer will measure the following masses of the states: 

ee ELA 
Mi, = RZ + rea + n° Rip. (4.10) 

As required by 7-duality, the membrane wrapping modes correspond to the string wind- 
ing modes. The unstable states correspond to the KK modes of the Type IA closed string; 
they are unstable because the tenth component of the momentum is not conserved in the 
Type IA theory. The stable KK states of the M-theory correspond to non-perturbative 
Type IA states. These Type IA states can be identified with the zero-branes (alias ex- 
tremal black holes) of the Type IIA theory in ten dimensions. Notice that under the Z2 
orbifold action, the quantum number that corresponds to the extremal black hole states 
is conserved, and the zero-brane states survive the orbifold projection. 

In the Eg x Eg heterotic theory, the masses of our states are given by 


2 m? 2 p2 
Me, = R +n Rg (4.11) 
Eg 


(We here omit £, as the unstable states it labels have no clear interpretation for the 
weakly coupled heterotic string.) The stable KK modes along the eleventh dimension 
in the M-theory can be interpreted as the KK modes along the tenth dimension in the 
heterotic theory, while the membrane wrapping modes are the winding modes of the 
heterotic string. 

In the SO(32) heterotic string, the masses are 


2 
M; = mR, + 5. (4.12) 


Again, these are the usual momentum and winding states of the heterotic string. The 
formulas also make it clear that - as expected from the heterotic - Type I duality - the 
m = | non-perturbative Type I string state corresponds to the elementary heterotic string. 

We already pointed out an analogy between the heterotic - Type I duality and the 
SL(2,Z) duality of the Type ITB theory; now we actually see remnants of the SL(2, Z) 
multiplet of Type IIB string states in the SO(32) heterotic and Type I theories. This 
can be best demonstrated when we consider the weakly-coupled Type IIB theory, and 
look at the behavior of its spectrum under the Zz orbifold group that leads to the Type 
I theory. The perturbative Type IIB string of the SL(2, Z) multiplet is odd under the Z2 
orbifold action, and so does not give rise to a stable string. But a linear combination 
of strings winding in opposite directions survives the projection and corresponds to the 
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elementary Type I closed string, which is unstable but long-lived for weak coupling. 
The SL(2,Z) Type IB string multiplet also contains a non-perturbative state that is 
even under Z2, and we have just identified it with the elementary heterotic string. Upon 
orbifolding, the original SL(2,Z) multiplet of Type IIB strings thus gives rise to both 
Type I and the heterotic string. 


Twisted membrane states. The states we have discussed so far are analogous to 
untwisted states of string theory on orbifolds. The membrane world-volume is without 
boundary, but the membrane Hilbert space is projected onto Z»-invariant states; the Z2 
simultaneously reverses the sign of x!! and the membrane orientation. 

We must also add the twisted membrane states, which are analogous to open strings 
in parameter space orbifolds of Type II string theory reviewed above. Just like the open 
strings of the Type IA theory, the twisted membrane states have world-volumes with 
two boundary components, restricted to lie at one of the orbifold fixed points, x!° = 0 
and x!® = a. Such a state might simply be localized near one of the fixed points 
(in which case the description as a membrane state might not really be valid), or it 
might wrap around S'/Z x S! a certain number of times (in which case the membrane 
description does make scnse at least if the radii are large). The former states might be 
called twisted KK states, and should include the non-abelian gauge bosons discussed in 
Section 2. The latter states will be called twisted wrapping modes. The twisted states 
carry no momentum in the orbifold direction. Both the momentum ñ in the S! direction 
and the wrapping number 7 are conserved. 

States of these twisted sectors have masses - as measured in the M-theory - given by 


m2 


M? 
Rhy 


+P RR}. (4.13) 
Just as in the untwisted sector, one has to project out the twisted states that are not 
invariant under the orbifold group action. 

Again, the Z2-invariant twisted states should have a natural interpretation in the 
corresponding string theories. In the Type I theory, the twisted states of the M-theory 
have masses 
mR P 


M? = +5. 4.14 
1 A? R? ( ) 


At generic points of our moduli space, the twisted states carry non-trivial representations 
of SO(16) x SO(16). The twisted wrapping modes of the membrane correspond to the 
KK modes of the open Type I string. The twisted KK modes of the M-theory are non- 
perturbative string states of the Type I theory, with masses œ Rı/Ar; they are charged 
under the gauge group, and should be identified with the charged heterotic soliton strings 
of the Type I theory. 

In the Type IA theory, we obtain the following mass formula: 


m ~ 
Min = 55° +P Ria (4.15) 
IA 
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While the twisted wrappping modes of the M-theory correspond to the perturbative 

winding modes of the Type IA open string, the twisted KK modes show up in the Type IA 

theory as additional non-perturbative black-hole states, charged under SO(16) x SO(16). 
In the Eg x Eg heterotic theory, 


Both sectors are perturbative heterotic string states in non-trivial representations of 
SO(16) x SO(16). In the SO(32) heterotic theory, the corresponding masses are 


(4.17) 


which is of course in accord with 7-duality. 

One can go on and analyze spectra of other p-branes. Let us only notice here that 
the space-time orbifold singularities of the M-theory on R? x S!/Z, x S! are intriguing 
M-theoretical analogs of Dirichlct-branes of string theory. 
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Superunification underwent a major paradigm shift in 1984 when eleven-dimensional 
supergravity was knocked off its pedestal by ten-dimensional superstrings. This last year 
has witnessed a new shift of equal proportions: perturbative ten-dimensional superstrings 
have in their turn been superseded by a new nonperturbative theory called M theory, 
which describes supermembranes and superfivebranes, which subsumes all five consistent 
string theories and whose low energy limit is, ironically, eleven-dimensional supergravity. 
In particular, six-dimensiona] string/string duality follows from membrane/fivebrane 
duality by compactifying M theory on S!/Z_ x K3 (heterotic/heterotic duality) or 
S! x K3 (Type IIA /heterotic duality) or $1/Z2 x T* (heterotic/Type IIA duality) or 
S) x T4 (Type 11A/Type IIA duality). 


1. Ten to Eleven: It Is Not Too Late 


The maximum space-time dimension in which one can formulate a consistent super- 
symmetric theory is eleven.* For this reason in the early 1980’s many physicists 
looked to D = 11 supergravity,” in the hope that it might provide that superunifica- 
tion? they were all looking for. Then in 1984, superunification underwent a major 
paradigm shift: eleven-dimensional supergravity was knocked off its pedestal by 
ten-dimensional superstrings,* and eleven dimensions fell out of favor. This last 
year, however, has witnessed a new shift of equal proportions: perturbative ten- 
dimensional superstrings have in their turn been superseded by a new nonperturba- 
tive theory called M theory, which describes (amongst other things) supersymmetric 
extended objects with two spatial dimensions (supermembranes), and five spatial 


*Research supported in part by NSF Grant PHY-9411543. 

E-mail: duffQ@phys.tamu.edu 

*The field-theoretic reason is based on the prejudice that there be no massless particles with spins 
greater than two.! However, as discussed in Sec. 5, D = 11 emerges naturally as the maximum 
dimension admitting super p-branes in Minkowski signature. 
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dimensions (superfivebranes), which subsumes all five consistent string theories and 
whose low energy limit is, ironically, eleven-dimensional supergravity. 

The reason for this reversal of fortune of eleven dimensions is due, in large part, 
to the 1995 paper by Witten. One of the biggest problems with D = 10 string 
theory is that there are five consistent string theories: Type I SO(32), heterotic 
S$0(32), heterotic Eg x Eg, Type IIA and Type IIB. As a candidate for a unique 
theory of everything, this is clearly an embarrassment of riches. Witten put forward 
a convincing case that this distinction is just an artifact of perturbation theory and 
that nonperturbatively these five theories are, in fact, just different corners of a 
deeper theory. Moreover, this deeper theory, subsequently dubbed M theory, has 
D = 11 supergravity as its low energy limit! Thus the five string theories and 
D = 11 supergravity represent six different special points’ in the moduli space of 
M theory. The small parameters of perturbative string theory are provided by (e®), 
where ® is the dilaton field, and (e’') where o; are the moduli fields which arise 
after compactification. What makes M theory at once intriguing and yet difficult to 
analyze is that in D = 11 there is neither dilaton nor moduli and hence the theory 
is intrinsically nonperturbative. Consequently, the ultimate meaning of M theory 
is still unclear, and Witten has suggested that in the meantime, M should stand 
for “magic,” “mystery” or “membrane,” according to taste. 

The relation between the membrane and the fivebrane in D = 11 is analogous to 
the relation between electric and magnetic charges in D = 4. In fact, this is more 
than an analogy: electric/magnetic duality in D = 4 string theory®” follows as a 
consequence of string/string duality in D = 6.8 The main purpose of this paper is to 
show how D = 6 string/string duality®-!*”° follows, in its turn, as a consequence of 
membrane/fivebrane duality in D = 11. In particular, heterotic/heterotic duality, 
Type IIA /heterotic duality, heterotic/Type IIA duality and Type IIA/Type IIA 
duality follow from membrane/fivebrane duality by compactifying M theory on 
S1/Zy x K3,)° S1 x K3,18 $1/Z, x T4 and S? x T4, respectively. 

First, however, I want to pose the question: “Should we have been surprised by 
the eleven-dimensional origin of string theory?” 


2. Type II A&M Theory 


The importance of eleven dimensions is no doubt surprising from the point of view 
of perturbative string theory; from the point of view of membrane theory, however, 
there were already tantalizing hints in this direction: 


(i) K3 compactification 


The four-dimensional compact manifold 3 plays a ubiquitous role in much of 
present day M theory. It was first introduced as a compactifying manifold in 198318 


bSome authors take the phrase M theory to refer merely to this sixth corner of the moduli space. 
With this definition, of course, M theory is no more fundamental than the other five corners. For 
us, M theory means the whole kit and caboodle. 
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when it was realized that the number of unbroken supersymmetries surviving com- 
pactification in a Kaluza—Klein theory depends on the holonomy group of the extra 
dimensions. By virtue of its SU(2) holonomy, A3 preserves precisely half of the 
supersymmetry. This means, in particular, that an N = 2 theory on W3 has the 
same number of supersymmetries as an N = 1 theory on J“, a result which was 
subsequently to prove of vital importance for string/string duality. In 1986, it was 
pointed out?® that D = 11 supergravity on R!°~-" x K3 x T"-3}8 and the D = 10 
heterotic string on R!°-" x T”? not only have the same supersymmetry but also 
the same moduli spaces of vacua, namely 


SO(16 + n,n) 


M= sO(16 +n) x SO(n)” 


(2.1) 


It took almost a decade for this “coincidence” to be explained but we now know 
that M theory R!°-" x K3 x T”~3 is dual to the heterotic string on R!°-” x T”. 


(ii) Superstrings in D = 10 from supermembranes in D = 11 


Eleven dimensions received a big shot in the arm in 1987 when the D = 11 super- 
membrane was discovered.?! The bosonic sector of its d = 3 world volume Green- 
Schwarz action is given by 


1 i} r r 1 
S3 = T3 fes -4V5 X BX Gun) + ae 


- TOX MOX" OX? Cun p(X) , (2.2) 


where T3 is the membrane tension, €* (i = 1, 2,3) are the world volume coordinates, 
+) is the world volume metric and XM (€) are the space-time coordinates (M = 
0,1,...,10). Kappa symmetry?! then demands that the background metric Gun 
and background three-form potential Cyynp obey the classical field equations of 
D = 11 supergravity,? whose bosonic action is 


hi = T da/-G [Ro — 
Kii 


Kl l fo AKLA K4, (2.3) 


2-4! 1262, 


where K4 = dC3 is the four-form field strength. In particular, K4 obeys the field 
equation 
dx K4 = -3K (2.4) 
and the Bianchi identity 
It was then pointed out?? that in an R!° x S! topology the weakly coupled 


(d = 2,D = 10) Type IIA superstring follows by wrapping the (d = 3,D = 11) 
supermembrane around the circle in the limit that its radius R shrinks to zero. 
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In particular, the Green—Schwarz action of the string follows in this way from the 
Green-Schwarz action of the membrane. It was necessary to take this R — 0 limit 
in order to send to infinity the masses of the (at the time) unwanted Kaluza—hlein 
modes which had no place in weakly coupled Type IIA theory. The D = 10 dilaton, 
which governs the strength of the string coupling, is just a component of the D = 11 
metric. 

A critique of superstring orthodoxy circa 1987. and its failure to accommodate 
the eleven-dimensional supermembrane, may be found in Ref. 23. 


(iii) U -duality (when it was still non-U ) 

Based on considerations of this D = 11 supermembrane, which on further compacti- 
fication treats the dilaton and moduli fields on the same footing, it was conjectured”® 
in 1990 that discrete subgroups of all the old noncompact global symmetries of com- 
pactified supergravity?®? (e.g. SL(2, R), O(6, 6), E7) should be promoted to duality 
symmetries of the supermembrane. Via the above wrapping around S’, therefore, 
they should also be inherited by the Type IIA string.?° 


(iv) D=11 membrane/fivebrane duality 


In 1991, the supermembrane was recovered as an elementary solution of D = 11 
supergravity which preserves half of the space-time supersymmetry.?” Making the 
three/eight split XM = (r“,y™) where u = 0,1,2 and m = 3,...,10, the metric is 
given by 


ds? = (1 + k3/y®)?/Sda"dx, + (1 + k3/y°) P (dy? + yd?) (2.6) 
and the four-form field strength by 
Ky = xK, = 6k3€7, (2.7) 
where the constant k3 is given by 


_ 2K117T3 


k3 m; 


(2.8) 


Here e; is the volume form on S7 and 27 is the volume. The mass per unit area of 
the membrane Mz is equal to its tension: 


M3 = T3 . (2.9) 
This elementary solution is a singular solution of the supergravity equations coupled 
to a supermembrane source and carries a Noether “electric” charge 
1 
V2K1 


Hence the solution saturates the Bogomol’nyi bound V2kıı M3 > Q. This is a 


consequence of the preservation of half the supersymmetries which is also intimately 


Q= | (*K4 + C3 A Ky) = V2K11T3 : (2.10) 
ST 
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linked with the world volume kappa symmetry. The zero modes of this solution 
belong to a (d = 3,n = 8) supermultiplet consisting of eight scalars and eight 
spinors (¢/,x/), with J = 1,...,8, which correspond to the eight Goldstone bosons 
and their superpartners associated with breaking of the eight translations transverse 
to the membrane world volume. 

In 1992, the superfivebrane was discovered as a soliton solution of D = 11 super- 
gravity also preserving half the space-time supersymmetry.?8 Making the six/five 
split XM = (z”#,y™) where u = 0,1,2,3,4,5 and m = 6,...,10, the metric is 
given by 


ds? = (1 + ke/y*)"/8dar"da, + (1 + ke/y?)?/3 (dy? + y?d4”) (2.11) 
and the four-index field-strength by 
K4 = 3k¢€a , (2.12) 
where the fivebrane tension T, 6 is related to the constant kg by 


27, 
ke = Sa l (2.13) 
Here e4 is the volume form on S4 and Q; is the volume. The mass per unit five- 


volume of the fivebrane Mg is equal to its tension: 


This solitonic solution is a nonsingular solution of the source-free equations and 
carries a topological “magnetic” charge 


1 
V2K1 s4 


Hence the solution saturates the Bogomol’nyi bound V2K%1;Meg > P. Once 
again, this is a consequence of the preservation of half the supersymmetries. The 
covariant action for this D = 11 superfivebrane is still unknown (see Refs. 29 and 30 
for recent progress) but consideration of the soliton zero modes*!:!4-3? means that 
the gauged fixed action must be described by the same chiral antisymmetric tensor 
multiplet (B~ „v, 7, !/71) as that of the Type IIA fivebrane.*3:34 Note that in ad- 
dition to the five scalars corresponding to the five translational Goldstone bosons, 
there is also a two-form B~,, whose three-form field strength is anti-self-dual and 
which describes three degrees of freedom. 

The electric and magnetic charges obey a Dirac quantization rule 


Kı = V2K11T¢ (2.15) 


35,36 


QP = xn, n = integer . (2.16) 


Or, in terms of the tensions,?7"!" 


211°7T3T¢ =2nn. (2.17) 
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This naturally suggests a D = 11 membrane/fivebrane duality. Note that this 
reduces the three dimensionful parameters T3, Tg and «k41 to two. Moreover, it was 
recently shown? that they are not independent. To see this, we note from (2.2) 
that C3 has period 27/T3 so that W4 is quantized according to 


fs: = Su i n = integer . (2.18) 
T3 


Consistency of such C3 periods with the space-time action, (2.3), gives the relation® 


(20)? 


€ 22. 2.19 


From (2.17), this may also be written as 


2r EZ. (2.20) 
Thus the tension of the singly charged fivebrane is given by 


~ 1 
Ts = —T3°. 2.21 
6 on 3 ( ) 


(v) Hidden eleventh dimension 


We have seen how the D = 10 Type IIA string follows from D = 11. Is it possible 
to go the other way and discover an eleventh dimension hiding in D = 10? In 
1993, it was recognized*? that by dualizing a vector into a scalar on the gauge-fixed 
d = 3 world volume of the Type IIA supermembrane, one increases the number 
of world volume scalars (i.e. transverse dimensions) from 7 to 8 and hence obtains 
the corresponding world volume action of the D = 11 supermembrane. Thus the 
D = 10 Type IIA theory contains a hidden D = 11 Lorentz invariance! This device 
was subsequently used*!:42 to demonstrate the equivalence of the actions of the 
D = 10 Type IIA membrane and the Dirichlet twobrane.*? 


(vi) U-duality 


Of the conjectured Cremmer—Julia symmetries referred to in (iii) above, the case for 
a target space O(6, 6; Z) (T-duality) in perturbative string theory had already been 
made, of course.*4 Stronger evidence for an SL(2, Z) (S-duality) in string theory was 
subsequently provided in Refs. 6 and 7 where it was pointed out that it corresponds 
to a nonperturbative electric/magnetic symmetry. 

In 1994, stronger evidence for the combination of S and T into a discrete 
duality of Type II strings, such as E7(Z) in D = 4, was provided in Ref. 13, where 


This corrects a factor of two errors in Ref. 16 and brings us into agreement with a subsequent 
D-brane derivation?® of (2.21). I am grateful to Shanta De Alwis®® for pointing out the source of 
the error. 
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it was dubbed U-duality. Moreover, the BPS spectrum necessary for this U-duality 
was given an explanation in terms of the wrapping of either the D = 11 membrane 
or D = 11 fivebrane around the extra dimensions. This paper also conjectured a 
nonperturbative SL(2, Z) of the Type IIB string in D = 10. 


(vii) Black holes 


In 1995, it was conjectured** that the D = 10 Type IIA superstring should be 
identified with the D = 11 supermembrane compactified on S1, even for large R. 
The D = 11 Kaluza-Klein modes (which, as discussed in (ii) above, had no place in 
the perturbative Type IIA theory) were interpreted as charged extreme black holes 
of the Type ITA theory. 


(viii) D = 11 membrane/fivebrane duality and anomalies 


Membrane/fivebrane duality interchanges the roles of field equations and Bianchi 
identities. From (2.4), the fivebrane Bianchi identity reads 


dk; = -5K (2.22) 


However, it was recognized in 1995 that such a Bianchi identity will in general 

require gravitational Chern-Simons corrections arising from a sigma-model anomaly 
on the fivebrane world volume!® 

~ 1 2m = 

dK, = —=Ki+=Xs, 2.23 

ae utp M (2.23) 

where the eight-form polynomial Xg, quartic in the gravitational curvature R, de- 

scribes the Lorentz d = 6 world volume anomaly of the D = 11 fivebrane. Although 

the covariant fivebrane action is unknown, we know that the gauge-fixed theory is 

described by the chiral antisymmetric tensor multiplet (Bz,, 7, ¢!/7!), and it is a 

straightforward matter to read off the anomaly polynomial from the literature. For 


example see Ref. 45. We find 
a a, 1 22 1 
Xg = l (tr R*)* + TY 


rji | 7 T68 tr r'| . (2.24) 


Thus membrane/fivebrane duality predicts a space-time correction to the D = 11 
supermembrane action?® 


11; (Lorentz) = T3 J C3 A^ aay | - aa (tt R?)? + at r'| (2.25) 
Such a correction was also derived in a somewhat different way in Ref. 17. This 
prediction is intrinsically M theoretic, with no counterpart in ordinary D = 11 
supergravity. However, by simultaneous dimensional reduction?? of (d = 3, D = 11) 
to (d = 2, D = 10) on S!, it translates into a corresponding prediction for the 
Type HA string: 
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Talons J Boh oni | L z(t R?)? + at Ry, (2.26) 
where B is the string two-form and Tọ = 1/27a’ is the string tension. 

As a consistency check we can compare this prediction with previous results 
found by explicit string one-loop calculations. These have been done in two ways: 
either by computing directly in D = 10 the Type IIA anomaly polynomial*® 
following,*” or by compactifying to D = 2 on an eight-manifold M and computing 
the By one-point function.*® We indeed find agreement. Thus using D = 11 mem- 
brane/fivebrane duality we have correctly reproduced the corrections to the Bg field 
equations of the D = 10 Type IIA string (a mixture of tree-level and string one-loop 
effects) starting from the Chern-Simons corrections to the Bianchi identities of the 
D = 11 superfivebrane (a purely tree-level effect). It would be interesting to know, 
on the membrane side, what calculation in D = 11 M theory, when reduced on 
S1, corresponds to this one-loop Type IIA string amplitude calculation in D = 10. 
Understanding this may well throw a good deal of light on the mystery of what M 
theory really is! 


(ix) Heterotic string from fivebrane wrapped around K3 


In 1995 it was shown that, when wrapped around K3 with its 19 self-dual and 3 
anti-self-dual two-forms, the d = 6 world volume fields of the D = 11 fivebrane (or 
Type IIA fivebrane) (B7 „v, A7, 671) reduce to the d = 2 world sheet fields of the 
heterotic string in D = 7 (or D = 6).495° The two-form yields (19,3) left and right 
moving bosons, the spinors yield (0,8) fermions and the scalars yield (5,5) which 
add up to the correct world sheet degrees of freedom of the heterotic string.49 °° 

A consistency check is provided!® by the derivation of the Yang-Mills and 
Lorentz Chern—Simons corrections to the Bianchi identity of the heterotic string 
starting from the fivebrane Bianchi identity given in (viii). Making the seven/four 
split XM = (x",y™) where u = 0,...,6 and m = 7,8,9,10, the original set of 
D = 11 fields may be decomposed in a basis of harmonic p-forms on K3. In par- 
ticular, we expand C3 as 


1 
Ca(X) = Ca(2) + z7 X Cl (x)w3(y), (2.27) 
where wi , 7 = 1,...,22 are an integral basis of b harmonic two-forms on K3. 


Following Ref. 12, let us define the dual string three-form H3 by 


To Hs = Ts K, . (2.28) 
K3 


The dual string Lorentz anomaly polynomial, X4, is given by 


= = 1 1 
X4= == oo 2 ; 
4 Í, Xs Gr) 1927 R*p,(K3), (2.29) 
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where p,(43) is the Pontryagin number of 43 


1 
pi (K3) = ae tr RZ = —48. (2.30) 


2 
T JK3 


We may now integrate (2.23) over W3, using (2.21) to find 
dH = “1K Kłdij + tr R°], (2.31) 
where K} = dCj{ and where d,, is the intersection matrix on K3, given by 
dig =f wi Aw (2.32) 
K3 


which has bf = 3 positive and b; = 19 negative eigenvalues. Thus we see that this 
form of the Bianchi identity corresponds to a D = 7 toroidal compactification of a 
heterotic string at a generic point on the Narain lattice. Thus we have reproduced 
the D = 7 Bianchi identity of the heterotic string, starting from the D = 11 
fivebrane. 

For use in Sec. 3, we note that if we replace K3 by T* in the above derivation, 
the two-form now yields (3,3) left and right moving bosons, the spinors now yield 
(8,8) fermions and the scalars again yield (5,5) which add up to the correct world 
sheet degrees of freedom of the Type HA string. In this case, the Bianchi identity 
becomes dH3 = 0 as it should be. 


(x) N=linD=4 


Also in 1995 it was noted®!~53.55,54,56,64 that N = 1 heterotic strings can be dual 
to D = 11 supergravity compactified on seven-dimensional spaces of G} holonomy 
which also yield N = 1 in D = 4.57 


(xi) Nonperturbative effects 


Also in 1995 it was shown®® that membranes and fivebranes of the Type IIA theory, 
obtained by compactification on St, yield e~!/% effects, where gs is the string 
coupling. 


(xii) SL(2, Z) 


Also in 1995, strong evidence was provided for identifying the Type IIB string on 
R? x S! with M theory on R? x T?.58:64 In particular, the conjectured SL(2, Z) of 
the Type IIB theory discussed in (vi) above is just the modular group of the M 
theory torus.4 


dTwo alternative explanations of this SL(2,Z) had previously been given: (a) identifying it 
with the S-duality!® of the d = 4 Born-Infeld world volume theory of the self-dual Type IIB 
superthreebrane,© and (b) using the four-dimensional heterotic/Type IIA/Type IIB triality®® by 
noting that this SL(2, Z}, while nonperturbative for the Type IIB string, is perturbative for the 
heterotic string. 
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(xiii) Eg x Eg heterotic string 


Also in 1995 (that annus mirabilis!), strong evidence was provided for identifying 
the Eg x Eg heterotic string? on R1? with M theory on R!° x $!/Z,.87 

This completes our summary of M theory before AJ theory was cool. The 
phrase M theory (though, as I hope to have shown. not the physics of M theory) 
first made its appearance in October 1995.3867 This was also the month that it 
was proposed*? that the Type II p-branes carrying Ramond—Ramond charges can 
be given an exact conformal field theory description via open strings with Dirichlet 
boundary conditions, thus heralding the era of D-branes. Since then, evidence in 
favor of Af theory and D-branes has been appearing daily on the internet. including 
applications to black holes.® length scales shorter than the string scale®® and even 
phenomenology.®°*! We refer the reader to the review by Schwarz®* for these more 
recent developments in M theory, to the review by Polchinski®® for developments 
in D-branes and to the paper by Aharony, Sonnenschein and Yankielowicz’® for 
the connection between the two (since D-branes are intrinsically ten-dimensional 
and M theory is eleven-dimensional, this is not at all obvious). Here, we wish to 
focus on a specific application of M theory, namely the derivation of string/string 
dualities. 


3. String/String Duality from M Theory 


Let us consider M theory, with its fundamental membrane and solitonic fivebrane. 
on Rê x M, x M4 where M; is a one-dimensional compact space of radius R and M4 
is a four-dimensional compact space of volume V. We may obtain a fundamental 
string on R® by wrapping the membrane around M, and reducing on M4. Let us 
denote fundamental string sigma-model metrics in D = 10 and D = 6 by Gio and 
Ge. Then from the corresponding Einstein Lagrangians 


= po Ve 
-G Ri = Rs —GioRio = R —Gs Re ` (3.1) 


we may read off the strength of the string couplings in D = 10!° 


`o = R? (3.2) 
and D=6 R 
2 z= — 

Ae = 7A (3-3) 


Similarly we may obtain a solitonic string on R® by wrapping the fivebrane around 
My, and reducing on Mı. Let us denote the solitonic string sigma-model metrics in 
D=7and D = 6 by G7 and Gs. Then from the corresponding Einstein Lagrangians 


Snes R ae 
V-Guku = V732 -Grkr = Gy -GeRs, (3.4) 


“It is ironic that, having hammered the final nail in the coffin of D = 11 supergravity by telling 
us that it can never yield a chiral theory when compactified on a manifold,®® Witten pulls it out 
again by telling us that it does yield a chiral theory when compactified on something that is not 
a manifold! 
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we may read off the strength of the string couplings in D = 715 


= v3? (3.5) 
and D=6 
~ V 


Thus we see that the fundamental and solitonic strings are related by a strong/weak 
coupling: 


X2 = 1/A56?. (3.7) 


We shall be interested in M, = S! (in which case from (ii) of Sec. 2 the funda- 
mental string will be Type IIA) or Mı = S!/Z, (in which case from (xiii) of Sec. 2 
the fundamental string will be heterotic Eg x Eg). Similarly, we will be interested 
in M, = T4 (in which case from (ix) of Sec. 2 the solitonic string will be Type IIA) 
or M4 = K3 (in which case from (ix) of Sec. 2 the solitonic string will be 
heterotic). Thus, there are four possible scenarios which are summarized in Table 1. 
(Ni,N_) denotes the D = 6 space-time supersymmetries. In each case, the fun- 
damental string will be weakly coupled as we shrink the size of the wrapping space 
M; and the dual string will be weakly coupled as we shrink the size of the wrapping 
space M4. 


Table 1. String/string dualities. 


(Ni, N) Mı Ma Fundamental string Dual string 
(1,0) S/Z K3 heterotic heterotic 
1,1 S? K3 Type IIA heterotic 
yP 
(1,1) S!/Z2 T* heterotic Type IIA 


(2,2) sS! T* Type IIA Type IIA 


In fact, there is in general a topological obstruction to wrapping the fivebrane 
around M4 provided by (2.18) because the fivebrane cannot wrap around a four- 
manifold that has n # 0.‘ This is because the anti-self-dual three-form field strength 
T on the world volume of the fivebrane obeys*!*!? 


dT = Ky (3.8) 


and the existence of a solution for T therefore requires that K4 must be cohomolog- 
ically trivial. For M theory on R® x S1/Z2 x T4 this is no problem. For M theory 


f Actually, as recently shown in Ref. 71, the object which must hav« integral periods is not 734/27 
but rather 1734/27 — pi /4 where pı is the first Pontryagin class. This will not affect our conclu- 
sions, however. 
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on Rê x $1/Z_ x K3, with instanton number k in one Eg and 24 — k in the other, 
however, the flux of K, over K3 is!® 


n=12-k. (3.9) 


Consequently, the M theoretic explanation of heterotic/heterotic duality requires 
Eg x Eg with the symmetric embedding k = 12. This has some far-reaching im- 
plications. For example, the duality exchanges gauge fields that can be seen in 
perturbation theory with gauge fields of a nonperturbative origin.!° 

The dilaton , the string o-model metric Gyn and three-form field strength H 
of the dual string are related to those of the fundamental string, ®, Gyn and H 
by the replacements!!:!? 


6 +6=-6, Gun > Gun =€ Gmn, H—H=e*«H. (3.10) 


In the case of heterotic/Type IIA duality and Type IIA /heterotic duality, this 
operation takes us from one string to the other, but in the case of heterotic/heterotic 
duality and Type IIA /Type IIA duality, this operation is a discrete symmetry of the 
theory. This Type IIA /Type ITA duality is discussed in Ref. 78 and we recognize this 
symmetry as subgroup of the SO(5,5; Z) U-duality?©!3)79 of the D = 6 Type IIA 
string. 

Vacua with (Ni, N_) = (1,0) in D = 6 have been the subject of much interest 
lately. In addition to DMW vacua!® discussed above, obtained from M theory on 
S! /Z x K3, there are also the GP vacua’? obtained from the SO(32) theory on 
K3 and the MV vacua®®*-®6 obtained from F theory’® on Calabi-Yau. Indeed, all 
three categories are related by duality.8°%.83,97,84,76,86,81 In particular, the DMW 
heterotic strong/weak coupling duality gets mapped to a T-duality of the Type I 
version of the SO(32) theory, and the nonperturbative gauge symmetries of the 
DMW model arise from small Spin(32)/Z2 instantons in the heterotic version of the 
SO(32) theory.” Because heterotic/heterotic duality interchanges world sheet and 
space-time loop expansions — or because it acts by duality on H — the duality 
exchanges the tree level Chern—Simons contributions to the Bianchi identity 


1 
— nl (Oar)? = 2 2 
dH=a (27) X4, X4 = Hany R* — Save tr Fy ] ay) 
with the one-loop Green-Schwarz corrections to the field equations 


dH = a' (21X4,  Š,= ia —— [tr R? — Lada tr Fy”). (3.12) 
Here F, is the field strength of the ath component of the gauge group, tr denotes 
the trace in the fundamental representation, and vg, Ua are constants. In fact, the 
Green-Schwarz anomaly cancellation mechanism in six dimensions requires that the 
anomaly eight-form Ig factorize as a product of four-forms, 


Ie = Xa Xo, (3.13) 
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and a six-dimensional string-string duality with the general features summarized 
above would exchange the two factors.!* Moreover, supersymmetry relates the co- 
efficients va, Ùa to the gauge field kinetic energy. In the Einstein metric G° yyy = 
e~®/2Gayn, the exact dilaton dependence of the kinetic energy of the gauge field 
Fy mn, is 


3 
Leauge = ay Ge (vae? + Čae?/?)tr Famy Fa MNA (3.14) 
So whenever one of the Ča is negative, there is a value of the dilaton for which the 
coupling constant of the corresponding gauge group diverges. This is believed to 
signal a phase transition associated with the appearance of tensionless strings.88-°° 
This does not happen for the symmetric embedding discussed above since the per- 
turbative gauge fields have va > 0 and ŭa = O and the nonperturbative gauge 
fields have va = 0 and õa > 0. Another kind of heterotic/heterotic duality may 
arise, however, in vacua where one may Higgs away that subset of gauge fields with 
negative ŭa, and be left with gauge fields with vg = ŭa > 0. This happens for 
the nonsymmetric embedding $ = 14 and the appearance of nonperturbative gauge 
fields is not required.80-82:85:86 Despite appearances, it is known from F theory that 
the k = 12 and k = 14 models are actually equivalent.85:86 
Vacua with (N4, N) = (2,0) arising from Type IIB on A3 also have an M 
theoretic description, in terms of compactification on T°/Z2.87"!" 


4. Four Dimensions 


It is interesting to consider further toroidal compactification to four dimensions, 
replacing R° by R* x T?. Starting with a K3 vacuum in which the Eg x Eg gauge 
symmetry is completely Higgsed, the toroidal compactification to four dimensions 
gives an N = 2 theory with the usual three vector multiplets S, T and U related 
to the four-dimensional heterotic string coupling constant and the area and shape 
of the T?. When reduced to four dimensions, the six-dimensional string-string 
duality (3.10) becomes® an operation that exchanges S and T, so in the case of 
heterotic/heterotic duality we have a discrete S — T interchange symmetry. This 
self-duality of heterotic string vacua does not rule out the the possibility that in 
D = 4 they are also dual to Type IIA strings compactified on Calabi-Yau manifolds. 
In fact, as discussed in Ref. 93 when the gauge group is completely Higgsed, obvious 
candidates are provided by Calabi-Yau manifolds with hodge numbers hıı = 3 and 
h21 = 243, since these have the same massless field content. Moreover, these mani- 
folds do indeed exhibit the S — T interchange symmetry.°?9!-*4 Since the heterotic 
string on T? x K3 also has R to 1/R symmetries that exchange T and U, one might 
expect a complete S —T'—U triality symmetry, as discussed in Ref. 66. In all known 
models, however, the T — U interchange symmetry is spoiled by nonperturbative 
effects.9°-98 

An interesting aspect of the Calabi-Yau manifolds X appearing in the duality 
between heterotic strings on K3 x T? and Type IIA strings on X, is that they 
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can always be written in the form of a K3 fibration.°? Once again, this ubiquity 
of K3 is presumably a consequence of the interpretation of the heterotic string 
as the K3 wrapping of a fivebrane. Consequently, if X admits two different 1X3 
fibrations, this would provide an alternative explanation for heterotic dual pairs 
in four dimensions®?-*>-°* and this is indeed the case for the Calabi-Yau manifolds 
discussed above. 


5. Eleven to Twelve: Is It Still Too Early? 


The M theoretic origin of the Type IIB string given in (xii) of Sec. 2 seems to re- 
quire going down to nine dimensions and then back up to ten. An obvious question, 
therefore, is whether Type IIB admits a more direct higher-dimensional explana- 
tion, like Type IIA. Already in 1987 it was suggested®® that the (1, 1)-signature 
world sheet of the Type IIB string, moving in a (9,1)-signature space-time, may 
be descended from a supersymmetric extended object with a (2, 2)-signature world 
volume, moving in a (10,2)-signature space-time. This idea becomes even more 
appealing if one imagines that the SL(2, Z) of the Type IIB theory!? might corre- 
spond to the modular group of a T? compactification from D = 12 to D = 10 just 
as the SL(2, Z) of S-duality corresponds to the modular group of a T? compactifi- 
cation from D = 6 to D = 4.8 In view of our claims that D = 11 is the maximum 
space-time dimension admitting a consistent supersymmetric theory, however, this 
twelve-dimensional idea requires some explanation. So let us begin by recalling the 
D = 11 argument. 

As a p-brane moves through space-time, its trajectory is described by the func- 
tions XM (€) where X™ are the space-time coordinates (M = 0,1,...,D — 1) and 
£ are the world volume coordinates (i = 0,1,...,d — 1). It is often convenient to 
make the so-called “static gauge choice” by making the D = d+ (D — d) split 


XM (E) = (X*(), ¥™(€)), (5.1) 


where u = 0,1,...,d — 1l and m = d,..., D — 1, and then setting 
X*(E) =O". (5.2) 


Thus the only physical world volume degrees of freedom are given by the (D — d) 
Y™(€), so the number of on-shell bosonic degrees of freedom is 


Ng =D-~d. (5.3) 


To describe the super p-brane we augment the D bosonic coordinates X™ (£) with 
anticommuting fermionic coordinates 6*%(£). Depending on D, this spinor could be 
Dirac, Weyl, Majorana or Majorana—Weyl. The fermionic x-symmetry means that 
half of the spinor degrees of freedom are redundant and may be eliminated by a 
physical gauge choice. The net result is that the theory exhibits a d-dimensional 
world volume supersymmetry ©° where the number of fermionic generators is exactly 
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half of the generators in the original space-time supersymmetry. This partial break- 
ing of supersymmetry is a key idea. Let M be the number of real components of the 
minimal spinor and N the number of supersymmetries in D space-time dimensions 
and let m and n be the corresponding quantities in d world volume dimensions. 
Since «-symmetry always halves the number of fermionic degrees of freedom and 
(for d > 2) going on-shell halves it again, the number of on-shell fermionic degrees 
of freedom is 


1 1 


World volume supersymmetry demands Ng = Np and hence 


1 1 


We note in particular that Dmax = 11 since M = 32 for D = 11 and we find the 
supermembrane with d = 3. For D > 12, M > 64 and hence (5.5) cannot be 
satisfied. Actually, the above argument is strictly valid only for p-branes whose 
world volume degrees of freedom are described by scalar supermultiplets. There 
are also p-branes with vector and/or antisymmetric tensor supermultiplets on the 
world volume.’??3440 but repeating the argument still yields Dmax = 11 where we 
find a superfivebrane with d = 6.!4 


The upper bound of D = 11 is thus a consequence of the jump from M = 32 to 
M = 64 in going from D = 11 to D = 12. However, this jump can be avoided if one 
is willing to pay the price of changing the signature to (10, 2) where it is possible to 
define a spinor which is both Majorana and Weyl. A naive application of the above 
Bose~Fermi matching argument then yields Dmax = 12 where we find an extended 
object with d = 4 but with (2,2) signature.9® The chiral nature of this object then 
naturally suggests a connection with the Type IIB string in D = 10, although the 
T? compactification would have to be of an unusual kind in order to preserve the 
chirality. Moreover, the chiral (N4, N—) = (1,0) supersymmetry algebra in (10, 2) 
involves the anticommutator!”! 


{Qa,Qa} =D" aaPun + TMNPORS, Zt MN PORS - (5.6) 


The absence of translations casts doubt on the naive application of the Bose~Fermi 
matching argument, and the appearance of the self-dual six-form charge Z is sug- 
gestive of a sixbrane, rather than a threebrane. 


Despite all the objections one might raise to a world with two time dimensions, 
and despite the above problems of interpretation, the idea of a (2,2) object moving 
in a (10, 2) space-time has recently been revived in the context of F theory,” which 
involves Type IIB compactification where the axion and dilaton from the RR sector 
are allowed to vary on the internal manifold. Given a manifold M that has the 
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structure of a fiber bundle whose fiber is T? and whose base is some manifold 
B, then 


F on M = Type IIB on B. (5.7) 


The utility of F theory is beyond dispute and it has certainly enhanced our under- 
standing of string dualities, but should the twelve-dimensions of F theory be taken 
seriously? And if so, should the F theory be regarded as more fundamental than M 
theory? Given that there seems to be no supersymmetric field theory with SO(10, 2) 
Lorentz invariance,!?? and given that the on-shell states carry only ten-dimensional 
momenta,” the more conservative interpretation is that the twelfth dimension is 
merely a mathematical artifact and that the F theory should simply be interpreted 
as a clever way of compactifying the IIB string.1°° Time will tell. 


6. Conclusion 


The overriding problem in superunification in the coming years will be to take the 
mystery out of M theory, while keeping the magic and the membranes. 
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We suggest and motivate a precise equivalence between uncompactified 11-dimensional M theory and the 
N= limit of the supersymmetric matrix quantum mechanics describing DO branes. The evidence for the 
conjecture consists of several correspondences between the two theories. As a consequence of supersymmetry 
the simple matrix model is rich enough to describe the properties of the entire Fock space of massless well 
separated particles of the supergravity theory. In one particular kinematic situation the leading large distance 
interaction of these particles is exactly described by supergravity. The model appears to be a nonperturbative 
realization of the holographic principle. The membrane states required by M theory are contained as excita- 
tions of the matrix model. The membrane world volume is a noncommutative geometry embedded in a 


noncommutative spacetime. [S0556-2821(97)03308-0] 


PACS number(s): 11.25.Sq, 11.30.Pb 


1. INTRODUCTION 


M theory [1] is the strongly coupled limit of type-IIA 
string theory. In the limit of infinite coupling, it becomes an 
11-dimensional theory in a background-infinite flat space. In 
this paper M theory will always refer to this decompactified 
limit. We know very little about this theory except for the 
following two facts. At low energy and large distances, it is 
described by 11-dimensional supergravity. It is also known 
to possess membrane degrees of freedom with membrane 
tension 1/13, where lp is the 11-dimensional Planck length. It 
seems extremely unlikely that M theory is any kind of con- 
ventional quantum field theory. The degrees of freedom de- 
scribing the short distance behavior are simply unknown. 
The purpose of this paper is to put forward a conjecture 
about these degrees of freedom and about the Hamiltonian 
governing them. 

The conjecture grew out of a number of disparate facts 
about M theory, D branes [2], matrix descriptions of their 
dynamics [3], supermembranes [4,5,6], the holographic prin- 
ciple [7]. and short distance phenomena in string theory 
[8.9]. Simply stated the conjecture is this. M theory, in the 
light cone frame, is exactly described by the large N limit of 
a particular supersymmetric matrix quantum mechanics. The 
system is the same one that has been used previously used to 
study the small distance behavior of DO branes [9]. 
Townsend [10] was the first to point out that the supermatrix 
formulation of membrane theory suggested that membranes 
could be viewed as composites of DO branes. Our work is a 
precise realization of his suggestion. 

In what follows we will present our conjecture and some 
evidence for it. We begin by reviewing the description of 
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string theory in the infinite momentum frame. We then 
present our conjecture for the full set of degrees of freedom 
of M theory and the Hamiltonian which governs them. Our 
strongest evidence for the conjecture is a demonstration that 
our model contains the excitations which are widely believed 
to exist in M theory, supergravitons and large metastable 
classical membranes. These are discussed in Secs. IH and V. 
The way in which these excitations arise is somewhat mi- 
raculous, and we consider this to be the core evidence for our 
conjecture. In Sec. IV we present a calculation of supergravi- 
ton scattering in a very special kinematic region and argue 
that our model reproduces the expected result of low energy 
supergravity. The calculation depends on a supersymmetric 
nonrenormalization theorem whose validity we will discuss 
there. In Sec. VI we argue that our model may satisfy the 
holographic principle. This raises crucial issues about Lor- 
entz invariance which are discussed there. 

We emphasize that there are many unanswered questions 
about our proposed version of M theory. Nonetheless, these 
ideas seem of sufficient interest to warrant presenting them 
here. If our conjecture is correct, this would be the first non- 
perturbative formulation of a quantum theory which includes 


gravity. 


Il. INFINITE MOMENTUM FRAME 
AND THE HOLOGRAPHIC PRINCIPLE 


The infinite momentum frame [11] is the old name for the 
misnamed light cone frame. Thus far this is the only frame in 
which it has proved possible to formulate string theory in 
Hamiltonian form. The description of M theory which we 
will give in this paper is also in the infinite momentum 
frame. We will begin by reviewing some of the features of 
the infinite momentum frame formulation of relativistic 
quantum mechanics. For a comprehensive review we refer 
the reader to [11]. We begin by choosing a particular spatial 
direction x'' called the longitudinal direction. The nine- 
dimensional space transverse to x!' is labeled x' or x7. Time 
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will be indicated by t. Now consider a system of particles 
with momenta (p° .p{,) where a labels the particle. The 
system is boosted along the x!' axis until all longitudinal 
momenta are much larger than any scale in the problem. 
Further longitudinal boosting just rescales all longitudinal 
momenta in fixed proportion. Quantum field theory in such a 
limiting reference frame has a number of properties which 
will be relevant to us. 

It is convenient to begin by assuming that the x!! direc- 
tion is compact with a radius R. The compactification serves 
as an infrared cutoff. Accordingly, the longitudinal momen- 
tum of any system or subsystem of quanta is quantized in 
units of 1/R. In the infinite momentum frame, all systems are 
composed of constituent quanta or partons. The partons all 
carry strictly positive values of longitudinal momentum. It is 
particularly important to understand what happens to quanta 
of negative or vanishing p,,. The answer is that as the infi- 
nite momentum limit is approached, the frequency of these 
quanta, relative to the Lorentz-time-dilated motion of the 
boosted system, becomes infinite and the zero and negative 
momentum quanta may be integrated out. The process of 
integrating out such fast modes may influence or even deter- 
mine the Hamiltonian of the remaining modes. In fact, the 
situation is slightly more complicated in certain cases for the 
zero momentum degrees of freedom. In certain situations 
such as spontaneous symmetry breaking, these longitudinally 
homogeneous modes define backgrounds whose moduli may 
appear in the Hamiltonian of the other modes. In any case 
the zero and negative momentum modes do not appear as 
independent dynamical degrees of freedom. 

Thus we may assume all systems have longitudinal mo- 
mentum given by an integer multiple of 1/R, 

PueNIR, (2.1) 
with N strictly positive. At the end of a calculation we must 
let R and N/R tend to infinity to get to the uncompactified 
infinite momentum limit. 

The main reason for the simplifying features of the infi- 
nite momentum frame is the existence of a transverse Gal- 
ilean symmetry which leads to a naive nonrelativistic form 
for the equations. The role of nonrelativistic mass is played 
by the longitudinal momentum pı. The Galilean transfor- 
mations take the form 


Pim Pit PiWi. (2.2) 


As an example of the Galilean structure of the equations, 
the energy of a free massless particle is 


pa 


2p 


(2.3) 


For the 11-dimensional supersymmetric theory we will 
consider, the Galilean invariance is extended to the super- 
Galilean group which includes 32 real supergenerators. The 
supergenerators divide into two groups of 16, each trans- 
forming as spinors under the nine-dimensional transverse ro- 
tation group. We denote them by Qa. and q4 , and they obey 
anticommutation relations 


[Q..Q,]- = Sap. 
lga -qel = OaaPis- 


[Qaqa] VaaP- 12.4) 
The Lorentz generators which do not preserve the infinite 
momentum frame mix up the two kinds of generators. 

Let us now recail some of the features of string theory in 
the infinite momentum or light cone frame [12]. We will 
continue to call the longitudinal direction x'' even though in 
this case the theory has only ten space-time directions. The 
transverse space is of course eight dimensional. To describe 
a free string of longitudinal momentum p,,. a periodic pa- 
rameter g which runs from O to p, is introduced. To regu- 
late the world sheet theory, a cutoff dae is introduced. 
This divides the parameter space into N= p,,/é segments, 
each carrying longitudinal momentum e. We may think of 
each segment as a parton. but unlike the partons of quantum 
field theory, these objects always carry pı; =€. For a mutti- 
particle system of total longitudinal momentum p (total). 
we introduce a total parameter space of overall length 
p,(total), which we allow to be divided into separate 
pieces, each describing a string. The world sheet regulator is 
implemented by requiring each string to be composed of an 
integer number of partons-of momentum €. Interactions are 
described by splitting and joining processes in which the 
number of partons is strictly conserved. The regulated theory 
is thus seen to be a special case of Galilean quantum me- 
chanics of N partons with interactions which bind them into 
long chains and allow particular kinds of rearrangements. 

The introduction of a minimum unit of momentum € can 
be given an interpretation as an infrared cutoff. In particular. 
we may assume that the x!' coordinate is periodic with 
length R= e~'. Evidently, the physical limit e—0, R—~ is 
a limit in which the number of partons N tends to infinity. 

It is well known [7] that in this large N limit the partons 
become infinitely dense in the transverse space and that this 
leads to extremely strong interactions. This circumstance. to- 
gether with the Bekenstein bound on entropy, has led to the 
holographic speculation that the transverse density of par- 
tons is strictly bounded to about one per transverse Planck 
area. In other words, the partons form a kind of incompress- 
ible fluid. This leads to the unusual consequence that the 
transverse area occupied by a system of longitudinal momen- 
tum pı, cannot be smaller than p,,/e€ in Planck units. 

The general arguments for the holographic behavior of 
systems followed from considerations involving the 
Bekenstein—"t Hooft bound on the entropy of a spatial region 
[13] and were not specific to string theory. If the arguments 
are correct, they should also apply to 1 t-dimensional theo- 
ries which include gravitation. Thus we should expect that in 
M theory the radius of a particle such as the graviton will 
grow with pj, according to 


Pit “0 Ww 3 
pe=| -7 lp=(Pu R) le. 12.5) 
where lp is the | l-dimensional Planck length. In what fol- 
lows we will see quantitative evidence for exactly this be- 
havior. 
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At first sight the holographic growth of particles appears 
to contradict the boost invariance of particle interactions. 
Consider the situation of two low energy particles moving 
past one another with some large transverse separation, let us 
say of order a meter. Obviously these particles have negli- 
gible interactions. Now boost the system along the longitu- 
dinal direction until the size of each particle exceeds their 
separation. They now overlap as they pass each other. But 
longitudinal boost invariance requires that the scattering am- 
plitude be still essentially zero. This would seem to require 
extremely special and unnatural cancellations. We will see 
below that one key to this behavior is the very special 
Bogomol'ni-Prasad-Sommerfield (BPS) property of the par- 
tons describing M theory. However, we are far from having 
a complete understanding of the longitudinal boost invari- 
ance of our system. Indeed, we view it as the key dynamical 
puzzle which must be unraveled in understanding the dy- 
namics of M theory. 


Il. M THEORY AND DO BRANES 


M theory with a compactified longitudinal coordinate 
x!" is by definition a type-IIA string theory. The correspon- 
dences between the two theories include [1] the following. 

(1) The compactification radius R is related to the string 
coupling constant by 


R=g”lp=gl,. (3.1) 
where /, is the string length scale: 
=g lp. (3.2) 


(2) The Ramond-Ramond (RR) photon of IHA theory is 
the Kaluza-Klein (KK) photon which arises upon compacti- 
fication of 11-dimensional supergravity. 

(3) No perturbative string states carry RR charge. In other 
words, al} perturbative string states carry vanishing momen- 
tum along the x°’ direction. The only objects in the theory 
which do carry RR photon charge are the DO branes of 
Polchinski. DO branes are point particles which carry a 
single unit of RR charge. Equivalently, they carry longitudi- 
nal momentum 

PDP branes == IR. (3.3) 
The DO branes carry the quantum numbers of the first mas- 
sive KK modes of the basic 11-dimensional supergravity 
multiplet. including 44 gravitons, 84 components of a three- 
form. and 128 gravitinos. We wiil refer to these particles as 
supergravitons. As |]-dimensional objects. these are all 
massless. As a consequence. they are BPS saturated states in 
the ten-dimensional (10D) theory. Their 10D mass is 1/R. 

(4) Supergravitons carrying Kaluza-Klein momentum 
P= N/R also exist, but are not described as elementary 
DO branes. As shown in [3]. their proper description is as 
bound composites of N DO branes. 

These properties make the DO branes candidate partons 
for an infinite momentum limit descnption of M theory. We 
expect that if. as in quantum field theory. the degrees of 
freedom with vanishing and negative pı; decouple. then M 
theory in the infinite momentum frame should be a theory 
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whose only degrees of freedom are DO branes. Anti-D0 
branes carry negative Kaluza-Klein momenta. and strings 
carry vanishing p,,. The decoupling of anti-DO branes is 
particularly fortunate because brane-antibrane dynamics is 
something about which we know very lite [14]. The BPS 
property of zero branes ameliorates the conflict between in- 
finitely growing parton wave functions and low energy local- 
ity. which we noted at the end of the last section. We wiil see 
some partial evidence for this in a nontrivial scattering com- 
putation below. We will also discuss below the important 
point that a mode! containing only DO branes actually con- 
tains large classical supermembrane excitations. Since the 
conventional story of the M-theoretic origin of strings de- 
picts them as membranes wrapped around the compactified 
11th dimension. we have some reason to believe that strings 
have not really been left out of the system. 

All of these circumstances lead us to propose that M 
theory in the infinite momentum frame is a theory in which 
the only dynamical degrees of freedom or partons are DO 
branes. Furthermore. it is clear in this case that all systems 
are built out of the composites of partons. each of which 
carries the minimal p,,. We note. however, that our system 
does have a set of degrees of freedom which go beyond the 
parton coordinates. Indeed, as first advocated in [3]. the 
DO brane coordinates of N partons have to be promoted to 
matrices. At distance scales larger than the 11]-dimensional 
Planck scale, these degrees of freedom become very massive 
and largely decouple,’ but their virtual effects are responsible 
for all parton interactions. These degrees of freedom are BPS 
states and are related to the parton coordinates by gauge 
transformations. Furthermore, when the partons are close to- 
gether. they become low frequency modes. Thus they cannot 
be omitted in any discussion of the dynamics of DO branes. 


IV. DO BRANE MECHANICS 


If the infinite momentum limit of M theory is the theory 
of DO branes, decoupled from the other string theory degrees 
of freedom, what is the precise form of the quantum mechan- 
ics of the system? Fortunately there is a very good candidate 
which has been extensively studied in another context in 
which DO branes decouple from strings [9]. 

As emphasized at the end of the last section. open strings 
which connect DO branes do not exactly decouple. In fact. 
the very short strings which connect the branes when they 
are practically on top of each other introduce a new kind of 
coordinate space in which the nine spatial coordinates of a 
system of N DO branes become nine NXN matrices X; p 
{3]. The matrices X are accompanied by 16 fermionic super- 
partners 6, ,, which transform as spinors under the SO(9) 
group of transverse rotations. The matrices may be thought 
of as the spatial components of ten-dimensional super Yang- 
Mills (SYM) fields after dimensional reduction to zero space 
directions. These Yang-Mills fields describe the open strings 
which are attached to the DO branes. The Yang-Mills quan- 
tum mechanics has U(N) symmetry and is described (in 


‘indeed. we will propose that this decoupling is precisels what 
defines the regime in which the classical notion of distance makes 
sense 
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units with /,=1) by the Lagrangian 


1 at z 
L= iy {tr X'X'+ 2679+ 4 XXT- 267 y[@.X']}. 
(4.1) 


Here we have used conventions in which the fermionic vari- 
ables are 16-component nine-dimensional spinors. 

In [9] this Lagrangian was used to study the short distance 
properties of DO branes in weakly coupled string theory. The 
11D Planck length emerged as a natural dynamical length 
scale in that work, indicating that the system (4.1) describes 
some M-theoretic physics. In {9], Eq. (4.1) was studied as a 
low velocity effective theory appropriate to the heavy DO 
branes of weakly coupled string theory. Here we propose Eq. 
(4.1) as the most general infinite momentum frame Lagrang- 
jan, with at most two derivatives, which is invariant under 
the gauge symmetry and the super-Galilean group” [15]. Ie 
would be consistent with our assumption that matrix DO 
branes are the only degrees of freedom of M theory to write 
a Lagrangian with higher powers of first derivatives. We do 
not know if any such Lagrangians exist which preserve the 
full symmetry of the infinite momentum frame. What is at 
issue here is 11-dimensional Lorentz invariance. In typical 
infinite momentum frame field theories, the naive classical 
Lagrangian for the positive longitudinal momentum modes is 
renormalized by the decoupled infinite frequency modes. 
The criterion which determines the infinite momentum frame 
Lagrangian is invariance under longitudinal boosts and null 
plane rotating Lorentz transformations (the infamous angular 
conditions). Apart from simplicity, our main reason for sug- 
gesting the Lagrangian (4.1) is that we have found some 
partial evidence that the large N limit of the quantum theory 
it defines is indeed Lorentz invariant. A possible line of ar- 
gument systematically leading to Eq. (4.1) is discussed in 
Sec. IX. 

Following [9], let us rewrite the action in units in which 
the 11D Planck length is 1. Using Eqs. (3.1) and (3.2), the 
change of units is easily made and one finds 


l i 
Lawl 3 D,Y'D,Y'~ $ R{Y'. Y]? — 07D, 0 


-RO yL 8, ri}. (4.2) 


where Y= X/g"3. We have also changed the units of time to 
11D Planck units. We have restored the gauge field 
(d,-+D,=0,+iA) to this expression (previously we were in 
the A=0 gauge) in order to emphasize that the supersym- 
metric (SUSY) transformation laws (here € and e’ are two 
independent 16-component anticommuting SUSY param- 
eters) 


The gauge invariance is in fact necessary to supertransiation in- 
variance. The supergenerators close on gauge transformations and 
only satisfy the supertranslation algebra on the gauge-invariant sub- 
space. 


OX'= —2eTy'9, (4.3) 
50> {DX yit y+ XX y fete’. AD 
ôA =~ 2676 (4.5) 


involve a gauge transformation. As a result, the SUSY alge- 
bra closes on the gauge generators and only takes on the 
form (2.4) when applied to gauge-invariant states. 

The Hamiltonian has the form 


i; 


H=R tr 7 


1 
Sgi PPA y far]. 46) 


where IT is the canonical conjugate to Y. Note that in the 
limit R—~, all finite energy states of this Hamiltonian have 
infinite energy. We will be interested only in states whose 
energy vanishes like I/N in the large N limit, so that this 
factor becomes the inverse power of longitudinal momentum 
which we expect for the eigenstates of a longitudinal-boost- 
invariant system, Thus, in the correct infinite momentum 
frame limit, the only relevant asymptotic states of the Hamii- 
tonian should be those whose energy is of order 1/N. We 
will exhibit a class of such states below, the supergraviton 
scattering states. The difficult thing will be to prove that their 
S-matrix elements depend only on ratios of longitudinal mo- 
menta, so that they are longitudinally boost invariant. 

To understand how this system represents ordinary par- 
ticles, we note that when the Y's become large the commu- 
tator term in H becomes very costly in energy. Therefore for 
large distances the finite energy configurations lie on the flat 
directions along which the commutators vanish. In this sys- 
tem with 16 supercharges,” these classical zero energy states 
are in fact exact supersymmetric states of the system. In 
contrast to field theory, the continuous parameters which de- 
scribe these states [the Higgs vacuum expectation values 
(VEV’s) in the language of SYM theory] are not vacuum 
superselection parameters, but rather collective coordinates. 
We must compute their quantum wave functions rather than 
freeze them at classical values. They are, however. the slow- 
est modes in the system, so that we can integrate out the 
other degrees of freedom to get an effective SUSY quantum 
mechanics of these modes alone. We will study some aspects 
of this effective dynamics below. 

Along the flat directions the Y‘ are simultaneously diago- 
nalizable. The diagonal matrix elements are the coordinates 
of the DO branes. When the Y are small, the cost in energy 
for a noncommuting configuration is not large. Thus for 
small distances there is no interpretation of the configuration 
space in terms of ordinary positions. Classical geometry and 
distance are only sensible concepts in this system in regions 
far out along one of the flat directions. We will refer to this 
as the long distance regime. In the short distance regime. we 
have a noncommutative geometry. Nevertheless, the full 
Hamiltonian (4.6) has the usual Galilean symmetry. To see 
this we define the center of mass of the system by 


The 16 supercharges which anticommute to the longitudinal mo- 
mentum act only on the center of mass of the system and play no 
role in particle interactions. 
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l 
Y(c.m.)= N vY. (4.7) 


A transverse translation is defined by adding a multiple of 
the identity to Y. This has no effect on the commutator term 
in L because the identity commutes with all Y. Similarly 
rotational invariance is manifest. 

The center-of-mass momentum is given by 


N 
P(c.m.) = tll = R Y(c.m.). (4.8) 


Using p= N/R gives the usual connection between 
transverse velocity and transverse momentum: 


l : 
— P(c.m.)=¥(c.m.). (4.9) 
Pir 


A Galilean boost is defined by adding a multiple of the 
identity to Y. We leave it to the reader to show that this has 
no effect on the equations of motion. This establishes the 
Galilean invariance of H. The super-Galilean invariance is 
also completely unbroken. The alert reader may be some- 
what unimpressed by some of these invariances, since they 
appear to be properties of the center-of-mass coordinate, 
which decouples from the rest of the dynamics. Their real 
significance will appear below when we show that our sys- 
tem possesses multiparticle asymptotic states, on which these 
generators act in the usual way as a sum of single-particle 
operators. 


V. A CONJECTURE 


Our conjecture is thus that M theory formulated in the 
infinite momentum frame is exactly equivalent to the 
N— x limit of the supersymmetric quantum mechanics de- 
scribed by the Hamiltonian (4.6). The calculation of any 
physical quantity in M theory can be reduced to a calculation 
in matrix quantum mechanics followed by an extrapolation 
to large N. In what follows we will offer evidence for this 
surprising conjecture. 

Let us begin by examining the single-particle spectrum of 
the theory. For N= 1 the states with p_ =0 are just those of 
a single DO brane at rest. The states form a representation of 
the algebra of the 16 g's with 2° components. These states 
have exactly the quantum numbers of the 256 states of the 
supergraviton. For nonzero p, the energy of the object is 


(5.1) 


For states with N> 1, we must study the U(N)-invaniant 
Schrodinger equation arising from Eq. (4.6). H can easily 
be separated in terms of center-of-mass and relative motions. 
Define 


Y(c.m.) 
Y= 


l+Y 


a tt Yrer» (5.2) 
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where / is the unit matrix and Ye is a traceless matrix in the 
adjoint of SU(N) representing relative motion. The Hamil- 
tonian then has the form 


H=Homt Hr. (5.3) 

with 
_P(em.)? es 
aia 2p i, Sa 


The Hamiltonian for the relative motion is the dimen- 
sional reduction of the supersymmetric 10D Yang-Mills 
Hamiltonian. Although a direct proof based on the Schro- 
dinger equation has not yet been given, duality between IIA 
strings and M theory requires the relative Schrodinger equa- 
tion to have normalizable threshold bound states with zero 
energy [3]. The bound system must have exactly the quan- 
tum numbers of the 256 states of the supergraviton. For these 
states the complete energy is given by Eq. (5.4). Further- 
more, these states are BPS saturated. No other normalizable 
bound states can occur. Thus we find that the spectrum of 
stable single-particle excitations of Eq. (4.6) is exactly the 
supergraviton spectrum with the correct dispersion relation 
to describe massless |1-dimensional particles in the infinite 
momentum frame. 

Next let us turn to the spectrum of widely separated par- 
ticles. That a simple quantum mechanical Hamiltonian like 
Eq. (4.6) should be able to describe arbitrarily many well- 
separated particles is not at all evident and would certainly 
be impossible without the special properties implied by su- 
persymmetry. Begin by considering commuting block diag- 
onal matrices of the form 


Y o 0 
0 ¥S 0 (5.5) 
0 0 Y 


where Y, are NX N, matrices and Ni + Na+: +N =N. 
For the moment suppose all other elements of the Y's are 
constrained to vanish identically. In this case the Schrödinger 
equation obviously separates into n uncoupled Schrödinger 
equations for the individual block degrees of freedom. Each 
equation is identical to the original Schrodinger equation for 
the system of Na DO branes. Thus the spectrum of this trun- 
cated system includes collections of noninteracting super- 
gravitons. 

Now let us suppose the supergravitons are very distant 
from one another. In other words, for each pair the relative 
distance. defined by 


5 uy, UY, 
ERa N, Ne ` 


15.6) 


is asymptotically large. In this case the commutator terms in 
Eq. (4.6) cause the off-diagonal blocks in the Y's to have 
very large potential energy proportional to R? p- This effect 
can also be thought of as the Higgs effect giving mass to the 
broken generators (‘`W bosons*') of U(N) when the symme- 
uy is broken to U(N XUN XUN, | Thus one 
might naively expect the off-diagonal modes to leave the 
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spectrum of very widely separated supergravitons unmodi- 
hed. However, this is not correct in a generic situation. The 
off-diagonal modes behave like harmonic oscillators with 
frequency of order R, p. and their zero point energy will 
generally give rise to a potential energy of similar magni- 
tude. This effect would certainly preclude an interpretation 
of the matrix model in terms of well-separated independent 
particles. 

Supersymmetry is the ingredient which rescues us. In a 
well-known way. the fermionic partners of the off-diagonal 
bosonic modes exactly cancel the potential due to the 
bosons, leaving exactly fat directions. We know this from 
the nonrenormalization theorems for supersymmetric quan- 
tum mechanics with 16 supergenerators [15]. The effective 
Lagrangian for the collective coordinates along the flat direc- 
tions must be supersymmetric, and the resuit of [15] guaran- 
tees that up to terms involving at most two derivatives the 
Lagrangian for these coordinates must be the dimensional 
reduction of U(1)" SYM theory, where n is the number of 
blocks (i.e., the number of supergravitons). This is just the 
Lagrangian for free motion of these particles. Furthermore, 
since we are doing quantum mechanics and the analogue of 
the Yang-Mills coupling is the dimensional quantity lp the 
coefficient of the quadratic term is uncorrected from its value 
in the original Lagrangian. 

There are residual virtual effects at order p* from these 
heavy states which are the source of parton interactions. Note 
that the off-diagonal modes are manifestly nonlocal. The ap- 
parent locality of low energy physics in this model must 
emerge from a complex interplay between SUSY and the 
fact that the frequencies of the nonlocal degrees of freedom 
become large when particles are separated. We have only a 
limited understanding of this crucial issue, but in the next 
section we will provide some evidence that local physics is 
reproduced in the low energy, long distance limit. 

The center of mass of a block of size N'®’ is defined by 
Eq. (5.2). It is easy to see that the Hamiltonian for an 
asymptotic multiparticle state. when written in terms of 
center-of-mass transverse momenta, is just 


(5.7) 


Note that the dispersion relation for the asymptotic particle 
states has the fully |1-dimensional Lorentz-invanant form. 
This is essentially due to the BPS nature of the asymptotic 
states. For large relative separations, the supersymmetric 
quantum state, corresponding to the supersymmetric classical 
flat direction in which the gauge symmetry is ‘broken"’ into 
n blocks, will be precisely the product of the threshold 
bound-state wave functions of each block subsystem. Each 
individual block is a BPS state. Its dispersion relation fol- 
lows from the SUSY algebra and is relativistically invariant 
even when (e.g., for finite N) the full system is not. 

We aiso note that the statistics of multisupergraviton 
states comes out correctly because of the residual block per- 
mutation gauge symmetry of the matrix model. When some 
subset of the blocks are in identical states, the original gauge 
symmetry instructs us to mod out by the permutation group, 
picking up minus signs depending on whether the states are 


constructed from an odd or even number of Grassmann vari- 
ables. The spin statistics connection is the conventional one. 

Thus the large N matrix model contains the Fock Space of 
asymptotic states of |1-dimensional supergravity. and the 
free propagation of particles is described in a manner consis- 
tent with 11-dimensional Lorentz invariance. The field 
theory Fock space is. however. embedded in a system which. 
as we shall see. has no ultraviolet divergences. Particle sta- 
tistics ts embedded in a continuous gauge symmetry. We tind 
the emergence of field theory as an approximation to an el- 
egant finite structure one of the most attractive features of the 
matrix model approach to M theory. 


VI. LONG RANGE SUPERGRAVITON INTERACTIONS 


The first uncanceled interactions in the matrix model oc- 
cur in the effective action at order ¥* where v is the velocity 
of the supergravitons [9]. These interactions are calculated 
by thinking of the matrix model as SYM theory and comput- 
ing Feynman diagrams. At one loop one finds an induced 
quartic term in the velocities which corresponds to an in- 


duced Fi, term. The precise term for two DO branes is 
given by 


A(Lv(t)-—y(2)}* 
a 


7 (6.1) 
F 

where r is the distance between the DO branes and A is a 
coefficient of order 1, which can be extracted from the re- 
sults of [9]. This is the longest range term which governs the 
interaction between the DO branes as r tends to infinity. 
Thus the effective Lagrangian governing the low energy. 
tong distance behavior of the pair is 
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The calculation is easily generalized to the case of two 
well-separated groups of N, and N, branes forming bound 
states. Keeping only the leading terms for large N (planar 
graphs), we find 
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To understand the significance of Eq. (6.3). it is first use- 
ful to translate it into an effective Hamiltonian. To leading 
order in inverse powers of r, we find 
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From Eq. (6.4) we can compute a scattering amplitude in 
the Born approximation. Strictly speaking, the scattering am- 
plitude is defined as a 10D amplitude in the compactitied 
theory. However, it contains information about the 11D am- 
plitude in the special kinematic situation where no longitu- 
dinal momentum is exchanged. The relation between the 
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10D amplitude and 11D amplitude at vanishing Ap,, is 
simple. They are essentially the same thing except for a fac- 
tor of R. which is needed to relate the 10- and f1- 
dimensional phase space volumes. The relation between am- 
plitudes is A = RA 9. Thus from Eq. (6.4) we find the 11D 
amplitude 


ALA D PADI? pp ul2) 
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(6.5) 


The expression in Eq. (6.5) is noteworthy for several rea- 
sons. First of all, the factor r~’ is the 11D Green function (in 
space) after integration over x''. In other words, it is the 
scalar Feynman propagator for vanishing longitudinal mo- 
mentum transfer. Somehow the simple matrix Hamiltonian 
“*knows’* about massless propagation in 11D spacetime. The 
remaining momentum-dependent factors are exactly what is 
needed to make Eq. (6.5) identical to the single (super) 
graviton exchange diagram? in 11D. Even the coefficient is 
correct. This is closely related to a result reported in [9] 
where it was shown that the annulus diagram governing the 
scattering of two DO branes has exactly the same form at 
very small and very large distances. which can be understood 
by noting that only BPS states contribute to this process on 
the annulus. This plus the usual relations between couplings 
and scales in type-IIA string theory and M theory guarantees 
that we obtain the correct normalization of 11-dimensional 
graviton scattering in supergravity (SUGRA). In the weak 
coupling limit. very long distance behavior is governed by 
single supergraviton exchange. while the ultrashort distances 
are governed by the matrix model. In [9] the exact equiva- 
lence between the leading interactions computed in these 
very different manners was recognized, but its meaning was 
not clear. Now we see that it is an important consistency 
criterion in order for the matrix model to describe the infinite 
momentum limit of M theory. 

Let us next consider possible corrections to the effective 
action coming from higher loops. In particular. higher loops 
can potentially correct the quartic term in velocities. Since 
our interest lies in the large N limit. we may consider the 
leading (planar) corrections. Doing ordinary large N count- 
ing. one finds that the y* term may be corrected by a factor 
which is a function of the ratio N/r°. Such a renormalization 
by f(N/r*) could be dangerous. We can consider several 
cases which differ in the behavior of f as N/r° tends to 
infinity. in the first two, the function tends to zero or infinity. 
The meaning of this would be that the coupling to gravity is 
driven either to zero or infinity in the infinite momentum 
limit. Either behavior is intolerable. Another possibility is 
that the function f tends to a constant not equal to 1. In this 


‘in [9] the amplitude was computed for DO branes which have 
momenta orthogonal to their polarizations (this was not stated ex- 
plicitly there, but was implicit in the choice of boundary state). The 
spin dependence of the amplitude is determined by the supersym- 
meine completion of the t/r’ amplitude. which we have not com- 
puted. In principle, this gives another check of | 1-dimensional Lor- 
entz invariance. We suspect that the full answer follows by 
applying the explicit supersymmetries of the light cone gauge to the 
amplitude we have computed 
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case the gravitational coupling constant is renormalized by a 
constant factor. This is not supposed to occur in M theory. 
Indeed, supersymmetry is believed to protect the gravita- 
tional coupling from any corrections. The only other possi- 
bility is that f— 1. The simplest way in which this can hap- 
pen is if there are no corrections at all other than the one- 
loop term. which we have discussed. 

We believe that there is a nonrenormalization theorem for 
this term which can be proven in the context of SUSY quan- 
tum mechanics with 16 generators. The closest thing we 
have been able to find in the literature is a nonrenormaliza- 
tion theorem for the F,,* term in the action of ten- 
dimensional string theory” which has been proved by Tseyt- 
lin [16]. In the quantum-mechanical context, we believe that 
it is true and that the scattering of two supergravitons at large 
transverse distance and zero longitudinal momentum is ex- 
actly given in the matrix model by low energy 11D super- 
gravity perturbation theory. Dine [17] has constructed the 
outlines of an argument which demonstrates the validity of 
the nonrenommalization theorem. 

We have considered amplitudes in which vanishing lon- 
gitudinal momentum is exchanged. Amplitudes with nonva- 
nishing exchange of p,, are more complicated. They corre- 
spond to processes in 10D in which RR charge is exchanged. 
Such collisions involve rearrangements of the DO branes in 
which the collision transfers DO branes from one group to 
the other. We are studying such processes, but we have no 
definitive results as yet. 

We have thus presented some evidence that the dynamics 
of the matrix model respects 11-dimensional Lorentz invari- 
ance. If this is correct. then the model reduces exactly to 
supergravity at low energies. It is clear, however. that it ts 
much better behaved in the ultraviolet than a field theory. At 
short distances. as shown extensively in [9]. restoration of 
the full matrix character of the variables cuts off all ultravio- 
let divergences. The correspondence limit by which M 
theory reduces to supergravity indicates that we are on the 
right track. 


VII. SIZE OF A SUPERGRAVITON 


As we have pointed out in Sec. Il. the holographic prin- 
ciple requires the transverse size of a system to grow with 
the number of constituent partons. It is therefore of interest 
to estimate the size of the threshold bound state describing a 
supergraviton of longitudinal momentum N/R. According to 
the holographic principle. the radius should grow like N!” in 
11D Planck units. We will use a mean field approximation in 
which we study the wave function of one parton in the field 
of N others. We therefore consider the effective Lagrangian 
(6.3) for the case N,=1.N2=N. The action simplifies for 
NJ] since in this case the N-particle system is much 
heavier than the single-particle system. Therefore we may set 
its velocity to zero. The Lagrangian becomes 
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where yv refers to the relative coordinate between the two 
systems. We can remove ail V and R dependence from the 
action S=fL,dt by scaling: 
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The characteristic length. ume. and velocity (v =y) scales 
are 


y~ N", 
N? 
t~ Fa (7.3) 
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That the size of the bound state wave function scales like 
N?” is an indication of the incompressibility of the system 
when it achieves a density of order one degree of freedom 
per Planck area. This is in accordance with the holographic 
principle. 

This mean field picture of the bound state, or any other 
description of it as a simple cluster. makes the problem of 
longitudinal boost invariance mentioned earlier very con- 
crete. Suppose we consider the scattering of two bound states 
with M, and N, constituents, respectively, N; ~Na~N. The 
mean field picture strongly suggests that scattering will show 
a characteristic feature at an impact parameter corresponding 
to the bound-state size ~N'”. But this is not consistent with 
longitudinal boosts which take N,-~aN,, Na— aN. Boost 
invariance requires physics to depend only on the ratio 
N,/N, or, said another way, only on the ratio of the bound- 
state sizes. This strongly suggests that a kind of scale invari- 
ance must be present in the dynamics that is clearly absent in 
the simple picture discussed above. In the string case the 
scale-invariant world sheet dynamics is crucial for longitudi- 
nal boost invariance. 

The possibility that partons might form subclusters within 
the bound state was ignored in mean field discussion. A pre- 
liminary discussion of a hierarchical clustering model with 
many length scales is presented in Appendix A. Note also 
that wave functions of threshold bound states are power law 
behaved. 

Understanding the dynamics of these oound states well 
enough to check longitudinal boost invariance reliably is an 
important subject for future research. 


VIL. MEMBRANES 


In order to be the strong coupling theory of ITA string 
theory, M theory must have membranes in its spectrum. Al- 
though in the decompactified limit there are no truly stable 
tinite energy membranes, very-long-lived large classical 
membranes must exist. In this section we will show how 
these membranes are described in the matrix model, a result 


first found® in [5]. Townsend [10] first pointed out the con- 
nection between the matrix description of DO brane dynam- 
ics and the matrix description of membranes. and speculated 
that a membrane might be regarded as a collective excitation 
of DO branes. Our conjecture supplies a precise realization 
of Townsend's idea. 

The formulation we will use to describe this connection is 
a version of the methods introduced in [5.18.19]. 

Begin with a pair of unitary operators U.V satisfying the 
relations 


Uv=e VU, 
u*%= 1, 
Vel. (8.1) 


These operators can be represented on an V-dimensional Hil- 
bert space as clock and shift operators. They form a basis for 
all operators in the space. Any matnx Z can be written in the 
form 


N 
Z= D> Z,,U"V". 


aime] 


(8.2) 


U and V may be thought of as exponentials of canonical 
variables p and q: 


Use'?, 
V=e", (8.3) 
where p.q satisfy the commutation relations 
lai 
la.pl=y- (8.4) 


From Eq. (8.2) we see that only periodic functions of p 
and q are allowed. Thus the space defined by these vanabies 
is a torus. In fact, there is an illuminating interpretation ot 
these coordinates in terms of the quantum mechanics of par- 
ticles on a torus in a strong background magnetic field. The 
coordinates of the particle are p.q. If the field is strong 
enough, the existence of a large gap makes it useful to trun- 
cate the space of states to the finite dimensional subspace of 
lowest Landau levels. On this subspace the commutation re- 
lation (8.4) is satisfied. The lowest Landau wave packets 
form minimum uncertainty packets which occupy an area 
~ 1/N on the torus. These wave packets are analogous to the 
“Planckian cells” which make up quantum phase space. The 
p.q Space is sometimes called the noncommuting torus, the 
quantum torus, or the fuzzy torus. In fact. for large enough 
N we can choose other bases of N-dimensional Hilbert space 
which correspond to the lowest Landau levels of a charged 
particle propagating on an arbitrary Riemann surface 
wrapped by a constant magnetic field. For example. in [5]. de 
Wit et al. construct the finite dimensional Hilbert space ot 


“We are grateful to M. Green for pointing out this paper to us 
when a preliminary version of this work was presented at the Santa 
Barbara Strings `96 conference 
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lowest Landau levels on a sphere. This connection between 
finite matrix models and two-dimensional surfaces is the ba- 
sis for the fact that the large N matrix model contains mem- 
branes. For finite N. the model consists of maps of quantum 
Riemann surfaces into a noncommuting transverse super- 
space: i.e., it is a model of a noncommuting membrane em- 
bedded in a noncommutative space.’ 

In the limit of large N. the quantum torus behaves more 
and more like classical phase space. The following corre- 
spondences connect the two. 

(1) The quantum operators Z defined in Eq. (8.2) are re- 
placed by their classical counterparts. Equation (8.2) be- 
comes the classical Fourier decomposition of a function on 
phase space. 

(2) The operation of taking the trace of an operator goes 
over to N times the integral over the torus: 


uz=n Í Z(p.q)dp dq. (8.5) 


(3) The operation of commuting two operators is replaced 
by 1/N times the classical Poisson brackets: 


] 
[Z.W]— [4,2 ôW- óW pZ]. (8.6) 
We may now use the above correspondence to formally 
rewrite the matrix model Lagrangian. We begin by represent- 
ing the matrices Y’ and 8 as operator functions Y'(p,q) and 


6(p.q). Now apply the correspondences to the two terms in 
Eq. (4.2). This gives 


Pu t 2 l 

L=-> | dp dq Y'ip.qY -~ | dp dq 
2 Py 
X[4,Y'4,¥!— dY’ ð Y'] + fermionic terms (8.7) 

and a Hamiltonian 

n= =~ | ap dgl pom fapa 
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Fpa J 2P ae Ilp.) + yo j dp da 
X[dgY'd,¥! - d,¥/d,¥']? + fermionic terms. (8.8) 


Equation (8.8) is exactly the standard Hamiltonian for the 
11D supermembrane in the light cone frame. The construc- 
tion shows us how to build configurations in the matrix 
model which represent large classical membranes. To do so 
we start with a classical embedding of a toroidal membrane 
described by periodic functions Y‘(.q). The Fourier expan- 
sion of these functions provides us with a set of coefficients 
Yin Using Eq. (8.2). we then replace the classical Y's by 
operator functions of U.V. The resulting matrices represent 
the Jarge classical membranes. 


"Note that it is clear in this context that membrane topology is not 
conserved by the dynamics. Indeed. for fixed N a given matrix can 
be thought of as a configuration of many different membranes of 
different topology. ft is only in the large N limit that stable topo- 
logical structure may emerge in some situations. 
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If the matrix model membranes described above are to 
correspond to M-theory membranes, their tensions must 
agree. Testing this involves keeping track of the numerical 
factors of order 1 in the above discussion. We present this 
calculation in Appendix B where we show that the matrix 
model membrane tension exactly agrees with the M-theory 
membrane tension. This has also been verified by Berkooz 
and Douglas [20] using a different technique. 

We do not expect static finite energy membranes to exist 
in the uncompactified limit. Nevertheless, let us consider the 
conditions for such a static solution. The matrix model equa- 
tions of motion for static configurations is 

[YO0Y.¥'}] =0. (8.9) 

It is interesting to consider a particular limiting case of an 
infinite membrane stretched out in the 8.9 plane for which a 
formal solution of Eq. (8.9) can be found. We first rescale 
p and q: 


P= VNp. 
Q= vVN4a. 
[Q,P]=2 ri. (8.10) 


In the N—* limit, the P.Q space becomes an infinite 
plane. Now consider the configuration 


¥8=RyP, 


Y’ = RQ. (8.11) 
with all other Y'=0. Here R, is the length of the correspond- 
ing direction, which should of course be taken to infinity. 
Since { Y8, Y°] is a c number, Eq. (8.9) is satisfied. Thus we 
find the necessary macroscopic membranes require by M 
theory. This stretched membrane has the requisite ‘‘wrap- 
ping number” on the infinite plane. On a general manifold 
one might expect the matrix model version of the wrapping 
number of a membrane on a two-cycle to be 


] 
w= 7 Trw (X'p XX]. 


(8.12) 
where w is the two-form associated with the cycle. This ex- 
pression approaches the classical winding number as we take 
the limit in which Poisson brackets replace commutators. 

Another indication that we have found the nght represen- 
tation of the membrane comes from studying the supersym- 
metry transformation properties of our configuration. The 
supermembrane should preserve half of the supersymmetries 
of the model. The SUSY transformation of the fermionic 
coordinates is 


This result was derived in collaboration with Seiberg. along with 
a number of other observations about supersymmetry in the matrix 
model. which will appear in a future publication. 
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S= Ply, +[ XOX Jy, e+e’. (8.13) 
For our static membrane configuration, P'=0, and the com- 
mutator is proportional to the unit matrix: so we can choose 
€’ to make this variation vanish. The unbroken supergenera- 
tors are linear combinations of the IMF g, and Q,,. 

it ts interesting to contemplate a kind of duality and 
complementarity between membranes and DO branes. Ac- 
cording to the standard light cone quantization of mem- 
branes. the longitudinal momentum p,, is uniformly distrib- 
uted over the area of the p.q parameter space. This is 
analogous to the uniform distribution of p,, along the o axis 
in suring theory. As we have seen, the p.q space is a non- 
commuting space with a basic indivisible quantum of area. 
The longitudinal momentum of such a unit cell is 1/N of the 
total. In other words, the unit phase space cells that result 
from the noncommutative structure of p.q space are the 
DO branes with which we began. The DO branes and mem- 
branes are dual to one another. Each can be found in the 
theory of the other, 

The two kinds of branes also have a kind of complemen- 
tanty. As we have seen, the configurations of the matrix 
mode] which have classical interpretations in terms of DO 
branes are those for which the Y's commute. On the other 
hand, the configurations of a membrane which have a cias- 
sical interpretation are the extended membranes of large clas- 
sical area. The area element is the Poisson bracket which in 
the matrix model is the commutator. Thus the very classical 
membranes are highly nonclassical configurations of DO 
branes. 

In the paper of de Wit. Luscher, and Nicolai [6]. a pathol- 
ogy of membrane theory was reported. It was found that the 
spectrum of the membrane Hamiltonian is continuous, The 
reason for this is the existence of the unlifted flat directions 
along which the commutators vanish. Previously. it had been 
hoped that membranes would behave like strings and have 
discrete level structure and perhaps be the basis for a pertur- 
bation theory which would generalize string perturbation 
theory. In the present context this apparent pathology is ex- 
actly what we want. M theory has no small coupling analo- 
gous to the string splitting amplitude. The bifurcation of 
membranes when the geometry degenerates is expected to be 
an order-1 process. The matrix model, if it is to describe al! 
of M theory. must inextricably contain this process. In fact. 
we have seen how important it is that supersymmetry main- 
tains the flat directions. A model of a single noncommutative 
membrane actually contains an entire Fock space of particles 
in flat 1 1-dimensional space-time. 

Another pathology of conventional membrane theories 
which we expect to be avoided in Af theory is the nonrenor- 
malizability of the membrane world volume field theory. For 
finite N. it is clear that ultraviolet divergences on the world 
volume are absent because the noncommutative nature of the 
space defines a smallest volume cell. just like a Planck cell in 
quantum-mechanical phase space (but we should emphasize 
here that this is a classical rather than quantum-mechanical 
effect in the matrix model). The formal continuum limit 
which gives the membrane Hamiltonian is clearly valid for 
describing the classical motion of a certain set of metastable 
semiclassical states of the matrix model. It should not be 
expected to capture the quantum mechanics of the full large 


N limit. In particular. it is clear that the asymptotic super- 
graviton states would look extremely singular and have no 
real meaning in a continuum membrane formalism. We ure 
not claiming here to have a proof that the large V limit of the 
matrix quantum mechanics exists, but only that the issues 
involved in the existence of this limit are not connected to 
the renormalizability of the world volume field theory of the 
membrane. i 

There is one fast point worth making about membranes. It 
involves evidence for 11D Lorentz invariance of the matrix 
model. We have considered in some detail the Galilean in- 
variance of the intinite momentum frame and found that it is 
satisfied. But there is more to the Lorentz group. In particu- 
lar. there are generators J' which in the light cone formalism 
rotate the lightlike surface of initial conditions. The condi- 
tions for invariance under these transformations are the no- 
torious angular conditions. We must also impose longitudi- 
nal boost invariance. The angular conditions are what makes 
Lorentz invariance so subtle in light cone string theory. It is 
clearly important to determine if the matrix model satisties 
the angular conditions in the large N limit. Ín the full quan- 
tum theory the answer is not yet clear. but at the level of the 
classical equations of motion the answer is yes. The relevant 
calculations were done by de Wit. Marquard. and Nicolai 
[21]. The analysis is too complicated to repeat here. but we 
can describe the main points. 

The equations for classical membranes can be given in 
covariant form in terms of a Nambu-Goto-type action. In the 
covariant form the generators of the full Lorentz group are 
straightforward to write down. In passing to the light cone 
frame, the expressions for the nontrivial generators become 
more complicated, but they are quite definite. In fact. they 
can be expressed in terms of the Y(p.q) and their canonical 
conjugates II(p.q). Finally, using the correspondence be- 
tween functions of p.q and matrices. we are led to matrix 
expressions for the generators. The expressions. of course. 
have factor-ordering ambiguities. but these. at least formally. 
vanish as N— =. In fact. according to [21], the violation of 
the angular conditions goes to zero as 1/N*. Needless to say. 
a quantum version of this result would be very strong evi- 
dence for our conjecture. 

We cannot refrain from pointing out that the quantum 
version of the arguments of [21] is apt to be highly non- 
trivial. In particular. the classical argument works for every 
dimension in which the classical supermembrane exists. 
while, by analogy with perturbative string theory. we only 
expect the quantum Lorentz group to be recovered in 11 
dimensions. Further, the longitudinal boost operator of [21] 
is rather trivial and operates only on a set of zero mode 
coordinates, which we have not included in our matrix 
model. Instead. we expect the longitudinal boost generator to 
involve rescaling N in the large N limit and. thus, to relate 
the Hilbert spaces of different SUSY quantum-mechanicai 
models. We have already remarked in the previous section 
that, as anticipated in [7]. longitudinal boost invariance is the 
key problem in our model. We expect it to be related to a 
generalization of the conformal invariance of perturbative 
string theory. 


IX. TOWARDS DERIVATION AND COMPACTIFICATION 


In this section we would like to present a line of argument 
which may lead to a proot of the conjectured equivalence 
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between the matrix model and M theory. It relies on a 
stringy extension of the conjectured nonrenormalization 
theorem combined with the possibility that all velocities in 
the large N cluster go to zero as N=. 

Imagine that R stays fixed as N— =. Optimistically. one 
might imagine that finite R errors are as small as in pertur- 
bative 11D supergravity. meaning that they are suppressed 
by powers of k,,R or even exp(—k,,R) where kı; is the 
center-of-mass longitudinal momentum transfer. So for kj), 
~ į/lp we could imagine R fixed at a macroscopic scale and 
have very tiny errors. The mean field estimates discussed in 
Sec. VII give the velocity y~N7'°R, which, with R fixed, 
can be made arbitrarily small at large N. Although it is likely 
that the structure of the large N cluster is more complicated 
than the mean field description, it is possible that this general 
property of vanishing velocities at large N continues to hold. 
In particular. in Appendix A we present arguments that the 
velocities of the coordinates along some of the classical flat 
directions of the potential are small. We suspect that this can 
be generalized to all of the flat directions. If that is the case, 
then the only high velocities would be those associated with 
the ‘‘core’’ wave function of Appendix A. The current argu- 
ment assumes that the amplitude for the core piece of the 
wave function vanishes in the large N limit. 

Non-Abelian field strength is the correct generalization of 
velocity for membrane-type field configurations like those 
discussed in Sec. VIII. For classical configurations at least 
these field strengths are order 1/N and so are also small. 

We have previously conjectured that the v* terms in the 
quantum-mechanical effective action are not renormalized 
beyond one loop. For computing the 11-dimensional super- 
gravity amplitude. we needed this result in the matrix quan- 
tum mechanics. but is possible that this result holds in the 
full string perturbation theory. For example, the excited open 
string states can be represented as additional non-BPS fields 
in the quantum mechanics. These do not contribute to the 
one loop v7 term because they are not BPS. Perhaps they do 
not contribute to higher loops for related reasons. 

If these two properties hold. then the conjecture follows. 
The scattering of large N clusters of DO branes can clearly 
be computed at smal! g (smal! R) using quantum mechanics. 
But these processes. by assumption, only involve low veloci- 
ties independent of g and so only depend on the v* terms in 
the effective action which. by the stringy extension of the 
nonrenormalization theorem. would not receive g correc- 
tions. So the same quantum-mechanical answers would be 
valid at large g (large R). 

This would prove the conjecture. 

From this point of view. we have identified a subset of 
string theory processes (large-N DO brane scattering) which 
are unchanged by stringy loop corrections and so are com- 
putable at strong coupling. 

If this line of argument is correct. it gives us an unam- 
biguous prescription for compactification. We take the quan- 
tum mechanics which describes O-brane motion at weak 
string coupling in the compactified space and then follow it 
to strong couphng. This approach to compactification re- 
quires us to add extra degrees of freedom in the compactified 
theory, We will discuss an alternative approach in the next 
sechnon 

For toroidal compactitications. it is clear at weak coupling 
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that one needs to keep the strings which wrap any number of 
times around each circle. These unexcited wrapped string 
states are BPS states, and so they do contribute to the v* 
term and hence must be kept. In fact, these are the states 
which, in the annulus diagram. correct the power law in 
graviton scattering to its lower dimensional value and are 
crucial in implementing the various T7 dualities. 

To be specific let us discuss the case of one coordinate 
X? compactified on a circle on radius Rọ. Here we should 
keep the extra string winding states around X°. An efficient 
way to keep track of them is to T dualize the X° circle. This 
converts DO branes to D1 branes and winding modes to 
momentum modes. The collection of N D1 branes is de- 
scribed by a (1 +1)-dimensional SU(N) super Yang-Mills 
quantum field theory with coupling Baym= R Rolph) ona 
space of T-dual radius Rsyy= BK RR,). The dimensionless 
effective coupling of the super Yang-Mills theory is then 
BiymRzym= (lp IRo), which is independent of R. For 
p-dimensional tori we get systems of Dp branes described 
by (p + 1)-dimensional SU(N) super Yang-Mills theory. Re- 
lated issues have also recently been discussed in [22]. 

For more general compactifications the rule would be to 
keep every BPS state which contributes to the v* term at 
large N. We are currently investigating such compactifica- 
tions. including ones with less supersymmetry. 

The line of argument presented in this section raises a 
number of questions. Is it permissible to hold R finite or to 
let it grow very slowly with N? Are there nonperturbative 
corrections to the v? term? Large N probably prohibits in- 
stanton corrections in the quantum mechanics. but perhaps 
not in the full string theory. This might be related to the 
effect of various wrapped branes in compactified theories. 

Does the velocity stay low? A key problem here is that in 
the mean field theory cloud the O branes are moving very 
slowly. If two 0 branes encounter each other. their relative 
velocity is much less than the typical velocity in a bound pair 
(v ~R). It seems that the capture cross section to go into the 
pair bound state should be very large. Why is there no 
clumping into pairs? One factor which might come into play 
is the following. If the velocity is very low, the de Broglie 
wavelength of the particles might be comparable to the 
whole cluster (this is true in the mean field). and so there 
could be delicate phase correlations across the whole 
cluster—some kind of macroscopic quantum coherence. 
Whenever a pair is trying to form. another 0 brane might get 
between them and disrupt them. This extra coherent com- 
plexity might help explain the Lorentz invariance puzzle. 


X. ANOTHER APPROACH TO COMPACTIFICATION 


The conjecture which we have presented refers to an ex- 
act formulation of M theory in uncompactified tl- 
dimensional space-time. It is tempting to imagine that we 
can regain the compactified versions of the theory as particu- 
lar collections of states in the large N limit of the matrix 
model. There is ample ground for suspicion that this may not 
be the case and that degrees of freedom that we have thrown 
away in the uncompactified theory may be required for com- 
pactification. Indeed. in IMF field theory the only general 
method for discussing theories with moduli spaces of vacua 
is implementable only when the vacua are visible in the clas- 
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sical approximation. Then we can shift the fields and do IMF 
quantization of the shifted theory. Different vacua corre- 
spond to different IMF Hamiltonians for the same degrees of 
freedom. The proposal of the previous section is somewhat 
in the spirit ot IMF teld theory. Different Hamiltonians and. 
indeed. different sets of degrees of freedom are required to 
describe each compactified vacuum. 

We have begun a preliminary investigation of the altema- 
tive hypothesis. that different compactifications are already 
present in the model we have defined. This means that there 
must be collections of states which. in the large N limit. have 
S matrices which completely decouple from each other. Note 
that the large V limit is crucial to the possible existence of 
such superselection sectors. The finite V quantum mechanics 
cannot possibly have superselection rules. Thus the only way 
in which we could describe compactifications for finite N 
would be to add degrees of freedom or change the Hamil- 
tonian. We caution the reader that the approach we will de- 
scribe below is very preliminary and highly conjectural. 

This approach to compactification is based on the idea 
that there is a sense in which our system defines a single 
*“*noncommuting membrane.” Consider compactification of 
a membrane on a circle. Then there are membrane configu- 
rations in which the embedding coordinates do not transform 
as scalars under large diffeomorphisms of the membrane vol- 
ume, but rather are shifted by large diffeomorphisms of the 
target space. These are winding states. A possible approach 
to identifying the subset of states appropriate to a particular 
compactification is to first find the winding states and then 
find all states which have nontrivial scattering from them in 
the large N limit. In fact, our limited study below seems to 
indicate that all relevant states, including compactified super- 
gravitons, can be thought of as matrix model analogues of 
membrane winding states. 

Let us consider compactification of the ninth transverse 
direction on a circle of radius 27R,. A winding membrane 
is a configuration which satisfies 

X(qg.pt2m=X'(q.p)t27Ry, (10.1) 
and the winding sector is defined by a path integral over 
configurations satisfying this boundary condition. A matrix 
analogue of this is 


e IX eN = X94 2 TRga. (10.2) 
It is easy to see (by taking the trace) that this condition 
cannot be satisfied for finite N. However, if we take the large 
N limit in such a way that q—o/N® luxu. with ø an angle 
variable. then this equation can be satistied. with 
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where x? is an M Xx M-matrix-valued function of the angle 
variable. The other transverse bosonic coordinates and all of 
the 6's are M X M-matrix-valued functions of o. These equa- 
tions should be thought of as limits of finite matrices. Thus 
2@RyP3(27Ryl/i)dlao can be thought of as the limit of 
the finite matrices diag(~2mPRy ...27PRq). with ø the 
obvious tridiagonal matrix in this representation. The total 
longitudinal momentum of such a configuration is (2P 


+ DM/R. and the ratio M/P is an effectively continuous pa- 
rameter characterizing the states in the large V limit. We are 
not sure of the meaning of this parameter. 

To get a feeling for the physical meaning of this proposal. 
we examine the extreme limits of large and small Rg. For 
large Ry it is convenient to work in the basis where P is 
diagonal. If we take all of the coordinates X‘ independent of 
g. then our winding membrane approaches a periodic array 
of (2P +1) collections of DO branes. each with longitudinal 
momentum M/R. We can find a solution of the BPS condi- 
tion by putting each collection into the M zero-brane thresh- 
old bound-state wave function. For large Ry configurations 
of the X' which depend on ø have very high frequency and 
can be integrated out. Thus. in this limit. the BPS state in this 
winding sector is approximately a periodic array of super- 
gravitons. We identify this with the compactified supergravi- 
ton state. This state will have the right long range gravita- 
tional interactions (at scales larger than Ry) in the eight 
uncompactified dimensions. To obtain the correct decompac- 
tified limit, it would appear that we must rescale R. the ra- 
dius of the longitudinal direction by R--(2P+1)R. as we 
take P and M to infinity. With this rescaling, all trace of the 
parameter M/P seems to disappear in the decompactitication 
limit. 

For smal! Ry, our analysis is much less complete. How- 
ever, string duality suggests an approximation to the system 
in which we keep only configurations with M=[ and 
P— =x. In this case the q dependence of X? is pure gauge 
and the X‘ all commute with each other. The matrix model 
Hamiltonian becomes the Hamiltonian of the Green-Schwarz 
type-IIA string: 


n—|d 24 Z or 28 10.4) 
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As in previous sections, we will construct multiwound 
membrane states by making large block diagonal matrices, 
each block of which is the previous single-particle construc- 
tion. Lest such structures appear overly baroque, we remind 
the reader that we are trying to make explicit constructions 
of the wave functions of a strongly interacting system with 
an infinite number of degrees of freedom. For large Ry it is 
fairly clear that the correct asymptotic properties of multipar- 
ticle states will be guaranteed by the BPS condition (assum- 
ing that everything works as conjectured in the uncompacti- 
fied theory). 

If our ansatz is correct for small Ra. it should be possible 
to justify the neglect of fluctuations of the matrix variables 
away from the special forms we have taken into account, as 
well as to show that the correct string interactions (for mul- 
tistring configurations detined by the sort of block diagonal 
construction we have used above) are obtained trom the ma- 
trix model interactions. In this connection it is useful to note 
that in taking the limit from finite matrices, there is no mean- 
ing to the separation of configurations into winding sectors 
which we have defined in the formal large N limit. In par- 
ticular. X? should be allowed to fluctuate. But we have seen 
that shifts of X? by functions of g are pure gauge. so that all 
fluctuations around the configurations which we have kept 
give rise to higher derivative world sheet interactions. Since 
the P—x limit is the world sheet continuum limit. we 
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should be able to argue that these terms are irrelevant opera- 
tors in that limit. We have less understanding about how the 
sum over world sheet topologies comes out of our formal- 
ism. but it is tempting to think that it is in some way con- 
nected with the usual topological expansion of large N ma- 
trix models. In the Appendix we show that in t1 dimensions, 
dimensional analysis guarantees the dominance of planar 
graphs in certain calculations. Perhaps. in ten dimensions, 
the small dimensionless parameter. Rg/ip must be scaled 
with a power of N in order to obtain the limit of the matrix 
model which gives IIA string theory. 

These ideas can be extended to compactification on mul- 
tidimensional tori. A wrapping configuration of a toroidal 
membrane can be characterized by describing the cycles on 
the target torus on which the a and b cycles of the membrane 
are mapped. This parametrization is redundant because of the 
SL(2.Z) modular invariance which exchanges the two mem- 
brane cycles. We propose that the analogue of these wrap- 
ping states. for a d-torus defined by modding out R’ by the 
shifts X‘'—X'+2R_, is defined by the conditions 
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eX ame =X mm t TRM, (10.6) 
where n and m are d-vectors of integers. The solutions to 


these conditions are 
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(10.7) 


where the x' are periodic M X M-matrix-valued functions of 
o. The fermionic and noncompact coordinates are also 
matrix-valued functions of o. 

In order to discuss more complicated compactifications, 
we would have to introduce coordinates and find a group of 
large diffeomorphisms associated with one and two cycles 
around which membranes can wrap. Then we would search 
for embeddings of this group into the large N gauge group. 
Presumably. different coordinate systems would correspond 
to unitarily equivalent embeddings. We can even begin to get 
a glimpse of how ordinary Riemannian geometry would 
emerge from the matrix system. If we take a large manifold 
which breaks sufficient supersymmetries. the effective action 
for supergravitons propagating on such a manifold would be 
obtained, as before. by integrating over the off-diagonal ma- 
trices. Now, however. the nonrenormalization theorem 
would fail and the kinetic term for the gravitons would con- 
tain a metric. The obvious conjecture is that this is the usual 
Riemannian metnc on the manifold in question. If this is the 
case. our prescription for compactification in the noncommu- 
tative geometry of the matrix mode! would reduce to ordi- 
nary geometry in the large radius limit. 

A question which arises is whether the information about 
one and two cycles is sufficient to characterize different 
compactifications. We suspect that the answer to this is no. 
The moduli of the spaces that arise in string-theoretic com- 
pactifications are all associated with the homology of the 
space. but in general higher dimensional cycles (e.g.. three 
cycles in Calabi-Yau threefolds) are necessary to a complete 
description of the moduli space. Perhaps in order to capture 
this information we will have to find the correct descriptions 
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of five branes in the matrix model. If the theory really con- 
tains low energy SUGRA. then it will contain solitonic five 
branes, but it seems to us that the correct prescription is to 
define five branes as the D branes of membrane theory. We 
do not yet understand how to introduce this concept in the 
matrix model. 

Finally, we would like to comment on the relation be- 
tween the compactification schemes of this and the previous 
sections. For a single circle, if we take P to infinity and 
substitute the formula (10.3) into the matrix mode! Hamil- 
tonian (as well as the prescription that all other coordinates 
and supercoordinates are functions of @). then we find the 
Hamiltonian of (1+ 1)-dimensionally reduced 10D SYM 
theory in Ag=0 gauge. with x°? playing the role of the spatial 
component of the vector potential. Thus the prescription of 
the previous section appears to be a particular rule for how 
the large N limit should be taken in the winding configura- 
tions we have studied here. P is taken to infinity first. and 
then M is taken to infinity. The relation between the two 
approaches is reminiscent of the Eguchi-Kawai {23] reduc- 
tion of large N gauge theory. It is clear once again that much 
of the physics of the matrix model is buried in the subtleties 
of the large N limit. For multidimensional tori. the relation- 
ship between the formalisms of this and the previous section 
is more obscure. 


XI. CONCLUSIONS 


Although the evidence we have given for the conjectured 
exact equivalence between the large N limit of supersymmet- 
ric matrix quantum mechanics and uncompactified 11- 
dimensional M theory is not definitive, it is quite substantial. 
The evidence includes the following. 

(1) The matrix model has exact invariance under the 
super-Galilean group of the infinite momentum frame de- 
scription of 11D Lorentz-invariant theories. 

(2) Assuming the conventional duality between M theory 
and IIA string theory, the matrix model has normalizable 
marginally bound states for any value of N. These states 
have exactly the quantum numbers of the 11D supergraviton 
multiplet. Thus the spectrum of single-particle states is ex- 
actly that of M theory. 

(3) As a consequence of supersymmetric nonrenormaliza- 
tion theorems, asymptotic states of any number of noninter- 
acting supergravitons exist. These well-separated particles 
propagate in a Lorentz-invariant manner in 11 dimensions. 
They have the statistics properties of the supergravity 
Fock space. 

(4) The matrix model exactly reproduces the correct long 
range interactions between supergravitons implied by 11D 
supergravity. for zero longitudinal momentum exchange. 
This one-loop result could easily be ruined by higher loop 
effects proportional to four powers of velocity. We believe 
that a highly nontrivial supersymmetry theorem protects us 
against all higher loop corrections of this kind. 

(5) By examining the pieces of the bound-state wave 
function in which two clusters of particles are well separated 
from each other, a kind of mean field approximation. we tind 
that the longest range part of the wave function grows with 
N exactly as required by the holographic principle. In par- 
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ticular. the transverse density never exceeds one parton per 
Planck area. 

(6) The matrix model describes large classical membranes 
as required by M theory. The membrane world volume is a 
noncommutative space with a fundamental unit of area 
analogous to the Planck area in phase space. These basic 
quanta of area are the orginal DO branes from which the 
matrix mode! was derived. The tension of this matrix model 
membrane is precisely the same as that of the M-theory 
membrane. 

(7) At the classical level the matrix model realizes the full 
11D Lorentz invariance in the large N limit. 

Of course, many unanswered questions remain. Locality 
is extremely puzzling in this system. Longitudinal boost in- 
variance. as we have stressed earlier, is very mysterious. Re- 
solving this issue. perhaps by understanding the intricate dy- 
namics it seems to require, will be crucial in deciding 
whether or not this conjecture is correct. 

One way of understanding Lorentz invariance would be to 
search for a covariant version of the matrix model in which 
the idea of noncommutative geometry is extended to all of 
the membrane coordinates. An obvious idea is to consider 
functions of angular momentum operators and try to exploit 
the connection between spin networks and three-dimensional 
diffeomorphisms. Alternatively, one could systematically 
study quantum corrections to the angular conditions. 

It is likely that more tests of the conjecture can be per- 
formed. In particular, it should be possible to examine the 
large distance behavior of amplitudes with nonvanishing lon- 
gitudinal momentum transfer and to compare them with su- 
pergravity perturbation theory. 

It will be important to to try to make precise the line of 
argument outlined in Sec. IX that may lead to a proof of the 
conjecture. The approaches to compactification discussed in 
Secs. IX and X should be explored further. 

If the conjecture is correct, it would provide us with the 
first well-defined nonperturbative formulation of a quantum 
theory which includes gravitation. In principle, with a suffi- 
ciently large and fast computer any scattering amplitude 
could be computed in the finite M matrix mode! with arbi- 
trary precision. Numerical extrapolation to infinite N is in 
principle, if not in practice, possible. The situation is much 
like that in QCD where the only known definition of the 
theory is in terms of a conjectured limit of lattice gauge 
theory. Although the practical utility of the lattice theory 
may be questioned, it is almost certain that an extrapolation 
to the continuum limit exists. The existence of the lattice 
gauge Hamiltonian formulation ensures that the theory is 
unitary and gauge invariant. 

One can envision the matrix model formulation of M 
theory playing a similar role. It would, among other things, 
ensure that the rules of quantum mechanics are consistent 
with gravitation. Given that the classical long distance equa- 
tions of LID supergravity have black hole solutions, a 
Hamiltonian formulation of M theory would, at last, lay to 
rest the claim that black holes lead to a violation of quantum 
coherence 
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APPENDIX A 


In this appendix we will report on a preliminary investi- 
gation of the threshold bound-state wave function of N zero 
branes in the large N limit, In general, we may expect a finite 
probability for the N brane bound state to consist of p clus- 
ters of N,,...,.N, branes separated by large distances along 
one of the flat directions of the potential. We will try to take 
such configurations into account by writing a recursion rela- 
tion relating the N cluster to a k and N~& cluster. This 
relation automatically incorporates multiple clusters since 
the pairs into which the original cluster is broken up will 
themselves contain configurations in which they are split up 
into further clusters. There may, however, be multiple cluster 
configurations which cannot be so easily identified as two 
such superclusters. We will ignore these for now, in order to 
get a first handle on the structure of the wave function. 

The configuration of a pair of widely separated clusters 
has a single collective coordinate whose Lagrangian we have 
already written in our investigation of supergraviton scatter- 
ing. The Lagrangian is 


>, KNO Al) 
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where r is the distance between the clusters and v is their 
relative velocity. By scaling, we can write the solution of this 
quantum-mechanical problem as @{r(k{N~-])°7/N"7}, 
where @ is the threshold bound-state wave function of the 
Lagrangian 


uit =>. (A2) 


This solution is valid when r>/p. 
We are now motivated to write the recursion relation 
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Here we have chosen a gauge in order to make a block- 
diagonal splitting of our matrices. Y, is the exact normalized 
threshold bound-state wave function for j zero branes. W, 
are the off-diagonal kx N-k matrices which generate inter- 
actions between the two clusters. P is the gauge-invariant 
projection operator which rotates our gauge choice among all 
gauge-equivalent configurations. The Aw, are normalization 
factors. which in principle we would attempt to find by solv- 
ing the Schrodinger equation. Wy’ is the core“ wave 
function. which describes configurations in which all of the 
zero branes are at a distance less than or equal to lp from 
each other. We will describe some of its properties below. In 
this regime. the entire concept of distance breaks down. since 
the noncommuting parts of the coordinates are as large as the 
commuting ones. 

The interesting thing which is made clear by this ansatz is 
that the threshold bound state contains a host of internal 
distance scales. which becomes a continuum as N-- x. This 
suggests a mechanism for obtaining scale-invariant behavior 
for large N. as we must if we are to recover longitudinal 
boost invariance. Note that the typical distance of cluster 
separation is largest as N goes to infinity when one of the 
clusters has only a finite number of partons. These are the 
configurations which give the N!” behavior discussed in the 
text. which saturates the Bekenstein bound. By the uncer- 
tainty principle. these configurations have iniernal frequen- 
cies of the bound state ~N~~°. Although these go to zero as 
N increases. they are still infinitely higher than the energies 
of supergraviton motions and interactions. which are of order 
I/N. As in perturbative string theory. we expect that this 
association of the large distance part of the wave function 
with modes of very high frequency will be crucial to a com- 
plete understanding of the apparent locality of low energy 
physics. 

As we penetrate further in to the bound state. we encoun- 
ter clusters of larger and larger numbers of branes. If we look 
for separated clusters carrying finite fractions of the total 
longitudinal momentum, the typical separation falls as N in- 
creases. Finally, we encounter the core WY’. which we ex- 
pect to dominate the ultimate short distance and high energy 
behavior of the theory in noncompact | 1-dimensional space- 
time. 

Tt is this core configuration to which the conventional 
methods of large N matrix models. which have so far made 
no appearance in our discussion. apply. Consider first gauge- 
invariant Green's functions of operators like TrX?*. where 
i is one of the coordinate directions. We can construct a 
perturbation expansion of these Green's functions by con- 
ventional functional integral methods. When the time sepa- 
rations of operators are all short compared to the 1]- 
dimensional Planck time. the terms in this expansion are well 
behaved. We can try to resum them into a large N series. The 
perturbative expansion parameter (the analogue of gy if we 
think of the theory as dimensionally reduced Yang-Mills 
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theory) is R°/IGE7. Thus the planar Green's functions are 
functions of RENIISE?. 

The perturbative expansion. of course, diverges term by 
term as E—0. If we imagine that. as suggested by our dis- 
cussion above. these Green's functions should be thought of 
aS measuring properties of the core wave function of the 
system. there is no physical origin for such an infrared di- 
vergence. If, as in higher dimensions. the infrared cutoff is 
found already in the leading order of the 1/N expansion. then 
it must be of order w,.~R/;°N'?. Note that this is much 
larger than any frequency encountered in our exploration of 
the parts of the wave function with clusters separated along a 
flat direction. 

Now let us apply this result to the computation of the 
infrared-divergent expectation values of single gauge- 
invariant operators in the core of the bound-state wave func- 
tion. The idea is to evaluate the graphical expansion of such 
an expression with an infrared cutoff and then insert the 
above estimate for the cutoff to obtain the correct large N 
scaling of the object. The combination of conventional large 
N scaling and dimensional analysis then implies that planar 
graphs dominate even though we are not taking the “‘gauge 
coupling” RIGS. to zero as we approach the large N limit. 
Dimensional analysis controls the otherwise unknown be- 
havior of the higher order corrections in this mut. The re- 
sults are 
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In the first of these expressions. X refers to any component 
of the transverse coordinates. In the second the commutator 
refers to any pair of the components. The final expression. 
whose lowest order perturbative formula has an ultraviolet 
divergence. is best derived by combining Eqs. 1A5} and (A6) 
and the Schrodinger equation which says that the threshold 
bound state has zero binding energy. Note that these expres- 
sions are independent of R. the compactification radius of 
the I}th dimension. This follows from a cancellation be- 
tween the R dependence of the infrared cutoff. that of the 
effective coupling and that of the scaling factor. which re- 
lates the variables X to conventionally normalized Yang- 
Mills fields. 

The first of these equations says that the typical eigen- 
value of any one coordinate matrix is of order N. much 
larger than the N'® extension along the flat directions. The 
second tells us that this spectral weight lies mostly along the 
nonflat directions. In conjunction, the two equations can be 
read as a kind of ‘uncertainty principle of noncommutative 
geometry.” The typical size of matrices is controlled by the 
size of their commutator. The final equation fits nicely with 
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our estimate of the cutoff frequency. The typical velocity is 
such that the transit time of a typical distance” is the inverse 
of the cutoff frequency. It is clear that the high velocities 
encountered in the core of the wave function could invalidate 
our attempt to derive the matrix modet by extrapolating from 
weakly coupled string theory. We must hope that the overall 
amplitude for this part of the wave function vanishes in the 
large N limit. relative to the parts in which zero branes are 
separated along flat directions. 

It is important to realize that these estimates do not apply 
along the flat directions, but in the bulk of the V? dimen- 
sional configuration space. In these directions, it does not 
make sense to multiply together the “sizes along different 
coordinate directions to make an area since the different co- 
ordinates do not commute. Thus there is no contradiction 
between the growth of the wave function in nonflat direc- 
uons and our argument that the size of the bound state in 
conventional geometnc terms saturates the Bekenstein 
bound. 


APPENDIX B 


In this appendix we compute the matrix model membrane 
tension and show that it exactly agrees with the M-theory 
membrane tension. The useful summary in [24] gives the 
tension of a Dp brane T, in IIA string theory or M theory as 
silep? 
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where g, is the fundamental string coupling and 1/27a’ is 
the fundamental string tension. 

The membrane tension T, is defined so that the mass M 
of a stretched membrane of area A is given by M=T,A. 
The mass squared for-a light cone membrane with no trans- 
verse momentum described by the map 4(¢,.02). i 
=1....,9, can be written 
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where the Poisson brackets of two functions 
A(o,,0%).B(o,.02) are defined by 
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The coefficients in Eq. (B2) are set by demanding that 
M? for the map X°=(o,/2m)L, ¥°=(0/27)L is given by 
MSTS. 

To understand the relation to the matrix model, we write, 
as in Sec. VIII, the map ¥' as a Fourier series: 


Xia, ,09)= 5 xh m e ON, (B4) 


nona 


Yin the space of eigenvalues. which in this noncommutative region 
is not to be confused with the classical geometrical distance be- 
tween DO branes. 


Then the corresponding matrices X' are given by 


X= 2 Cam ae (BS) 


my ns 


where the matrices U'.V are elements of SUV). have spec- 
trum spec( Y)=spectV)={l.w.w...a*7'}. und obes 
UV=wVU, where w=expi2m/N). In a specific basis. C 
= diag lw. w... w*”') and V is a cyclic forward shift. 

The scale of Eq. (BS) is fixed since spect) and 
spec( V) go over as V-~% to the unit circle exption, Note 
that Y" is real and so X' is Hermitian. 

The dynamics of the matrix model is governed by the 
Lagrangian 


T 
ZTE xexecDd (xk ‘BO. 


The normalizations here are tixed by the requirement that 
Eq. (B6) describe DO-brane dynamics. The first term. for 
diagonal matrices describing DO-brane motion. is just the 
nonrelativistic kinetic energy (m/2)S_ ie since the 
0-brane mass my = To. The rest energy of the system is just 
Nmg, which in the M-theory interpretation is just pi. and 
so 


Pu NTo. (B7) 


The coefficient C is fixed by requiring that the smalt Auc- 
tuations around diagonal matrices describe harmonic oscilla- 
tors whose frequencies are precisely the masses of the 
stretched strings connecting the 0 branes. This ensures that 
Eq. (B6) reproduces long range graviton interactions vor- 
rectly. Expanding Eq. (B6) to quadratic order we find that 
C=(l2ma')°. 

The energy of a matrix membrane configuration with zero 
transverse momentum is given by the commutator term in 
Eq. (B6). We can evaluate this commutator in a semiclassical 
manner at large N as in Sec. VIII by introducing angular 
operators q with spectrum the interval (0.2m) and p 
=(2a/Nijo/dg with the spectrum the discretized interval 
(0,27) so that [p.g]=2mi/N. The matrices U.V become 
U=e'?, V=e'?. By the Baker-Campbell-Hausdortf theorem. 
we see UV=a@VU. The formal A in this algebra is given by 
h=27/N. Semiclassically, we have 


[X.Y] iat XD}. 


1w (27 dp dq 
~ . (B8) 
Tr Í f, Imh 
So we get 
; (29)? rdo, (27 do, , 
ipo — me AY, 
THX x’) N I, 2a 0 ln { } 


(B9) 


This commutator can also be evaluated for a given finite 
N matrix configuration explicitly with results that agree with 
Eq. (B9) as N=. 
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Now we can perform the check. The value of the matrix 
mode! Hamiltonian on a configuration with no transverse 
momentum is 


To, 1 
H= >! 


> my ie do, 


2” dos : 
sra N Fr > {At Ay. 


QO In 0 < fey 
(B10) 


The conjecture interprets the matrix model Hamiltonian H as 
R AFET HY 

the infinite momentum frame energy vpj t M-p 

=.M"*/2p,,. So the matrix membrane mass squared is 

M a= 2p H. Using Eq. (B7). we find 


‘ aye ke indo, f?" do, 5 
Mow = Tol Sar | amf | ee AF. 


Ir aT i<j 
(B11) 
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From Eq. (B2) we can now read off the matrix mode! mem- 


brane tension as 


l 


5 


mat ee rA 5 
(T3) rlz! on (B12) 
So we can write 
IT amras =2m?|5-} = 
(B13) 


So the M -theory and matrix model membrane tensions ex- 
actly agree. 
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Abstract 


N = 2 supersymmetric gauge theories in four dimensions are studied by formulating them as 
the quantum field theories derived from configurations of fourbranes, fivebranes, and sixbranes 
in Type HA superstrings, and then reinterpreting those configurations in M-theory. This approach 
leads to explicit solutions for the Coulomb branch of a large family of four-dimensional M = 2 
field theories with zero or negative beta function. © 1997 Elsevier Science B.V. 


1. Introduction 


Many interesting results about field theory and string theory have been obtained by 
studying the quantum field theories that appear on the world-volume of string theory 
and M-theory branes. One particular construction that was considered recently in 2 + 1 
dimensions [1] and has been further explored in [2] and applied to M = 1 models in 
four dimensions in [3] will be used in the present paper to understand the Coulomb 
branch of some VV = 2 models in four dimensions. The aim is to obtain for a wide class 
of four-dimensional gauge theories with M = 2 supersymmetry the sort of description 
obtained in [4] for models with SU(2) gauge group. 

The construction in [1] involved branes of Type IIB superstring theory - to be more 
precise the Dirichlet threebranes and the solitonic and Dirichlet fivebranes. One consid- 
ers, for example, NS fivebranes with threebranes suspended between them (Fig. 1). The 
fivebranes, being infinite in all six of their world-volume directions, are considered to be 
very heavy and are treated classically. The interest focuses on the quantum field theory 
on the world-volume of the threebranes. Being finite in one of their four dimensions, 


! Research supported in part by NSF Grant PHY-9513835. 
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xê 


Fig. 1. Parallel fivebranes (vertical lines) with threebranes suspended between them (horizontal lines), as 
considered in Ref. [1]. 


the threebranes are macroscopically 2 + 1 dimensional. The quantum field theory on this 
effective 2 + 1-dimensional world has eight conserved supercharges, corresponding to 
N = 4 supersymmetry in three dimensions or M = 2 in four dimensions. Many properties 
of such a model can be effectively determined using the description via branes. 

To make a somewhat similar analysis of 3 + 1-dimensional theories, one must replace 
the threebranes by fourbranes, suspended between fivebranes (and, as it turns out, also in 
the presence of sixbranes). Since the fourbrane is infinite in four dimensions (and finite 
in the fifth), the field theory on such a fourbrane is 3 + 1-dimensional macroscopically. 

Type HB superstring theory has no fourbranes, so we will consider Type IIA instead. 
Type HA superstring theory has Dirichlet fourbranes, solitonic fivebranes, and Dirichlet 
sixbranes. Because there is only one brane of each dimension, it will hopefully cause 
no confusion if we frequently drop the adjectives “Dirichlet” and “solitonic” and refer 
to the branes merely as fourbranes, fivebranes, and sixbranes. 

One of the main techniques in [1] was to use SL(2,Z) duality of Type IIB super- 
strings to predict a mirror symmetry of the 2 + 1-dimensional models. For Type HA 
there is no SL(2,Z) self-duality. The strong coupling limit of Type HA superstrings in 
ten dimensions is instead determined by an equivalence to eleven-dimensional M-theory; 
this equivalence will be used in the present paper to obtain solutions of four-dimensional 
field theories. As we will see, a number of facts about M-theory fit together neatly to 
make this possible. 

In Section 2, we explain the basic techniques and solve models that are constructed 
from configurations of Type IA fourbranes and fivebranes on R!°. In Section 3, we 
incorporate sixbranes. In Section 4, we analyze models obtained by considering Type 
IIA fourbranes and fivebranes on R? x S!.? Many novel features will arise, including 
a geometric interpretation of the gauge theory beta function in Section 2 and a natural 
family of conformally invariant theories in Section 4. As we will see, each new step 
involves some essential new subtleties, though formally the brane diagrams are analogous 
(and related by 7-duality) to those in [1]. 


? Compactification of such a brane system on a circle has been considered in [2] in the Type IIB context. 
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(a) 


A a, a: a, 
x6 


(b) 


xê 


Fig. 2. (a) A chain of four fivebranes joined by fourbranes. (b) If one compactifies the x° direction to a 
circle, one can consider a periodic array of fivebranes and fourbranes. The left and right ends of this figure 
are to be identified. 


2. Models with fourbranes and fivebranes 


In this section we consider fourbranes suspended between fivebranes in Type IIA 
superstring theory on R!°. Our fivebranes will be located at x” = xê = x° = 0 and - 
in the classical approximation - at some fixed values of x°. The world-volume of the 
fivebrane is parametrized by the values of the remaining coordinates x°, x',..., x, 

In addition, we introduce fourbranes whose world-volumes are parametrized by 
x°,x!,x?,x°, and x®. However, our fourbranes will not be infinite in the x® direc- 
tion. They will terminate on fivebranes. (Occasionally we will consider a semi-infinite 
fourbrane that terminates on a fivebrane at one end, and extends to xf = œo or —oo at 
the other end.) A typical picture is thus that of Fig. 2a. As in [1], we will examine this 
picture first from the fivebrane point of view and then from the fourbrane point of view. 

It will be convenient to introduce a complex variable v = x4 + ix’. Classically, every 
fourbrane is located at a definite value of v. The same is therefore also true for its 


possible endpoints on a fivebrane. 


2.1. Theory on fivebrane 


A fact that was important in [1] is that on the world-volume of a Type IIB fivebrane 
there propagates a U(1) gauge field. A system of k parallel but non-coincident fivebranes 
can be interpreted as a system with U(k) gauge symmetry spontaneously broken to 
U(1)*. Points at which Type IIB threebranes end on fivebranes carry magnetic charge 
in this spontaneously broken gauge theory. 
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Even though one draws similar brane pictures in the Type IIA case, the interpretation 
is rather different. Type IIA fivebranes do not carry gauge fields, but rather self-dual an- 
tisymmetric tensors. When parallel fivebranes become coincident, one gets not enhanced 
gauge symmetry but a strange critical point with tensionless strings [5], concerning 
which too little is known for it to be useful in the present paper. 

However, the endpoints of a fourbrane on a fivebrane do behave as charges in an 
appropriate sense. A fivebrane on which fourbranes end does not really have a definite 
value of xê as the classical brane picture suggests. The fourbrane ending on a fivebrane 
creates a “dimple” in the fivebrane. What one would like to call the xê value of the 
fivebrane is really the xê value measured at v = 00, far from the disturbances created by 
the fourbranes. 

To see whether this makes sense, note that x° is determined as a function of v by 
minimizing the total fivebrane world-volume. For large v the equation for xê reduces to 
a Laplace equation, 


V*x° =0. (2.1) 


Here V? is the Laplacian on the fivebrane world-volume. xê is a function only of the 


directions normal to the fourbrane ends, that is only of v and T. Since the Green’s 
function of the Laplacian in two dimensions is a logarithm, the large v behavior of xê 
is determined by (2.1) to be 


x®° = kIn|v| + constant (2.2) 


for some k. Thus, in general, there is no well-defined large v limit.of xê. This contrasts 
with the situation considered in [1] where (because of considering threebranes instead of 
fourbranes) xê obeys a three-dimensional Laplace equation, whose solution approaches 
a constant at infinity. The limiting value x°(oc) is then the “x® value of the fivebrane” 
which appears in the classical brane diagram and was used in [1] to parametrize the 
configurations. 

Going back to the Type IIA case, for a fivebrane with a single fourbrane ending 
on it from, say, the left, k in (2.2) is an absolute constant that depends only on the 
fourbrane and fivebrane tensions (and hence the Type IIA string coupling constant). 
However, a fourbrane ending on a fivebrane on its right pulls in the opposite direction 
and contributes to k with the opposite sign from a fivebrane ending on the left. If a;, 
i=1,...,q, and bj, j = 1,...,qpr are the v values of fourbranes that end on a given 
fivebrane on its left and on its right, respectively, then the asymptotic form of xê is 


qL gR 
xf = kÝ in ju — a;l — kÝ in le — b;| + constant. (2.3) 


i=] j=l 


We see that xê has a well-defined limiting value for v — oo if and only if q1 = qpr, that 
is if there are equal forces on the fivebrane from both left and right. 

For any finite chain of fivebranes with fourbranes ending on them, as in Fig. 2a, it 
is impossible to obey this condition, assuming that there are no semi-infinite fourbranes 
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that go off to xê = 0c or x® = —oc. At least the fivebranes at the ends of the chain are 
subject to unbalanced forces. The “balanced” case, a chain of fivebranes each connected 
by the same number of fourbranes, as in Fig. 2b, is most natural if one compactifies the 
xê direction to a circle, so that all fourbranes are finite in extent. It is very special and 
will be the subject of Section 4. 

Another important question is affected by a related infrared divergence. For this, we 
consider the motion of fourbranes. When the fourbranes move, the disturbances they 
produce on the fivebranes move also, producing a contribution to the fourbrane kinetic 
energy. We consider a situation in which the a; and b; vary as a function of the first four 
coordinates x“, u = 0,...,3 (which are the “space-time” coordinates of the effective 
four-dimensional field theories studied in this paper). The fivebrane kinetic energy has 
aterm fd*xd*v per 3,x°d"x®, With xê as in (2.3), this becomes 


2 
1 l 
2 4. 2, -5 l 
k Ja xd“v \Re > na (—) ; ðabj (=) . (2.4) 


The v integral converges if and only if 


On So ai - 30; =0, (2.5) 
i J 
so that 
Y ai- 90 bj = qa, (2.6) 
t d 


where ga is a constant characteristic of the ath fivebrane. While the gq are constants 
that we will eventually interpret in terms of “bare masses,” the remaining a’s and b’s 
are free to vary; they are indeed “order parameters” which depend on the choice of 
quantum vacuum of the four-dimensional field theory. 

The above discussion of the large v behavior of x° and its kinetic energy is actually 
only half of the story. From the point of view of the four-dimensional M = 2 super- 
symmetry of our brane configurations, x is the real part of a complex field that is in 
a vector multiplet. The imaginary part of this superfield is a scalar field that propagates 
on the fivebrane. If Type IIA superstring theory on R’? is reinterpreted as M-theory on 
R!’ x S}, the scalar in question is the position of the fivebrane in the eleventh dimen- 
sion. We have labeled the ten dimensions of Type IIA as x°, x',...,x°, so we will call 
the eleventh dimension x!°. In generalizing (2.3) to include x!°, we will use M-theory 
units (which differ by a Weyl rescaling from Type IIA units used in (2.3)). Also, we 
understand x!° to be a periodic variable with period 27R. 

With this understood, the generalization of (2.3) to include x" is 


qı qr 
x° + ix! = RS In(v — aj) — RẸ In(v — bj) + constant. (2.7) 


i=] j=l 
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The fact that xó +ix!? varies holomorphically with v is required by supersymmetry. The 
imaginary part of this equation states that x!° jumps by 427R when one circles around 
one of the a; or b; in the complex v plane. In other words, the endpoints of fourbranes 
on a fivebrane behave as vortices in the fivebrane effective theory (an overall constant 
in (2.7) was fixed by requiring that the vortex number is one). This is analogous, and 
related by 7-duality, to the fact that the endpoint of a threebrane on a fivebrane looks 
like a magnetic monopole, with magnetic charge one, in the fivebrane theory; this fact 
was extensively used in [1]. The interpretation of brane boundaries as charges on other 
branes was originally described in [5]. 
In terms of s = (x + ix!9)/R, the last formula reads 


qi qR 
s= y In(u — a;) — NG — b;) + constant. (2.8) 


i=} j=l 


2.2. Four-dimensional interpretation 


Now we want to discuss what the physics on this configuration of branes looks like 
to a four-dimensional observer. 

We consider a situation, shown in Fig. 2a in a special case, with n + 1 fivebranes, 
labeled by a = 0,...,n. Also, for a = 1,...,n, we include ka fourbranes between the 
(œ — |)th and ath fivebranes. 

It might seem that the gauge group would be The: U(ka), with each U(k,,) factor 
coming from the corresponding set of ka parallel fourbranes. However, (2.6) means 
precisely that the U(1) factors are “frozen out.” To be more precise, in (2.6), X; ai 
is the scalar part of the U(1) vector multiplet in one factor U (ka), and 25) b; is the 
scalar part of the U(1) multiplet in the “next” gauge group factor U(ka+1). Eq. (2.6) 
means that the difference >; a; ~ }, bj is “frozen,” and therefore, by supersymmetry, 
an entire U(1) vector supermultiplet is actually missing from the spectrum. Since such 
freezing occurs at each point in the chain, including the endpoints (the fivebranes with 
fourbranes ending only on one side), the U(1)’s are all frozen out and the gauge group 
is actually []?_, SU(ka). 

What is the hypermultiplet spectrum in this theory? By reasoning exactly as in [1], 
massless hypermultiplets arise (in the classical approximation of the brane diagram) 
precisely when fourbranes end on a fivebrane from opposite sides at the same point in 
space-time. Such a hypermultiplet is charged precisely under the gauge group factors 
coming from fourbranes that adjoin the given fivebrane. So the hypermultiplets trans- 
form, in an obvious notation, as (kı, k2) @ (k2,k3) @...@ (k,—1,k,). The constants 
qa in (2.6) determine the bare masses Mma of the (Ky. Ko+1) hypermultiplets, so in fact 
arbitrary bare masses are possible. The bare masses are actually 


| 1 
Ma = k > Gia kes X dja+i» (2.9) 
a a+ . 
i j 
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where Aia, i= 1,...,kq are the positions in the v plane of the fourbranes between the 
(æ — 1)th and ath fivebrane. In other words, ma is the difference between the average 
position in the v plane of the fourbranes to the left and right of the ath fivebrane. ma 
is not simply a multiple of ga, but the qq for a = 1,...,n determine the ma. 

Now, we come to the question of what is the coupling constant of the SU(k,) gauge 
group. Naively, if xé is the xê value of the ath fivebrane, then the gauge coupling ga 
of SU(k,) should be given by 


l, : (2.10) 


where A is the string coupling constant. 

We have here a problem, though. What precisely is meant by the objects x6? As we 
have seen above, these must be understood as functions of v which in general diverge 
for v — oc. Therefore, we must interpret g, as a function of v: 


1 x$(v) — x81) 


mi E (2.11) 


We interpret v as setting a mass scale, and g,(u') as the effective coupling of the SU (ka) 
theory at mass |v|. Then 1/g2(v) generally, according to (2.3), diverges logarithmically 
for v — oo. But that is familiar in four-dimensional gauge theories: the inverse gauge 
coupling of an asymptotically free theory diverges logarithmically at high energies. 
We thus interpret this divergence as reflecting the one loop beta function of the four- 
dimensional theory. 

It is natural to include x!° along with x6, and thereby to get a formula for the effective 
theta angle 6, of the SU(ka) gauge theory, which is determined by the separation in 
the x!° direction between the (a — 1)th and ath fivebranes. Set 


Ta = = + —. (2.12) 
2r 84 


Then in terms of s = (x6 + ix'?)/R (with distances now measured in M-theory units) 
we have 


—iTal U) = Salt) — Sa- (V). (2.13) 


(A multiplicative constant on the right-hand side has been set to one by requiring that 
under xl? — x!9 + 27R, the theta angle changes by +27.) But according to (2.8), at 
large v one has Sq(v) = (ka — ka41) Inv, so 


—iTa (t) X (2ka — ka-1 — kaşı) Inv. (2.14) 


The standard asymptotic freedom formula is —ir = bo Inv, where —bo is the coefficient 
of the one-loop beta function. So (2.14) amounts to the statement that the one-loop 
beta function for the SU (ka) factor of the gauge group is 
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boa = —2kg + ka-1 + karı- (2.15) 


This is in agreement with a standard field theory computation for this model. In fact, 
for N = 2 supersymmetric QCD with gauge group SU(N,) and Ny flavors, one usually 
has by = —(2N, — Ny). In the case at hand, Ne = ka, and the (Kg—1,Ka) ® (Ka, Ka+1) 
hypermultiplets make the same contribution to the SU (ka) beta function as ka-1 + ke+1 
flavors, so the effective value of Ny is ka—1 + ka+ı- 


2.3. Interpretation via M-theory 


By now we have identified a certain class of models that can be constructed with 
fivebranes and fourbranes only. The remaining question is of course how to analyze 
these models. For this we will use M-theory. 

First of all, the reason that one may effectively go to M-theory is that according 
to (2.10), a rescaling of the Type IIA string coupling constant, if accompanied by a 
rescaling of the separations of the fivebranes in the x° direction, does not affect the field 
theory coupling constant and so is irrelevant. One might be concerned that (2.10) is just 
a classical formula. But in fact, we have identified in the brane diagram all marginal and 
relevant operators (the coupling constants and hypermultiplet bare masses) of the low 
energy N = 2 field theory, so any additional parameters (such as the string coupling 
constant) really are irrelevant. Therefore we may go to the regime of large A. 

What will make this useful is really the following. A fourbrane ending on a fivebrane 
has no known explicit conformal field theory description. The end of the fourbrane is a 
kind of singularity that is hard to understand in detail. That is part of the limitation of 
describing this system via Type IIA superstrings. But in M-theory everything we need 
can be explicitly understood using only the low energy limit of the theory. The Type TA 
fivebrane on R!° is simply an M-theory fivebrane on R!’ x S!, whose world-volume, 
roughly, is located at a point in S! and spans a six-manifold in R'°. A Type IIA fourbrane 
is an M-theory fivebrane that is wrapped over the S! (so that, roughly, its world-volume 
projects to a five-manifold in R'°). Thus, the fourbrane and fivebrane come from the 
same basic object in M-theory. The Type IIA singularity where the fourbrane appears 
to end on a fivebrane is, as we will see, completely eliminated by going to M-theory. 

The Type IIA configuration of parallel fivebranes joined by fourbranes can actually 
be reinterpreted in M-theory as a configuration of a single fivebrane with a more 
complicated world history. The fivebrane world-volume be described as follows. (1) It 
sweeps out arbitrary values of the first four coordinates x°, x',...,x°. It is located at 
x? = x8 = x? = 0. (2) In the remaining four coordinates x*, x°, x6, and x!° - which 
parametrize a four-manifold Q = R? x S! ~ the fivebrane world-volume spans a two- 
dimensional surface 5. (3) If one forgets x'° and projects to a Type IIA description 
in terms of branes on R!°, then one gets back, in the limit of small R, the classical 
configuration of fourbranes and fivebranes that we started with. (4) Finally, M = 2 
supersymmetry means that if we give Q the complex structure in which v = x* + ix 
and s = xê + ix! are holomorphic, then 5 is a complex Riemann surface in Q. This 
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makes R? x X a supersymmetric cycle in the sense of [6] and so ensures space-time 
supersymmetry. 

In the approximation of the Type IIA brane diagrams, ¥ has different components 
that are described locally by saying that s is constant (the fivebranes) or that v is 
constant (the fourbranes). But the singularity that appears in the Type IIA limit where 
the different components meet can perfectly well be absent upon going to M-theory; and 
that will be so generically, as we will see. Thus, for generic values of the parameters, 
5 will be a smooth complex Riemann surface in Q. 

This smoothness is finally the reason that going to M-theory leads to a solution of the 
problem. For large A, all distances characteristic of the Riemann surface X are large and 
it will turn out that there are generically no singularities. So obtaining and analyzing the 
solution will require only a knowledge of the low energy long wavelength approximation 
to M-theory and its fivebranes. 


Low energy effective action 

We will now work out the low energy four-dimensional physics that will result from 
such an M-theory configuration. The discussion is analogous to, but more elementary 
than, a situation considered in [7] where an M = 2 theory in four dimensions was 
related to a brane of the general form R* x X. 

Vector multiplets will appear in four dimensions because on the world-volume of an 
M-theory fivebrane there is a chiral antisymmetric tcnsor field £, that is, a two-form 8 
whose three-form field strength 7 is self-dual. Consider in general a fivebrane whose 
world-volume is Rê x 3, where 3 is a compact Riemann surface of genus g. According to 
[8], in the effective four-dimensional description, the zero-modes of the antisymmetric 
tensor give g abelian gauge fields on Rt. The coupling constants and theta parameters 
of the g abelian gauge fields are described by a rank g abelian variety which is simply 
the Jacobian J( 2). 

These conclusions are reached as follows. Let 


T=FAA++*F A*A, (2.16) 


where F is a two-form on R‘, A is a one-form on X, and » is the Hodge star. This T is 
self-dual, and the equation of motion dT = 0 gives Maxwell's equations dF = d * F =0 
along with the equations dA = d * A = 0 for A. So A is a harmonic one-form, and every 
choice of a harmonic one-form A gives a way of embedding solutions of Maxwell’s 
equations on R? as solutions of the equations for the self-dual three-form T. If ¥ has 
genus g, then the space of self-dual (or anti-self-dual) A’s is g dimensional, giving g 
positive helicity photon states (and g of negative helicity) on R*. The low energy theory 
thus has gauge group U(1)*. The terms quadratic in F in the effective action for the 
gauge fields are obtained by inserting (2.16) in the fivebrane kinetic energy Tie IT}?; 
the Jacobian of ¥ enters by determining the integrals of wedge products of A’s and 
*A’s. 
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In our problem of n + 1 parallel Type ITA fivebranes joined by fourbranes, the M- 
theory fivebrane is R‘ x J, where ¥ is not compact. So the above discussion does not 
immediately apply. However, 2 could be compactified by adding n + 1 points. Indeed, 
for a single fivebrane, X would be a copy of C (the v plane), which is CP’ with a point 
deleted. So if there are no fourbranes, we have just n + 1 disjoint copies of CP! with 
a point omitted from each. Including a fourbrane means cutting holes out of adjoining 
fivebranes and connecting them with a tube. This produces (if all ką are positive) 
a connected Riemann surface $ which can be compactified by adding n + 1 points. 
Note that the deleted points are “at infinity”; the metric on J that is obtained from its 
embedding in Q is complete and looks “near each puncture” like the flat complex plane 
with the puncture being the point “at infinity.” 

The reason that non-compactness potentially modifies the discussion of the low energy 
effective action is that in (2.16), one must ask for A to be square-integrable, in the 
metric on which comes from its embedding in Q, as well as harmonic. Since the 
punctures are “at infinity,” square-integrability implies that A has vanishing periods 
on a contour that surrounds any puncture. (A harmonic one-form A’ that has a non- 
vanishing period on such a contour would look near v = œ like A’ = dv/r, leading to 
JA N*A = fdv Adi/|v|? = 00.) Hence A extends over the compactification ¥ of 3. 
Since moreover the equation for a one-form on J to be self-dual is conformally invariant 
and depends only on the complex structure of 3, the square-integrable harmonic one- 
forms on X are the same as the harmonic one-forms on X. So finally, in our problem, 
the low energy effective action of the vector fields is determined by the Jacobian of X. 

It is thus of some interest to determine the genus of F. We construct 5 beginning 
with n + 1 disjoint copies of CP', of total Euler characteristic 2(n + 1). Then we glue 
in a total of 57", ka tubes between adjacent CP's. Each time such a tube is glued in, 
the Euler characteristic is reduced by two, so the final value is 2(7 +1) — 2377, ka- 
This equals 2 — 2g, where g is the genus of 3. So we get g = Yona (ka — 1). This 
is the expected dimension of the Coulomb branch for the gauge group []?_, SU(ka). 
In particular, this confirms that the U(1)’s are “missing”; for the gauge group to be 
T2- U(ka), the genus would have to be $o g-1 ka- 

So far we have emphasized the effective action for the four-dimensional gauge fields. 
Of course, the rest of the effective action is determined from this via supersymmetry. For 
instance, the scalars in the low energy effective action simply determine the embedding 
of R* x X in space-time, or more succinctly the embedding of 2 in Q; and their 
kinetic energy is obtained by evaluating the kinetic energy for motion of the fivebrane 
in space-time. 


The integrable system 

In general, the low energy effective action for an M = 2 system in four dimensions is 
determined by an integrable Hamiltonian system in the complex sense. The expectation 
values of the scalar fields in the vector multiplets are the commuting Hamiltonians; 
the orbits generated by the commuting Hamiltonian flows are the complex tori which 
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determine the kinetic energy of the massless four-dimensional vectors. This structure 
was noticed in special cases [9-11] and deduced from the generalities of low energy 
supersymmetric effective field theory [12]. 

A construction of many complex integrable systems is as follows. Let X be a two- 
dimensional complex symplectic manifold. Let ¥ be a complex curve in X. Let W be 
the deformation space of pairs ( 3’, £’), where 3’ is a curve in X to which F can be 
deformed and £’ is a line bundle on 3’ of specified degree. Then W is an integrable 
system; it has a complex symplectic structure which is such that any functions that 
depend only on the choice of 3’ (and not of £L’) are Poisson-commuting. The Hamil- 
tonian flows generated by these Poisson-commuting functions are the linear motions on 
the space of £’’s, that is, on the Jacobian of 3”. 

This integrable system was described in [13], as a generalization of a gauge theory 
construction by Hitchin [14]; a prototype for the case of non-compact J is the exten- 
sion of Hitchin’s construction to Riemann surfaces with punctures in [15]. The same 
integrable system has appeared in the description of certain BPS states for Type IIA 
superstrings on K3 [16]. 

In general, fix a hyper-Kahler metric on the complex symplectic manifold X (of 
complex dimension two) and consider M-theory on R’ x X. Consider a fivebrane of 
the form Rt x 3, where R¢ is a fixed linear subspace of R’ (obtained by setting three 
linear combinations of the seven coordinates to constants) and ¥ is a complex curve 
in X. Then the effective M = 2 theory on R’ is controlled by the integrable system 
described in the last paragraph, with the given X and 3. This follows from the fact that 
the scalar fields in the four-dimensional theory parametrize the choice of a curve 3’ to 
which 3 can be deformed (preserving its behavior at infinity) while the Jacobian of 3’ 
determines the couplings of the vector fields. 

The case of immediate interest is the case that X = Q and ¥ is related to the brane 
diagram with which we started the present section. The merit of this case (relative to 
an arbitrary pair (X,2)) is that because of the Type IIA interpretation, we know a 
gauge theory whose solution is given by this special case of the integrable model. Some 
generalizations that involve different choices of X are in Sections 3 and 4. 


BPS states 

The spectrum of massive BPS states in models constructed this way can be analyzed 
roughly as in Ref. [7], by using the fact that M-theory twobranes can end on fivebranes 
[5,17]. BPS states can be obtained by considering suitable twobranes in R’ x X. To 
ensure the BPS property, the twobrane world volume should be a product R x D, where 
R is a straight line in R* C R? (representing “the world line of the massive particle in 
space-time”) and D C X is a complex Riemann surface with a non-empty boundary C 
that lies on Y. By adjusting D to minimize the area of D (keeping fixed the holomogy 
class of C C 3), one gets a twobrane world-volume whose quantization gives a BPS 
state. 


The World in Eleven Dimensions 463 


2.4. Solution of the models 


We now come to the real payoff, which is the solution of the models. 

The models are to be described in terms of an equation F(s,v) = 0, defining a 
complex curve in Q. 

Since s is not single-valued, we introduce 


t =exp(—s) = exp(—(x° + ix!®)/R) (2.17) 


and look for an equation F(t,v) = 0. 

Now if F(t,v) is regarded as a function of t for fixed v, then the roots of F are the 
positions of the fivebranes (at the given value of v). The degree of F as a polynomial 
in ¢ is therefore the number of fivebranes. To begin with, we will consider a model with 
only two fivebranes. F will therefore be quadratic in t. 

Classically, if one regards F(t,v) as a function of v for fixed t, with a value of t 
that is “in between” the two fivebranes, then the roots of F(t,v) are the values of v at 
which there are fourbranes. We will set the number of fourbranes suspended between 
the two fivebranes equal to k, so F(t,v) should be of degree k in v. (If t is “outside” 
the classical position of the fivebranes, the polynomial F(t, v) still vanishes for k values 
of v; these roots will occur at large v and are related to the “bending” of the fivebranes 
for large v.) 

So such a model will be governed by a curve of the form 


A(v)t? + B(v)t + C(v) =0, (2.18) 


with A, B, and C being polynomials in v of degree k. We set F = At? + Bt+C. 

At a zero of C(v), one of the roots of (2.18) (regarded as an equation for ft) goes 
to t = 0. According to (2.17), t = 0 is xÉ = o. Having a root of the equation which 
goes to x® = œ at a fixed limiting value of v (where C(v) vanishes) means that there 
is a semi-infinite fourbrane to the “right” of all of the fivebranes. 

Likewise, at a zero of A(v), a root of F goes to t = +00, that is to say, to xÍ = —oo. 
This corresponds to a semi-infinite fourbrane on the “left.” 

Since there are k fourbranes between the two fivebranes, these theories will be SU(k) 
gauge theories. As in [1], a semi-infinite fourbrane, because of its infinite extent in xô, 
has an infinite kinetic energy (relative to the fourbranes that extend a finite distance in 
xê) and can be considered to be frozen in place at a definite value of v. The effect of 
a semi-infinite fourbrane is to add one hypermultiplet in the fundamental representation 
of SU(k). 

We first explore the “pure gauge theory” without hypermultiplets. For this we want 
no zeroes of A or C, so A and C must be constants and the curve becomes after a 
rescaling of t 


P+ B(vyt+1=0. (2.19) 


In terms of 7 = t + B/2, this reads 
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B(v)? 
Poe Si (2.20) 
4 
By rescaling and shifting v, one can put B in the form 
B(v) =v + upt? + uguk-3 +... + ug. (2.21) 


(2.20) is our first success; it is a standard form of the curve that governs the SU(k) 
theory without hypermultiplets [18,19]. 

We chose F(t,v) to be of degree k in v so that, for a value of t that corresponds 
to being “between” the fivebranes, there would be k roots for v. Clearly, however, the 
equation F(t,v) = 0 has k roots for v for any non-zero t (we recall that ¢ = 0 is “at 
infinity” in the original variables). What is the interpretation of these roots for very 
large or very small v, to the left or right of the fivebranes? For t very large, the roots 
for v are approximately at 


tcf, (2.22) 
and for ¢ very small they are approximately at 
tec. v$; (2.23) 


here c,c’ are constants. The formulas t X v** are actually special cases of (2.8); they 
represent the “bending” of the fivebranes as a result of being pulled on by fourbranes. 
The formulas (2.22) and (2.23) show that for xê — +00, the roots of F, as a function 
of v for fixed ft, are at very large |v|. These roots do not correspond, intuitively, to 
positions of fourbranes but are points “near infinity” on the bent fivebranes. 

We can straightforwardly incorporate hypermultiplet flavors in this discussion. For 
this, we merely incorporate zeroes of A or C. For example, to include Ny flavors we 
can take A = 1 and C(v) = fT Ate — mj) where the mj, being the zeroes of C, are 
the positions of the semi-infinite fourbranes or in other words the hypermultiplet bare 
masses, and f is a complex constant. Eq. (2.20) becomes 


N 
~ Biv)? 1 
aay ma ETO): (2.24) 
We set now 
Biv) =e(v" + uw”? + usu"? +... + un) (2.25) 


with e and the u; being constants. We have shifted v by a constant to remove the p's! 
term. This is again equivalent to the standard solution [20,21] of the SU(k) theory with 
Ny flavors. As long as Ny # 2k, one can rescale t and v to set e = f = 1. Of course, 
shifting v by a constant to eliminate the v‘—! term in B will shift the m; by a constant. 
This is again a familiar part of the solution of the models. 

Of special interest is the case Ny = 2k where the beta function vanishes. In this 
case, by rescaling f and v, it is possible to remove only one combination of e and f. 
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The remaining combination is a modulus of the theory, a coupling constant. This is as 
expected: four-dimensional quantum Yang-Mills theory has a dimensionless coupling 
constant when and only when the beta function vanishes. 

The coupling constant for Ny = 2k is coded into the behavior of the fivebrane 
for z,t — oc. This behavior, indeed, is a “constant of the motion” for finite energy 
disturbances of the fivebrane configuration and hence can be interpreted as a coupling 
constant in the four-dimensional quantum field theory. The behavior at infinity for 
Ny = 2k is 


t2 Agu’, (2.26) 
where À+ are the two roots of the quadratic equation 

y +ey+f=0. (2.27) 
This follows from the fact that the asymptotic behavior of the equation is 

PHe(ekt..)e+ f+...) =0. (2.28) 


y can be identified as t/v*. The fact that the two fivebranes are parallel at infinity - on 
both branches t ¥ v* for v — oo — means that the distance between them has a limit at 
infinity, which determines the gauge coupling constant. 

A rescaling of t or v rescales Ax by a common factor, leaving fixed the function 
w = —4A,A_/(Az — A_)? which is also invariant under exchange of the A's. This 
function can be constructed as a product of cross ratios of the four distinguished points 
0,00,A, and A_ on the y plane. Let Mo.4:2 be the moduli space of the following 
objects: a smooth Riemann surface of genus zero with four distinct marked points, two 
of which (0 and oo) are distinguished and ordered, while the others (A, and ÀA.) are 
unordered. The choice of a value of w (not equal to zero or infinity) is the choice of a 
point in Mo.4.2. The point w = I is a Zz orbifold point in Mo,4.2. 

In the conventional description of this theory, one introduces a coupling parameter 7 
appropriate near one component of “infinity” in Mo.4:2 — near w — 0 (which corresponds 
for instance to A, — 0 at fixed A_), where the SU(k) gauge theory is weakly coupled. 3 
In [20], the solution (2.24) is expressed in terms of 7. Near w = 0 one has w = een. 
the inverse function 7(w) is many-valued. The fact that the theory depends only on w 
and not on 7 is from the standpoint of weak coupling interpreted as the statement that 
the theory is invariant under a discrete group of duality transformations. This group is 
IT = mı (Mo.4:2). It can be shown that F is isomorphic to the index three subgroup of 
SL(2,Z) consisting of integral unimodular matrices 


a b 
o 7) (2.29) 


with b even; this group is usually called [9(2). 


3? The other possible degeneration is w — oo (Ay — A~). This is in M-theory the limit of coincident 
fivebranes, and a weakly coupled description in four dimensions is not obvious. 
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The case of a positive beta function 

What happens when the SU(k) gauge theory has positive beta function, that is for 
Ny > 2k? The fivebrane configuration (2.24) still describes something, but what? The 
first main point to note is that for Ny; > 2k, the two fivebranes are parallel near infinity; 
both branches of (2.24) behave for large v as T ~ v%//2, I interpret this to mean that 
the four-dimensional theory induced from the branes is conformally invariant at short 
distances and flows in the infrared to the SU(k) theory with Np flavors. 

What conformally invariant theory is this? A key is that for Ny > 2k + 2, there are 
additional terms that can be added to (2.24) without changing the asymptotic behavior 
at infinity (and cannot be absorbed in redefining 7 and v). Such terms really should be 
included because they represent different vacua of the same quantum system. 

There are two rather different cases to consider. If Ny; = 2k’ is even, the general curve 
with the given behavior at infinity is 


2k 
Pm geet +.) sw- mo. (2.30) 


This describes the SU(k’) theory with 2k’ flavors, a theory that is conformally invariant 
in the ultraviolet and which by suitably adjusting the parameters can reduce in an 
appropriate limit (taking e’ to zero while rescaling v and some of the other parameters) 
to the solution (2.24) for the SU(k) theory with Ny > 2k flavors. The SU(k') theory 
with 2k’ flavors has of course a conventional Lagrangian description, valid when the 
coupling is weak. 

The other case is Ny = 2k’ + 1, with k’ > k. The most general curve with the same 
asymptotic behavior as (2.24) is then 


l f 2k'+1 
Pae +.) = S [| 0- m). (2.31) 
i=) 


There is no notion of weak coupling here; the asymptotic behavior of the fivebranes is 
7 = Av” t!/2? with AL = —A, so that w has the fixed value 1. (We recall that this is 
the Zə orbifold point on Mo,4.2.) (2.31) describes a strongly coupled fixed point with 
no obvious Lagrangian description and no dimensionless “coupling constant,” roughly 
along the lines of the fixed point analyzed in [22]. By specializing some parameters, it 
can flow in the infrared to the SU(k) theory with 2k’ + 1 flavors for any k < K’. 

Also, the SU(k’ + 1) theory with 2k’ + 2 flavors can flow in the infrared to the fixed 
point just described. This is done starting with (2.24) by taking one mass to infinity 
while shifting and adjusting the other variables in an appropriate fashion. 

In the rest of this paper, we concentrate on models of zero or negative beta function. 
Along just the above lines, models of positive beta function can be derived from con- 
ventional fixed points like the one underlying (2.30) or unconventional ones like the 
one underlying (2.31); the conventional and unconventional fixed points are linked by 
renormalization group flows. 
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Now we will consider a more general model, with a chain of n+ 1 fivebranes labeled 
from 0 to n, the (æ — 1)th and ath fivebranes, for a =1,...,n, being connected by ka 
fourbranes. We assume that there.are no semi-infinite fourbranes at either end.* 

The gauge group is thus []?_, SU(kq), and the coefficient in the one-loop beta 
function of SU (ka) is 


boa = —2ka + karı + ka-1- (2.32) 


(We understand here ko = kn+1 = 0.) We will assume bo.a < 0 for all œ. Otherwise, as 
in the example just treated, the model is not really a [], SU(ka) gauge theory at short 
distances but should be interpreted in terms of a different ultraviolet fixed point. Note 
that 37?_, boa < O (in fact 37? _, bo. = —ki — kn), so it is impossible in a model of 
this type for all beta functions to vanish. (Models with vanishing beta function can be 
obtained by including semi-infinite fourbranes at the ends of the chain, as above, or by 
other generalizations made in sections three and four.) 
If the position te(v) of the ath fivebrane, for a =0,...,n, behaves for large v as 


lalt) ~ hav™ (2.33) 


with ap 2 a; 2 a2... 2 a, and constants ha, then from our analysis of the relation of 
the beta function to “bending” of fivebranes, we have 


Aa — Ag-1 = —boa, fora@=1,...,n. (2.34) 


The fivebrane world-volume will be described by a curve F(v,t) = 0, for some 
polynomial F. F will be of degree n+ 1 in ¢ so that for each v there are n + 1 roots 
ta(v) (already introduced in (2.33)), representing the v-dependent positions of the 
fivebranes. F thus has the general form 


F(t,v) =>! + fiot" + foto +... + fr(v)et 1. (2.35) 


As in the special case considered in Section 2.4, the coefficients of r’*' and 1° are 
non-zero constants to ensure the absence of semi-infinite fourbranes; those coefficients 
have been set to | by scaling F and t. Alternatively, we can factor F in terms of its 
roots: 


F = [ [0 -+ tw). (2.36) 


a=0 
The fact that the 7° term in (2.35) is independent of v implies that 


4 By analogy with the SU(k) theory with Ny hypermultiplets treated in the last subsection, semi-infinite 
fourbranes would be incorporated by taking the coefficients of e+! and © in the polynomial P(r, v) introduced 
below to be polynomials in v of positive degree. This gives solutions of models that are actually special cases 
of models that will be treated in Section 3. 
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n 


X de =0, (2.37) 


ax) 


and this, together with the n equations (2.34), determines the a, for a =0,...,n. The 
solution is in fact 


da = kaşı g ka (2.38) 


with again ko = ky4) = 0. 
If the degree of a polynomial f(v) is denoted by [f], then the factorization (2.36) 
and asymptotic behavior (2.33) imply that 


[fi] = ao, [f2] =a +a, [f3] = ao + a; +a, es (2.39) 
Together with (2.38), this implies simply 
[fal = ka, fora=1,...,n. (2.40) 


If we rename fq as px, (uv), where the subscript now equals the degree of a polynomial, 
then the polynomial F(t,u') takes the form 


F(t,v) = 2"! + py (v)t" + pig (ven +... + pu (etl. (2.41) 


The curve F(t,v) = O thus describes the solution of the model with gauge group 
TIZ; SU(ka) and hypermultiplets in the representation 5~"7)' (ka, Ka+ı). The fact that 
the coefficient of r’, for 1 < i < n, is a polynomial of degree k; in v has a clear intuitive 
interpretation: the zeroes of p, (v) are the positions of the ka fourbranes that stretch 
between the ath and (a + 1|)th fivebrane. 

The polynomial p, has the form 


Pi (0) = Ca ot" + Caio! + Canute? +... + Caku (2.42) 


The leading coefficients cg determine the asymptotic positions of the fivebranes for 
t — oc, or more precisely the constants ha in (2.33). In fact by comparing the 
factorization F(t,v) = [[, (t-ta (v)) = Ilh — hat!" + O(t!) ) to the series (2.41) 
one can express the ha in terms of the coa- 

The h, determine the constant terms in the asymptotic freedom formula 


—iTq = —boq inv + constant (2.43) 


for the large v behavior of the inverses of the effective gauge couplings. Thus, the ca.o’s 
should be identified with the gauge coupling constants. Of course, one combination of the 
Cao's can be eliminated by rescaling the v’s; this can be interpreted as a renormalization 
group transformation via which (as the beta function coefficients bo.a are not all zero) 
one coupling constant can be eliminated. 

In particular, the ca.o are constants that parametrize the choice of a quantum system, 
not order parameters that determine the choice of a vacuum in a fixed quantum system. 
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Fig. 3. A system of fourbranes, fivebranes, and sixbranes. The r direction runs vertically and the xê direction 
runs horizontally. Fivebranes and fourbranes are depicted as vertical and horizontal lines, and sixbranes are 
depicted by the symbol ®. This is meant to indicate that the sixbranes are “perpendicular” to the figure and 
occupy definite values of r and xê. 


The ca, are likewise constants, according to (2.5); they determine the hypermultiplet 
bare masses. (One of the cg.) can be removed by adding a constant to v; in fact there 
are n Cq.;’s and only n — 1 hypermultiplet bare masses.) The Ca.s for s = 2,...,kq are 
the order parameters on the Coulomb branch of the SU (ka) factor of the gauge group. 


3. Models with sixbranes 
3.1. Preliminaries 


The goal in the present section is to incorporate sixbranes in the models of the 
previous section. The sixbranes will enter just like the D fivebranes in [1] and for some 
purposes can be analyzed quite similarly. 

Thus we consider again the familiar chain of n-+1 fivebranes, labeled from 0 to n, with 
ka fourbranes stretched between the (œ — 1)th and ath fivebranes, for a = 1,...,n. But 
now we place da sixbranes between the (æ — 1)th and ath fivebranes, for a = 1,...,n. 
A special case is sketched in Fig. 3. In the coordinates introduced at the beginning 
of section two, each sixbrane is located at definite values of x‘,x°, and xê and has a 
world-volume that is parametrized by arbitrary values of x°, x!,...,x° and x’, xê, and 
x. 

Given what was said in section two and in [1], the interpretation of the resulting 
model as a four-dimensional gauge theory is clear. The gauge group is []”_, SU (ka). 
The hypermultiplets consist of the (ka, Ka+1) hypermultiplets that were present without 
the sixbranes, plus additional hypermultiplets that become massless whenever a fourbrane 
meets a sixbrane. As in [1], these additional hypermultiplets transform in d, copies 
of the fundamental representation of SU(k,), for each a. The bare masses of these 
hypermultiplets are determined by the positions of the sixbranes in v = x4 + ix5. As in 
[1], the positions of the sixbranes in xê decouple from many aspects of the low energy 
four-dimensional physics. 

One difference from section two is that (even without semi-infinite fourbranes) there 
are many models with vanishing beta function. In fact, for each choice of ka such that 
the models considered-in section two had all beta functions zero or negative, there is 
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upon inclusion of sixbranes a unique choice of the da for which the beta functions all 
vanish, namely 


a = 2ka — kas) — ka~1 (3.1) 


(where we understand that kọ = k,4; = 0). By solving all these models, we will get 
a much larger class of solved M = 2 models with zero beta function than has existed 
hitherto. For each such model, one expects to find a non-perturbative duality group 
generalizing the duality group SL(2,Z) of four-dimensional M = 4 super Yang-Mills 
theory. From the solutions we will get, the duality groups turn out to be as follows. 
Let Mo.n+3.2 be the moduli space of objects of the following kind: a smooth Riemann 
surface of genus zero with n + 3 marked points, two of which are distinguished and 
ordered while the other n + 1 are unordered. Then the duality group of a model with 
n + | fivebranes is the fundamental group mı (Mo.n+3:2). One can think roughly of the 
genus-zero Riemann surface in the definition of Mo.n+3:2 as being parametrized by the 
variable t of section two, with the marked points being 0, oc, and the positions of the 
n+ | fivebranes. 

In contrast to section two, we would gain nothing essentially new by incorporating 
semi-infinite fourbranes at the two ends of the chain. This gives hypermultiplets in the 
fundamental representation of the groups SU(k,) and SU(k,) that are supported at the 
ends of the chain; we will anyway generate an arbitrary number of such hypermultiplets 
via sixbranes. Another generalization that would give nothing essentially new would be 
to include fourbranes that connect fivebranes to sixbranes. Using a mechanism considered 
in [1], one can by moving the sixbranes in the x° direction reduce to the case that all 
fourbranes end on fivebranes. One could also add sixbranes to the left or to the right 
of all fivebranes. In fact, we will see how this generalization can be incorporated in the 
formulas. In the absence of fourbranes ending on them, sixbranes that are to the left or 
right of everything else simply decouple from the low energy four-dimensional physics. 

Another generalization is to consider fourbranes that end on sixbranes at both ends. 
As in [1], such a fourbrane supports a four-dimensional hypermultiplet, not a vector 
multiplet, and configurations containing such fourbranes must be included to describe 
Higgs branches (and mixed Coulomb-Higgs branches) of these theories. We will briefly 
discuss the Higgs branches in Section 3.5. 


3.2. Interpretation in M-theorv 


Since our basic technique is to interpret Type IIA brane configurations in M-theory, 
we need to know how to interpret the Type IIA sixbrane in M-theory. This was first 
done in [23]. 

Consider M-theory on R!° x S!, This is equivalent to Type IIA on R!°, with the U(1) 
gauge symmetry of Type IIA being associated in M-theory with the rotations of the 
S!. States that have momentum in the S' direction are electrically charged with respect 
to this U(1) gauge field and are interpreted in Type ITA as Dirichlet zerobranes. The 
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sixbrane is the electric-magnetic dual of the zerobrane, so it is magnetically charged 
with respect to this same U(1). 

The basic object that is magnetically charged with respect to this U(1) is the “Kaluza- 
Klein monopole” or Taub-NUT space. This is derived from a hyper-Kahler solution of 
the four-dimensional Einstein equations. The metric is asymptotically flat, and the space- 
time looks near infinity like a non-trivial S! bundle over R3. The Kaluza-Klein magnetic 
charge is given by the twisting of the S! bundle, which is incorporated in the formula 
given below by the appearance of the Dirac monopole potential. 

Using conventions of [24] adapted to the notation of the present paper, if we define a 
three-vector F = (x4, x°, x®)R, and set r = |r] and 7 = x!'°/R, then the Taub-NUT metric 


1S 


-1 
ast=i (1435) a? +i (t+) (dr+@-dr)’. (3.2) 
Here @ is the Dirac monopole potential (which one can identify locally as a one-form 
obeying V x & = V(1/r)). 

To construct a sixbrane on R!° x S!, we simply take the product of the metric (3.2) 
with a flat metric on R” (the coordinates on R’ being x°,...,x* and x’,...,x?). We 
will be interested in the case of many parallel sixbranes, which is described by the 
multi-Taub-NUT metric [25]: 


o: | aa Va E 5 
ds’ = 7dr + ——(dr+a- dr)", (3.3) 
where now 
ao A 
V=1+ — (3.4) 
2 jr — xal 


azl 


and V x w = VV. This describes a configuration of d parallel sixbranes, whose positions 
are the x,. 

The reason that by going to eleven dimensions we will get some simplification in the 
study of sixbranes is that, in contrast to the ten-dimensional low energy field theory in 
which the sixbrane core is singular, in M-theory the sixbrane configuration is described 
by the multi-Taub-NUT metric (3.4), which is complete and smooth (as long as the x, 
are distinct). This elimination of the sixbrane singularity was in fact emphasized in [23]. 
In going from M-theory to Type IIA, one reduces from eleven to ten dimensions by 
dividing by the action of the vector field d/dr. This produces singularities at d points at 
which d/d7 vanishes; those d points are interpreted in Type IIA as positions of sixbranes. 
In general in physics, appearance of singularities in a long wavelength description means 
that to understand the behavior of a system one needs more information. The fact that the 
sixbrane singularity is eliminated in going to M-theory means that, if the radius R of the 
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x!° circle is big,> the M-theory can be treated via low energy supergravity. This is just 
analogous to what happened in Section 2; the singularity of Type ITA fourbranes ending 
on fivebranes was eliminated upon going to M-theory, as a result of which low energy 
supergravity was an adequate approximation. The net effect is that unlike either long 
wavelength ten-dimensional field theory or conformal field theory, the long wavelength 
eleven-dimensional field theory is an adequate approximation for the problem. 

In this paper we will really not use the hyper-Kahler metric of the multi-Taub-NUT 
space, but only the structure (or more exactly one of the structures) as a complex 
manifold. If as before we set v = x° + ix°, then in one of its complex structures the 
multi-Taub-NUT space can be described by the equation 


d 
yz = [[w- ea) (3.5) 
a=] 


in a space C? with three complex coordinates y,z, and v. Here e, are the positions of 
the sixbranes projected to the complex v plane. Note that (3.5) admits the C* action 


y= ày,  z—aAr'z, (3.6) 


which is the complexification of the U(1) symmetry of (3.3) that is generated by 
ð/ðr. For the special case that there are no fivebranes, this C* corresponds to the 
transformation f + At where t = exp (—(x6 + ix'?)/R). Hence very roughly, for large 
y with fixed or small z, y corresponds to ¢ and for large z with fixed or small y, z 
corresponds to t~'. (As there is a symmetry exchanging y and z, their roles could be 
reversed in these assertions. ) 

In Section 3.6, we will use the approach of [24] to show that the multi-Taub-NUT 
space is equivalent as a complex manifold to (3.5). The formulas in Section 3.6 can 
also be used to make the asymptotic identification of y and z with £ and ¢~' more 
precise. For now, we note the following facts, which may orient the reader. When all ea 
are coincident at, say, v = 0, (3.5) reduces to the A,_, singularity yz = v”. A system 
of parallel and coincident sixbranes in Type IIA generates a U(n) gauge symmetry; the 
A,—1 singularity is the mechanism by which such enhanced gauge symmetry appears 
in the M-theory description. In general, (3.5) describes the unfolding of the A,_, 
singularity. 

The complex structure (3.5) does not uniquely fix the hyper-Kahler metric, not even 
the behavior of the metric at infinity. The same complex manifold (3.5) admits a family 
of “asymptotically locally Euclidean” (ALE) metrics, which look at infinity like C?/Zp. 
(They are given by the same formula (3.3), but with a somewhat different choice of 
V.) The metrics (3.3) are not ALE but are “asymptotically locally flat” (ALF). 

Even if one asks for ALF behavior at infinity, the hyper-Kahler metric involves 
parameters that do not appear in (3.5). The hyper-Kahler metric (3.3) depends on the 


$ We recall that we can assume this radius to be big since it corresponds to an “irrelevant” parameter in the 
field theory. 
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Fig. 4. A specific configuration of k fourbranes (horizontal lines), two fivebranes (vertical lines) and 
d sixbranes (depicted by the symbol @) that gives a representation of M = 2 supersymmetric QCD in 
four dimensions, with gauge group SU(k) and d hypermultiplet flavors in the fundamental representation. 


positions x, of the sixbranes, while in (3.5) one sees only the projections e, of those 
positions to the v plane. From the point of view of the complex structure that is exhibited 
in (3.5), the xé component of the sixbrane positions is coded in the Kähler class of the 
metric (3.3). 

In studying the Coulomb branch of M = 2 models, we will really need only the com- 
plex structure (3.5); the xê positions of sixbranes will be irrelevant. This is analogous 
to the fact that in studying the Coulomb branch of N = 4 models in three dimensions by 
methods of [1], the xê positions of Dirichlet fivebranes are irrelevant. As that example 
suggests, the xô positions are relevant for understanding the Higgs branches of these 
models. 

In one respect, the description (3.5) of the complex structure is misleading. Whenever 
eu = €n for some a and b, the complex manifold (3.5) gets a singularity. The hyper- 
Kahler metric, however, becomes singular only if two sixbranes have equal positions in 
xê and not only in v. When two sixbranes have the same position in v but not in xô, 
the singular complex manifold (3.5) must be replaced by a smooth one that is obtained 
by blowing up the singularities, replacing each A, singularity by a configuration of k 
curves of genus zero. This subtlety will be important when, and only when, we briefly 
examine the Higgs branches of these models. 


3.3. N =2 supersymmetric QCD revisited 


Now we want to solve for the Coulomb branch of a model that is constructed in 
terms of Type IIA via a configuration of fourbranes, fivebranes, and sixbranes. The only 
change from Section 2 is that to incorporate sixbranes we must replace Q = R? x S', in 
which the M-theory fivebrane propagated in Section 2, by the multi-Taub-NUT space Q 
that was just introduced. We write the defining equation of Q as 


yo = P(t). (3.7) 
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with P(c) = [es (t — €a). Type IIA fourbranes and fivebranes are described as before 
by a complex curve £ in 0. 3 will be described by an equation F(y,v) = 0. Note 
that we can assume that F is independent of z, because z could be eliminated via 
2 =P(u)/y. 

For our first attempt to understand the combined system of fourbranes, fivebranes, 
and sixbranes, we consider the example in Fig. 4 of two parallel fivebranes connected 
by & fourbranes, with d sixbranes between them. We assume that there are no semi- 
infinite fourbranes extending to the left or right of the figure. This configuration should 
correspond to M = 2 supersymmetric QCD, that is to an SU(k) gauge theory with d 
hypermultiplets in the fundamental representation of SU(k). 

As in Section 2, the fact that there are two fivebranes means that the equation 
F(y,c) = 0, regarded as an equation in y for fixed v, has generically two roots. Thus, 
F is quadratic in y and has the general form 


A(v)y? + B(v)y +C(v) =0. (3.8) 


By clearing denominators and dividing by common factors, we can assume that A. B, 
and C are relatively prime polynomials. 

Now we must interpret the statement that there are no semi-infinite fourbranes. This 
means, as in Section 2, that it is impossible for y or z (which correspond roughly to 
t and ¢~! in the notation of Section 2) to go to infinity at a finite value of v. The 
requirement that y never diverges at finite v means that - if A, B, and C are understood 
to have no common factors - A(u') is a constant, which we can take to equal i. So the 
defining equation of Y reduces to 


yw + Biv)y+C(v) =0. (3.9) 
Now let us express this in terms of z = P(v)/y. We get 
C(v)s? + Ble) P(v)z + Py = 0. (3.10) 


z will diverge at zeroes of C unless both BP and P? are divisible by C. Such divergence 
would represent the existence of a semi-infinite fourbrane. 

In particular, the absence of semi-infinite fourbranes implies that P? is divisible by 
C. So any zero of C is a zero of P, that is, it is one of the e,. Moreover, in the generic 
case that the e, are distinct, each e, can appear as a root of C with multiplicity at most 
two. Thus. we can label the e, in such a way that e, is a root of C with multiplicity 2 
for a < iy. of multiplicity 1 for ig < a < i, and of multiplicity O for a > i}. We then 
have 


un 


C= fT] ea) ll (vt — ep) (3.11) 


a=] b=ig+1 


with some non-zero complex constant f. The requirement that BP should be divisible 
by C now implies that the e, of a < ip are roots of B. so 
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B(v) = B(v) [] (e ea) (3.12) 


aio 


for some polynomial B. 
Eq. (3.8) now reduces to 


y+ Be) T] (e-eady s[e TT E-e =0. (3.13) 


agin ago b=ig+1 


In terms of ¥ = v/ Hacia — €a), this is 


i 
PBS [| E- ea) =0. (3.14) 


a=in+1 


If B(v) is a polynomial of degree k, this is (for i; — io < 2k; otherwise as at the end 
of Section 2 one encounters a new ultraviolet fixed point) the familiar solution of the 
SU(k) gauge theory with i, ~ io flavors in the fundamental representation, written in 
the same form in which it appeared in Section 2. The e, with a < ig or a > i; have 
decoupled from the gauge theory. 

This suggests the following interpretation: the sixbranes with a < io are to the left of 
all fivebranes, the sixbranes with ip + 1 < a < i are between the two fivebranes, and 
the sixbranes with a > i, are to the right of all fivebranes. If so then (in the absence 
of fourbranes ending on the sixbranes) the sixbranes with a < ig or a > i; would be 
decoupled from the four-dimensional gauge theory, and the number of hypermultiplet 
copies of the fundamental representation of SU(k) would be i; — to, as we have just 
seen. We will now justify that interpretation. 


Interpretation of io and i 

The manifold Q defined by vz = P(t) maps to the complex v plane. by forgetting y 
and z. Let Q, be the fiber of this map for a given value of v. For generic v, the fiber is 
a copy of C*. Indeed, whenever P(X) # 0, the fiber Q,, defined by 


vo = P(r). (3.15) 


is a copy of C* (the complex v plane with y = 0 deleted). This copy of C* is actually 
an orbit of the C* action (3.6) on Q. 

We recall from Section 3.2 that if z or y is large with the other fixed, then the 
asymptotic relation between z, y, and r = exp (—(x6 + ix!)/R) is y © rors Fr!" 
t — 0 means large xÉ, which we call “being on the right”; t — oc means xf — —ox, 
which we call “being on the left.” Thus z much larger than y or vice versa corresponds 
to being on the right or on the left in x°. 

The surface X is defined by an equation F(y.c') = 0 where F is quadratic in y; it 
intersects each Q,. in two points. (Q, is not complete, but we have chosen F so that no 
root goes to y = oc or z = oc for v such that P(t) # 0.) These are the two points with 


livebranes, for the given value of v. 
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Now consider the special fibers with F(x) = 0. This means that for some a, v is equal 
to eu, the position in the plane of the ath sixbrane. The fiber F, is for such v defined 
by 


yz = 0, (3.16) 


and is a union of two components C, and C/ with, respectively, z = 0 and y = 0. The 
total number of intersection points of £ with F, is still 2, but some intersections lie 
on C, and some lie on C/. Without passing through any singularity, we can go to the 
case that the intersections on C, are at large y and those on C/ are at large z. Hence, 
fivebranes that correspond to intersections with C, are to the left of the ath sixbrane 
(y is much bigger than z so they are at a smaller value of xé) and fivebranes that 
correspond to intersections with C/ are to the right of the ath sixbrane (they are at a 
larger value of xê). 

The intersection points on C, are the zeroes of (3.13) which as v — e, do not go 
to y = 0, The intersection points on C/ are likewise the zeroes of that polynomial that 
do vanish as t — ea. The number of such intersections with C/ is two if a < io, one if 
ip + 1 <a < i). and zero otherwise. This confirms that the number of sixbranes to the 
left of both fivebranes is ip, the number which are to the left of one and to the right of 
the other is i; — ip, and the number which are to the right of both is ii. 


3.4. Generalization 


We will now use similar methods to solve for the Coulomb branch of a more general 
model with n+ | fivebranes, joined in a similar way by fourbranes and with sixbranes 
between them. 

The curve 5 will now be defined by the vanishing of a polynomial F(y,v') that is of 
degree n+ l in y: 


vl Aile) y + Aale) y"! +... + Ang i(e) = 0. (3.17) 


The A,,(t) are polynomials in v. We assume that there are no semi-infinite fourbranes 
and therefore have set the coefficient of v"*! to 1. Substituting y = P(v)/z. we get 


Anew AnP" + App Pre! + +e PM! = 0. (3.18) 


Hence absence of semi-infinite fourbranes implies that A, P"*'~* is divisible by Ant 
for all æ with O < æ < n. (In this assertion we understand Ag = 1.) In particular, P"*! 
is divisible by A,.1. 

h follows that all zeroes of A,,, are zeroes of P, and occur (if the ea are distinct) 
with multiplicity at most n + 1. As in the example considered before, zeroes of P that 
occur as zeroes of Apa; with multiplicity O or n + 1 make no essential contribution 
(they correspond to sixbranes that are to the left or the right of everything else and 
can be omitted). So we will assume that all zeroes of P occur as zeroes of An4| 
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with some multiplicity between 1 and n. There are therefore integers io, ij,....i, with 
ip =O< i) Sd <... <i) <i, = Such that if fori <s<n 


J, = Il (v— ea) (3.19) 


azii +t 


then 
Ani = f[M (3.20) 
s=l 


with f a constant. By an argument along the lines given at the end of Section 3.3, 
we can interpret i, as the number of sixbranes to the left of the ath fivebrane. So 
da = ig — iqg—\ is the number of sixbranes between the (œ — 1)th and ath fivebranes. 
The number of hypermultiplets in the fundamental representation of the ath factor of 
the gauge group will hence be da. 

The requirement that AqgP"*'—¢ is divisible by A„+1 is then equivalent to the statement 


a-l 
Aa = galv) [] J? (3.21) 
s=} 


with some polynomial ga (v). We interpret ga(v) as containing the order parameters for 
the ath factor of the gauge group. So if ga (v) is of degree ke, then the gauge group is 


G=[[SU(ka). (3.22) 


a=] 


The hypermultiplet spectrum consists of the usual (ka, Ka+) representations plus da 
copies of the fundamental representation of SU (ka). 
The curve describing the solution of this theory should thus be 


vl + gile) y” + galw) Ji (uv) y" | gwo) J(u) Jaw) y"? 
a-l n 
+... + galo) [[ see yte. [a 0. (3.23) 


s=l s=l 


This of course reduces in the absence of sixbranes to the solution found in (2.41); 
it likewise gives back the standard solution of N = 2 supersymmetric QCD when there 
are precisely two fivebranes. As a further check, let us examine the condition on the da 
and the ka under which the beta function vanishes. Note that the coefficient of y” is of 
degree tt. All fivebranes will be parallel at large v, and the beta function will vanish, if 
the coefficient of y"t!~" is of order v™ for m=1,...,n+ 1. Those conditions can be 
evaluated to give k2 + dı = 2k, k3 + ky + d2 = 2k2, and so on - the standard conditions 
for vanishing beta function of the gauge theory. 

In this case of vanishing beta function, let the polynomials ga(v) be of the form 
Balt) = havt + O(v*—!). Then the asymptotic behavior of the roots of (3.23) (re- 
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Fig. 5. A configuration representing a mixed Coulomb~Higgs branch. Here as before fivebranes are shown as 
vertical solid lines and fourbranes as horizontal solid lines. But in contrast to Figs. 3 and 4, sixbranes are 
depicted (as in Ref. | 1]) as vertical dashed lines. This makes it easier to visualize the hypermultiplet moduli 
of fourbranes that end on parallel sixbranes. Such a modulus appears whenever there is a fourbrane suspended 
between two sixbranes as in this example. 


garded as an equation for v) is y ~ Ayv*', where the A; are the roots of the polynomial 
equation 


+! yx + hax! +... thx + f = 0. (3.24) 


On the x plane, there are n + 3 distinguished points, namely 0, œc, and the A;. The 
A; are of course defined only up to permutation and (as one could rescale y and x) 
up to multiplication by a common complex scalar. A choice of the A;, modulo those 
equivalences, determines the asymptotic distances between fivebranes and hence the 
bare gauge coupling constants. The same choice also determines a point in the moduli 
space Mo.n+3:2 that was introduced in Section 3.1. In any description by a Lagrangian 
field theory with coupling parameters 7;, the fundamental group 77 (Mo.n43.2) would 
be interpreted as the group of discrete duality symmetries. 


3.5. Higgs branches 


in this subsection, we will sketch how the transition to a Higgs branch (or a mixed 
Higgs-Coulomb branch) can be described from the present point of view. 

We recall that the transition to a Higgs branch is a process in which the genus of = 
drops by one (or more) and a transition is made to a new branch of vacua in which 
there are massless hypermultiplets. In terms of Type ITA brane diagrams, massless 
hypermultiplets result (as in [1]) from fourbranes suspended between fivebranes, a 
configuration shown in Fig. 5. 

For a transition to a Higgs branch to occur, it is necessary for two hypermultiplet bare 
masses to become equal. From the present point of view, this means that the positions 
of two sixbranes in t become equal. It is nor necessary for the two sixbranes to have 
equal positions in x®. In fact, the semiclassical brane diagram of Fig. 5 cannot be drawn 
if the x° values of the sixbranes are equal. 

The hypermultiplet bare masses are the roots of P(v) = [],,(v — ea). We therefore 
want to consider the case that two e, are coincident at, say, the origin. The other e, will 
play no material role, and we may as well take the case of only two sixbranes. So we 
take P(r) = 07. The equation yz = Pv) is in this case 


The World in Eleven Dimensions 479 
Fi 
xy =t, (3.25) 


and describes a manifold Qo which has a singularity at the point P with coordinates 
x=yer=0. 

We recall, however, from the discussion in Section 3.2 that in case two sixbranes 
coincide in v but not in x, such a singularity should be blown up. Thus, the multi- 
Taub-NUT manifold QO does not coincide with Qo, but is a smooth surface obtained by 
blowing up the singularity in Qo. In the blow-up, P is replaced by a smooth curve C 
of genus zero. 

Now we consider a curve ¥ in QO (or Qo) representing a point on the Coulomb 
branch of one of the models considered in this section. Let g be the generic genus of 
YX. Nothing essential will be lost if we consider the case of supersymmetric QCD - two 
fivebranes; gauge group SU(n). So X is defined by a curve of the form 


y? -+ By + fe? =0. (3.26) 


Nothing of interest will happen unless ¥ passes through the singular point v = z =v =0. 
That is so if and only if B vanishes at v = O (if B is non-zero at v = 0 then either 
y is non-zero for v — 0, or y ~ v? for v — O and z is non-vanishing at v = 0), so 
generically B = bu + O(v?) with a non-zero constant b. 

So near P, X looks like 


y? + boy + fu? =0. (3.27) 


This curve has a singularity at y =v = 0. In fact, the quadratic polynomial y? + bey + fr? 
has a factorization as (y + ye) (y + y’v). Generically, the two factors correspond, near 
P, to two branches of ¥ that meet “transversely” at P, giving the singularity. The genus 
of ¥ drops by one when this singularity appears. So 2 now has genus g — 1. 

We actually want to consider the case in which the two sixbranes are not coincident 
in xf, so we must consider the curve defined by (3.26) not in the singular manifold 
Qo but in its smooth resolution Q. This curve has two components. One is a smooth 
curve Y of genus g — 1 and the other is a copy of the genus-zero curve C in Q that is 
obtained by the blowup of P. 3’ is smooth (generically) because after the blowup the 
two branches v + yu =O and y + y'v = 0 of X no longer meet. A copy of C is present 
because the polynomial y? + By + v? vanishes on P and hence (when pulled back to 
O onC. 

At this point, by adding a constant to B, we could deform the two-component curve 
x’ +C (which is singular where 3’ and C meet) back to a smooth irreducible curve 
of genus g that does not pass through P or C. Instead, we want to make the transition 
to the Higgs branch. 

We recall that in the present paper. the curve X is really an ingredient in the description 
of a fivebrane in eleven dimensions. The fivebrane propagates in R’ x Q. R’ has 


coordinates x9.x!,..., x? and x’,x8,x9. The fivebrane world-volume is of the form 
R* x X. where ¥ is a curve in Q and Rĉ is a subspace of R’ defined by (for instance) 
7. 8a 79 

xis xy ax’ =O, 
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The transition to the Higgs branch can be described as follows. When ¥ degenerates 
to a curve that is a union of two branches 3’ and C, the fivebrane degenerates to two 
branches R* x 3’ and R‘ x C. At this point, it is possible for the two branches to move 
independently in R”. R* x C can move to R4 x C, where R4 is a different copy of R? 
embedded in R’. For unbroken supersymmetry, R4 should be parallel to Rt, so it is 
defined in R’ by (x’, x8, x?) = wW for some constant w. 

The four-dimensional field theory derived from a fivebrane on Rt x C has no massless 
vector multiplets, as C has genus zero. It has one massless hypermultiplet, whose 
components are wi and f- 8, where is the chiral two-form on the fivebrane world- 
volume. 

A motion of Rê x 3’ in the x’,x®, x? directions, analogous to the above, is not 
natural because 3’ is non-compact and such a motion would entail infinite action per 
unit volume on R‘. The allowed motions of R* x >’ are the motions of X’ in QO that 
determine the order parameters on the Coulomb branch and that we have been studying 
throughout this paper. The four-dimensional field theory derived from a fivebrane on 
R? x 5’ has g—1 massless vector multiplets, because 3’ is a curve of genus g — 1, and 
one hypermultiplet. The combined system of fivebranes on Rt x X’ and on R* x C has 
g — | massless vector multiplets and one hypermultiplet. 

There is no way to deform 3’ to a curve of genus g. It is only 3’+C that can be so 
deformed. So once C has moved to w = 0, there is no way to regain the gth massless 
vector multiplet except by first moving C back to W = 0. The transition to the Higgs 
branch has been made. 


3.6. Metric and complex structure 


Finally, using the techniques of [24], we will briefly describe how to exhibit the 
complex structure (3.5) of the ALF manifold (3.3). In that paper. the formula (3.3) 
for the ALF hyper-Kahler metric is obtained in the following way. 

Let H be a copy of R* with the flat hyper-Kahler metric. Let M = H” x H. with 
coordinates ga, a= 1,...,d, and w. Consider the action on M of an abelian group G, 
locally isomorphic to R”, for which the hyper-Kahler moment map is 


Ma = ra +y, (3.28) 
where r = qaiĝ, and y = (w — W)/2. Notation is as explained in [24]. G is a product 
of d factors; the ath factor, for a = 1,...,d, acts on qa by a one-parameter group of 
rotations that preserve the hyper-Kähler metric, on w by translations, and trivially on 
the other variables. The manifold defined as z~'(e)/G, with an arbitrary constant e, 
carries a natural hyper-Kahler metric, which is shown in [24] to coincide with (3.3). 
The choice of e determines the positions x, of the sixbranes in (3.3). 

To exhibit the structure of this hyper-Kahler manifold as a complex manifold, one 
may proceed as follows. In any one of its complex structures, H can be identified as 
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C?. One can pick coordinates so that each gą consists of a pair of complex variables 
Ya» Za, and w consists of a pair v,v’, such that the action of G is 


—ila 


ya — e ya, Za > e Za, 


d 
vv, vial S Oa: (3.29) 


where the @, are real parameters. 

Once a complex structure is picked, the moment map x breaks up as a complex 
moment map sc and a real moment map pr. A convenient way to exhibit the complex 
structure of the ALF manifold is the following. Instead of setting 4 to a constant 
value and dividing by G, one can set uc to a constant value and divide by Gc, the 
complexification of G (whose action is given by the formulas (3.29) with the @, now 
complex-valued).© The advantage of this procedure is that the complex structure is 
manifest. 

The components of sc are 


MC.a = Yala — V. (3.30) 
Setting the 4C.a to constants, which we will call —e,, means therefore taking 
Maka FU > €a. (3.31) 


Dividing by Gc is eccomplished most simply by working with the Gc-invariant functions 
Of Yas Zas U, and u am other words, the Gc-invariants can be regarded as functions on 
the quotient O= be '(-e,)/Ge. 

The basic invariants are y = e" “Ts ‘ieee Il. Za, and v. The relation that 
they obey is, in view of (3.31), 


d 
y z=[[( V — ea), (3.32) 
a=} 


which is the formula by which we have defined the complex manifold Q. This exhibits 
the complex structure of the ALF manifold, for generic sixbrane positions e4. 


é The quotient should be taken in the sense of geometric inyanant theory. This leads to the fact. exploited in 
Section 3.5, that when two sixbranes coincide in v but not in xt, the ALF | manifold (3.3) is equivalent as a 
complex manifold not to yz = TI — £a) but to the smooth resolution Oo of that singular surface. We will 
treat the invariant theory in a simplified way which misses the precise behavior for eq = eb. The calculation 
we do presently with invariants really proves not that the ALF manifold is isomorphic to Q, but only that it 
has a holomorphic and generically one-to-one map to Q. When re} is smooth (as it is for generic e4). the 
additional fact that the ALF manifold is hyper-Kiihler implies that it must coincide with Q. 
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xs 
(b) 
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eee eee 
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Fig. 6. (a) A periodic chain of fourbranes and fivebranes wrapped around a circle in the xê direction. The 
two ends of the chain are to be identified. (b) A generalization of the configuration in (a), in which one 
has periodicity in x° only modulo a translation in v. This generalization is needed to incorporate arbitrary 
hypermultiplet bare masses. 


4. Elliptic models 
4.}. Description of the models 


In this section we compactify the xê direction to a circle, of radius L, and consider a 
chain of n fivebranes arranged around this circle, as in Fig. 6.” Let ka be the number 
of fourbranes stretching between the (œ — 1)th and ath fivebrane, and let da be the 
number of sixbranes localized at points between the (a — 1)th and ath fivebrane. The 
beta function of the SU( ka) factor in the gauge group is then 


Doa = ~2ku ad ka~ı F kası + da. (4.1) 


Since $, Doa = 35, da, and the da are all non-negative, the only case in which all 
beta functions are zero or negative is that case that all boa = da = 0. Then writing 
O=, kal —2ka + ka-1 + katt) = — Oy (ka ~ ka~1)?, we see that this occurs if and 
only if all ka are equal to a fixed integer k. The present section will be devoted to 
analyzing this case. 

The gauge group is G = U(1) x SU(k)". Only the occurrence of a U(1) factor 
requires special comment. The condition (2.6) “freezes out” the difference between the 


7 In the context of three-dimensional models with N = 4 supersymmetry, configurations of fivebranes arranged 
around a circle were studied in {2}. 
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U(1) factors in the gauge group supported on alternate sides of any given fivebrane. 
In Sections 2 and 3, we considered a finite chain of fivebranes with U(1)’s potentially 
supported only in the “interior” of the chain, and this condition sufficed to eliminate 
all U(1)’s. In the present case of n fivebranes arranged around a circle with fourbranes 
connecting each neighboring pair, (2.6) eliminates n — | of the U(1)’s, leaving a single 
(diagonal) U(1) factor in the gauge group. 

Hypermultiplets arise from fourbranes that meet a single fivebrane at the same point 
in space from opposite sides. If the symbol k, represents the fundamental representation 
of the ath SU(k) factor in G, then the hypermultiplets transform as @"_,Ka @Kka+1. Note 
that all of these hypermultiplets are neutral under the U(1), so that all beta functions 
vanish including that of the U(1). The U(1), while present, is thus completely decoupled 
in the model. The curve that we will eventually construct will have the property that 
its Jacobian determines the coupling constant of the U(1) factor as well as the structure 
of the SU(k)" Coulomb branch. 

A special case that merits some special discussion is the case n = 1. In that case the 
gauge group consists just of a single SU(k) (times the decoupled U(1)) and the k @k 
hypermultiplet consists of a copy of the adjoint representation of SU(k) plus a neutral 
singlet. This in fact corresponds to the M = 4 theory with gauge group U(k); however, 
we will study it eventually in the presence of a hypermultiplet bare mass that breaks 
N =4 to N = 2. Precisely this model has been solved in [12], and we will recover the 
description in that paper. 


Hypermutltiplet bare masses 

Before turning to M-theory, we will analyze, in terms of Type IIA, the hypermultiplet 
bare masses. 

Let aiae i= l... k be the v values of the fourbranes between the («œ — 1)th and ath 
fivebranes. According to (2.9), the bare mass ma of the ka ® keri hypermultiplet is 


Ma = i S aia ~ X jest i (4.2) 
j 


i 


This formula seems to imply that the m, are not all independent, but are restricted 
by 3°, Ma = 0. However, that restriction can be avoided if one chooses correctly the 
space-time in which the branes propagate. 

So far, we have described the positions of the fourbranes and fivebranes in terms of 
af and v = x4 + ix°. Since we are now compactifying the xê direction to a circle, this 
part of the space-time is so far T = S! x C, where S' is the circle parametrized by x® 
and C is the v plane. 

We can however replace S! x C by a certain C bundle over S!. In other words, we 
begin with x® and v regarded as coordinates on R? = R x C, and instead of dividing 


simply by x° — xê + 2rL for some L, we divide by the combined operation 


a 5 x6 trL, u—>utm, (4.3) 
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for an arbitrary complex constant m. Starting with the flat metric on Rẹ, this gives a C 
bundle over S’ with a flat metric; we call this space Tp. Now when one goes all the way 
around the xô circle, one comes back with a shifted value of v, as suggested in Fig. 6b. 
The result is that the formula 5”, Ma = 0 which one would get on R x C is replaced on 
Tm by 


So ma =m. (4.4) 


Thus arbitrary hypermultiplet bare masses are possible, with a judicious choice of the 
space-time. 


4.2. Interpretation in M-theory 


Now we want to study these models via M-theory. 

Going to M-theory means first of all including another circle, parametrized by a vari- 
able x!9 with x!° & x!°422R. Now because in the present section we are compactifying 
also the xê direction to a circle, we have really two circles. The metric structure, how- 
ever, need not be a simple product S! x S!. Dividing xê — x°+27L can be accompanied 
by a shift of x!?, the combined operation being 


xÉ — x9 + 27L, x? _, x94 OR (4.5) 


with some angle @. We also still divide by x!° — x!'° + 27R, as in uncompactified Type 
IIA. In the familiar complex structure in which s = x° +-ix!° is holomorphic, the quotient 
of the s plane by these equivalences is a complex Riemann surface E of genus-one which 
~ by varying L and @ for fixed R (that is fixed ten-dimensional Type IIA string coupling 
constant) - can have an arbitrary complex structure. E also has a flat metric with an 
area that (if we let R vary) is arbitrary; this, however, will be less important, since we 
are mainly studying properties that are controlled by the holomorphic data. 

The interpretation of this generalization for our problem of gauge theory on branes 
is as follows. The ath fivebrane has, in the M-theory description, a position x!° in the 
x! direction, as well as a position x£ in the xê direction. The theta angle 6, of the ath 
SU(k) factor in the gauge group is 


0, = os al. (4.6) 


If metrically xê — x'° space were a product S! x S! (or in other words if 6 = 0 in (4.5)) 
then (4.6) would imply that 5°, 6, = 0. Instead, via (4.5), we arrange that when one 
goes around a circle in the xé direction, one comes back with a shifted valued of x!°; 
as a result one has 


X Oa = 0. (4.7) 


In a Type IIA description, one would not see the x!° coordinate. The fact that x!° 
shifts by Ø under xê — xê + 2a7L would be expressed by saying that the holonomy 
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around the xô circle of the Ramond-Ramond U(1) gauge field of Type IIA is e”. The 
x!” positions of a fivebrane would be coded in the value of a certain scalar field that 
propagates on the fivebrane. 


Duality group 

In general, E is a (smooth) genus-one Riemann surface with an arbitrary complex 
structure, and the fivebranes are at n arbitrary points pi.. ..,pn on E. By varying in an 
arbitrary fashion the complex structure of E and the choice of the p,,, the bare couplings 
and theta angles of G’ = Th. SU(k) can be varied in arbitrarily. (The coupling and 
theta angle of the U(1) factor in the full gauge group G = U(1) x G’ is then determined 
in terms of those.) The duality group of these models can thus be described as follows. 
Let Mı,» be the moduli space of smooth Riemann surfaces of genus one with n distinct, 
unordered marked points. The duality group is then m; (Min). For n = 1, mı (Mia) 
is the same as SL(2,Z), and this becomes the usual duality group of M = 4 super 
Yang-Mills theory. For n > 1, mı(Miı.n) is a sort of hybrid of SL(2,Z) and the duality 
group found in Section 3. 


Incorporation of v 

We now want to consider also the position of the fivebranes in v = x* + ix*. An 
important special case is that in which the fivebranes propagate in X = E x C, where 
C is the complex v plane. However, from the discussion of (4.3), it is clear that in 
general we should consider not a product E x C but a C bundle over E. In general, we 
start with R x S! x C (with respective coordinates x®, x!°, and v) and divide by the 
combined symmetry 


x > x9 + 2L, 


x0 >x 40, 


t >r+m. (4.8) 


The quotient is a complex manifold that we will call Xm; it can be regarded as a C 
bundle over E. From the discussion at the Type IIA level, it is clear that the parameter 
m must be identified with the sum of the hypermultiplet bare masses. 

The complex manifold X,, will actually not enter as an abstract complex manifold; 8 
the map Xm — E (by forgetting C) will be an important part of the structure. As a 
C bundle over E, Xm is an “affine bundle”; this means that the fibers are all copies 
of C but there is no way to globally define an “origin” in C, in a fashion that varies 
holomorphically. Such affine bundles over £, with the associated complex line bundle 
(in which one ignores shifts of the fibers) being trivial, are classified by the sheaf 
cohomology group H! (E, Og). which is one dimensional; the one complex parameter 
that enters is what we have called m. If X,, is viewed just as a complex manifold with 


* As such it is isomorphic to C* x C”. 


486 M-theory and duality 


map to E, m could be set to 1 (given that it is non-zero) by rescaling v, but we prefer 
not to do that since the fivebrane effective action is not invariant under rescaling of v. 

The complex manifold Xm appeared in [12], where the SU(k) theory with massive 
adjoint hypermultiplet - in other words, the n = 1 case of the series of models considered 
here — was described in terms of an appropriate curve in Xm, rather as we will do below. 
Actually, in what follows we will consider curves in Xm» that “go to infinity” at certain 
points, corresponding to the positions of fivebranes. In [12], a “twist” of Xm was made 
to keep the curve from going to infinity. 


4.3. Solution of the models 


What remains is to describe the solution of the models. First we consider the special 
case that the sum of the hypermultiplet bare masses is zero, 


Sma = 0, (4.9) 
so that the model will be described by a curve 5 in X = E x C. There are n fivebranes 
at points pi, p2..-.,pn in E; and to use a classical Type IIA language (which we 


will presently reformulate in a way more suitable in M-theory) each pair of adjacent 
fivebranes is connected by k fourbranes. 

First of all, the elliptic curve E can be described by a Weierstrass equation, zy 
4x? — g9xz* —g,2> in homogeneous coordinates x, y, z; g2 and g3 are complex constants. 
Usually we work in coordinates with z = 1 and write simply 


2 


y=4x3 — gX — 83. (4.10) 


E admits an everywhere non-zero holomorphic differential 
w=, (4.11) 


To incorporate the classical idea that there are k fourbranes between each pair of 
fivebranes, we proceed as follows. X maps to E by forgetting C; under this map, the 
curve X C X maps to E. Via the map 3 — E, Y can be interpreted as a k-fold cover 
of E, the k branches being the positions of the fourbranes in C. In other words, 2 is 
defined by an equation F(x, ¥,v) =O, where F is of degree k in v: 


Fixy) =k — filx ytt! + falx, ye"? F... + (=I) fi y). (4.12) 


The functions f;(x, y) are meromorphic functions on E (and hence are rational functions 
of x and y) obeying certain additional conditions that will be described. 

The idea here is that for generic x and y, the equation F(x, y,v) has k roots for 
v. which are the positions of the fourbranes in the v plane. Call those roots v;(x, y). 
Unless the f, are all constants, there will be points on E at which some of the f; have 
poles. At such a point, at least one of the v;(x, y) diverges. 
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We would like to interpret the poles in terms of positions of fivebranes. Let us first 
explain why such an interpretation exists. An M-theory fivebrane located at v = vo would 
be interpreted in Type IIA as a fourbrane at v = vo. A Type HA fivebrane located at 
some point p € E also corresponds to a fivebrane in Type ITA. The equation for such 
a fivebrane is, say, 5 = sọ where s is a local coordinate on E near p and s = sọ at p. 
The combined Type IIA fourbrane-fivebrane system can be described in M-theory by a 
fivebrane with the world-volume 


(e — vo) (s — so) =0. (4.13) 


The space of solutions of this equation has two branches, v = vo and s = so; these are 
interpreted in Type HA as the fourbrane and fivebrane, respectively. There is a singularity 
where the two branches meet. Now without changing the asymptotic behavior of the 
curve described in (4.13) - in fact, while changing only the microscopic details - one 
could add a constant to the equation, getting 


(vr — to) (Ss — s0) =€. (4.14) 


The singularity has disappeared; what in Type IIA is a fourbrane and a fivebrane appears 
in this description as a single, smooth, irreducible object. On the other hand, if we solve 
(4.14) for v we get 


(4.15) 


vu=vug+ 3 
S — So 
We see that a fivebrane corresponds to a simple (first order) pole in v. 

Poles of the f; will lead to singularities of the v;. It is now possible to determine 
what kind of singularities we should allow in the f;. At a point pẹ at which a fivebrane 
is located, one of the v; should have a simple pole, analogous to that in (4.15). and the 
others should be regular. The v; will behave in this way if and only if the f; have simple 
poles at po. So the functions f,,..., fi have simple poles at the points p,,..., py, and 
no other singularities. 

This then almost completes the description of the solution of the models: they are 
described by curves F(x,y,v) =0 in E x C, where F is as in (4.12) and the allowed 
functions f; are characterized by the property just stated. What remains is to determine 
which parameters in the f; are hypermultiplet bare masses and which ones are order 
parameters describing the choice of a quantum vacuum. 

First let us count all parameters. By the Riemann-Roch theorem, the space of mero- 
morphic functions on E with simple poles allowed at p,,...,p, is n dimensional. As 
we have k such functions, there are kn parameters in all. Of these, n — | should be 
hypermultiplet bare masses (because of (4.9) there are only n — | hypermultiplet bare 
masses), leaving n(k — 1) + 1 order parameters. The gauge group G = U(1) x SU(k)" 
has rank n(k — 1) + 1, so m(k — 1) + 1 is the dimension of the Coulomb branch, and 
hence is the correct number of order parameters. It remains then to determine which 
n — | parameters are the hypermultiplet bare masses. 
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Let us note the following interpretation of the function fı: in view of the factorization 
F(x.y,v) = [JL œ — v(x, y)), one has 


k 


fixy) = >> e(x,y). (4.16) 


i=] 


The generic behavior is that near any one of the po, all of the v; except one remain 
finite, and the remaining one, say v(x, v), has a simple pole. So according to (4.16) 
the singular behavior of vı is the same as the singular behavior of fı. In other words, 
the singular part of f; determines the behavior of ¥ near infinity. Since hypermultiplet 
bare masses are always coded in the behavior of the curve £ at infinity - as we saw in 
(2.5), that is why the bare masses are constant - the hypermultiplet bare masses must 
ve coded in the singular part of fi. 

The singular part of fı depends only on n — | complex parameters. In fact, fı itself 
depends on n complex parameters, but as one is free to add a constant to fi without 
affecting its singular behavior, the singular part of fı depends on n — | parameters. 
Thus, fixing the hypermultiplet bare masses completely fixes the singular part of fi. 
The additive constant in fı and the parameters in f;, j > 1 are the order parameters 
specifying a choice of quantum vacuum. Actually, the additive constant in fı is the 
order parameter on the Coulomb branch of the U(1) factor in the gauge group; this 
constant can be shifted by adding a constant to v and so does not affect the Jacobian of 
X, in agreement with the fact that the U(1) is decoupled. The order parameters of the 
SU(k)" theory are the n(k — 1) coefficients in f2. f3,..., fn. 

To be more complete, one would like to know which functions of the singular part 
of fı are the hypermultiplet bare masses ma. One approach to this question is to think 
abet the integrable system that controls the structure of the Coulomb branch. We recall 
irom Section 2.3 that a point in the phase space of this integrable system is given by 
the choice of a curve ¥ C E x C with fixed behavior at infinity together with the choice 
of a line bundle on the compactification of ¥. As in Section 17 of the second paper in 
[4]. the cohomology class of the complex symplectic form on the phase space should 
vary linearly with the masses. How to implement this condition for integrable systems 
of the kind considered here is explained in Section 2 of [12]. The result is as follows: 
the hypermultiplet bare masses are the residues of the differential form 8 = fı (x, y)w. 
Since the sum of the residues of a meromorphic differential form vanishes, this claim 
is in accord with (4.9). 


4.4. Extension to arbitrary masses 


What remains is to eliminate the restriction (4.9) and solve the models with arbitrary 
hypermultiplet bare masses. For this, as we have discussed in Section 4.2, it is necessary 
to consider curves Y not in X = E x C, but in an affine bundle over E that we have 
called Xm. 
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Xm differs from the trivial product bundle X = E x C — E by twisting by an element 
of H'(E, Og). That cohomology group vanishes if a point is deleted from E. We can 
pick that point to be the point poao with x = y = oo in the Weierstrass model (4.10). 
To preserve the symmetry among the points pg at which there are fivebranes, we take 
Poo to be distinct from all of the p,. Because Xm coincides with X away from the fiber 
over Poo, We can describe the curve 2 away from poo by the same equation as before, 
F(x, v,v) =0 with 


F(x,y,v) = vt — fil(x,y)ot + fo(x,y)v** F¥...+ (-1)* fix, y). (4.17) 


Away from x = y = œ, the functions fi(x,y) are subject to the same conditions as 
before — no singularities except simple poles at the points po. 

Previously, we required that the roots v;(x, y) were finite at x = y = co (since there 
are no fivebranes there) and hence that the f; were finite at x = y = oo. For describing 
a curve on X,,, that is not the right condition. The trivialization of the affine bundle X,, 
over E minus the point at infinity breaks down at x = y = oc. A good coordinate near 
infinity is not v but 


bao (7) > (4.18) 


(Instead of y/x one could use any other function with a simple pole at x = y = oc. For 
the moment one should think of the m/2k on the right-hand side (4.18) as an arbitrary 
constant.) It is not v but © that should be finite at x = y = oc. 

Thus the restrictions on the f; that are needed to solve the model with arbitrary 
hypermultiplet bare masses can be stated as follows: 

(1) The functions f;(x, y) are meromorphic functions on E with no singularities 
except simple poles at the ps, 7 = 1,...,n, and poles (of order i ) at x = y = œ. 

(2) The singular part of the function F(v,x,y) near x = y = œ disappears if this 
function is expressed in terms of Ù instead of v. 

The hypermultiplet bare masses ma are the residues of the differential form 8 = fiw 
at the points p,. Since the sum of the residues of 8 will vanish, 8 has a pole at 
x = y = oc with residue — „Ma. We can now relate this expression to the parameter 
m in (4.18). Since condition (2) above implies that the singular behavior of fı is 
fı = —my/2x+..., and since the differential form (dx/y)(y/2x) has a pole at infinity 
with residue 1, the residue of £ is in fact —m, so we get 


m= ma. (4.19) 


This relation between the coefficient m by which Xm is twisted and the hypermultiplet 
bare masses Mma was anticipated in (4.4). 

Just as in the case m = 0 that we considered first, the order parameters on the Coulomb 
branch are the parameters not fixed by specifying the singular part of fı. 

In [12], the solution of this model for the special case n = 1 was expressed in an 
equivalent but slightly different way. Since - to adapt the discussion to the present 
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language - there was only one fivebrane, the fivebrane was placed at pæ without any 
loss of symmetry. In place of conditions (1) and (2). the requirements on the f; were 
the following: 
(1’) The functions f;(x,y) are meromorphic functions on E with no singularities 
except a pole of order at most i at x = y = oc. 
(2') After the change of variables (4.18), the singularity of the function F(x, y,v) at 
x = y= oc is only a simple pole. 
These conditions were used as the starting point for fairly detailed calculations of the 
properties of the model. 
For the general case of n fivebranes, if we choose one of the fivebrane locations. say 
pı, to equal poo, then (1) and (2) can be replaced by the following conditions: 
(1") The functions f;(x, y) are meromorphic functions on E whose possible singulari- 
ties are simple poles at p2,..., Pn and a pole of order i at x = y = ox. 
(2) After the change of variables (4.18), the singularity of the function F(x, v,f) at 
xX = v=oc is only a simple pole. 
These conditions are equivalent to (1) and (2), up to a translation on E that moves 
pı to infinity and a change of variables v — c + a(x,¥) for some function a. 
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Abstract 


We show that the large N limit of certain conformal field theories 
in various dimensions include in their Hilbert space a sector describing 
supergravity on the product of Anti-deSitter spacetimes, spheres and 
other compact manifolds. This is shown by taking some branes in the 
full M/string theory and then taking a low energy limit where the field 
theory on the brane decouples from the bulk. We observe that, in this 
limit, we can still trust the near horizon geometry for large N. The 
enhanced supersymmetries of the near horizon geometry correspond 
to the extra supersymmetry generators present in the superconformal 
group (as opposed to just the super-Poincare group). The ’t Hooft 
limit of 3+1 M = 4 super-Yang-Mills at the conformal point is shown 
to contain strings: they are IIB strings. We conjecture that compactifi- 
cations of M/string theory on various Anti-deSitter spacetimes is dual 
to various conformal field theories. This leads to a new proposal for 
a definition of M-theory which could be extended to include five non- 
compact dimensions. 


1 General Idea 


In the last few years it has been extremely fruitful to derive quantum field 
theories by taking various limits of string or M-theory. In some cases this 
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is done by considering the theory at geometric singularities and in others 
by considering a configuration containing branes and then taking a limit 
where the dynamics on the brane decouples from the bulk. In this paper we 
consider theories that are obtained by decoupling theories on branes from 
gravity. We focus on conformal invariant field theories but a similar analysis 
could be done for non-conformal field theories. The cases considered include 
N parallel D3 branes in IIB string theory and various others. We take the 
limit where the field theory on the brane decouples from the bulk. At the 
same time we look at the near horizon geometry and we argue that the su- 
pergravity solution can be trusted as long as N is large. N is kept fixed 
as we take the limit. The approach is similar to that used in [1] to study 
the NS fivebrane theory [2] at finite temperature. The supergravity solution 
typically reduces to p + 2 dimensional Anti-deSitter space (AdS),2) times 
spheres (for D3 branes we have AdSs x S5). The curvature of the sphere and 
the AdS space in Planck units is a (positive) power of 1/N. Therefore the 
solutions can be trusted as long as N is large. Finite temperature configu- 
rations in the decoupled field theory correspond to black hole configurations 
in AdS spacetimes. These black holes will Hawking radiate into the AdS 
spacetime. We conclude that excitations of the AdS spacetime are included 
in the Hilbert space of the corresponding conformal field theories. A theory 
in AdS spacetime is not completely well defined since there is a horizon and 
it is also necessary to give some boundary conditions at infinity. However, 
local properties and local processes can be calculated in supergravity when 
N is large if the proper energies involved are much bigger than the energy 
scale set by the cosmological constant (and smaller than the Planck scale). 
We will conjecture that the full quantum M/string-theory on AdS space, 
plus suitable boundary conditions is dual to the corresponding brane the- 
ory. We are not going to specify the boundary conditions in AdS, we leave 
this interesting problem for the future. The AdS x (spheres) description will 
become useful for large N, where we can isolate some local processes from 
the question of boundary conditions. The supersymmetries of both theories 
agree, both are given by the superconformal group. The superconformal 
group has twice the amount of supersymmetries of the corresponding super- 
Poincare group (3,4]. This enhancement of supersymmetry near the horizon 
of extremal black holes was observed in [5,6] precisely by showing that the 
near throat geometry reduces to AdSx(spheres). AdS spaces (and branes 
in them) were extensively considered in the literature [7-13], including the 
connection with the superconformal group. 


In section 2 we study N = 4 d=4 U(N) super- Yang-Mills as a first exam- 
ple, we discuss several issues which are present in all other cases. In section 
3 we analyze the theories describing M-theory five-branes and M-theory two- 
branes. In section 4 we consider theories with lower supersymmetry which 
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are related to a black string in six dimensions made with D1 and D5 branes. 
In section 5 we study theories with even less supersymmetry involving black 
strings in five dimensions and finally we mention the theories related to ex- 
tremal Reissner-Nordstrém black holes in four spacetime dimensions (these 
last cases will be more speculative and contain some unresolved puzzles). 
Finally in section 6 we make some comments on the relation to matrix the- 
ory. 


2 D3 Branes or N = 4 U(N) Super-Yang-Mills 
ind=—3+1 


We start with type IIB string theory with string coupling g, which will 
remain fixed. Consider N parallel D3 branes separated by some distances 
which we denote by r. For low energies the theory on the D3 brane decouples 
from the bulk. It is more convenient to take the energies fixed and take 


I 


a +0, U = — = fixed . (2.1) 


The second condition is saying that we keep the mass of the stretched strings 
fixed. As we take the decoupling limit we bring the branes together but the 
the Higgs expectation values corresponding to this separation remains fixed. 
The resulting theory on the brane is four dimensional N = 4 U(N) SYM. 
Let us consider the theory at the superconformal point, where r = 0. The 
conformal group is SO(2,4). We also have an SO(6) ~ SU(4) R-symmetry 
that rotates the six scalar fields into each other”. The superconformal group 
includes twice the number of supersymmetries of the super-Poincare group: 
the commutator of special conformal transformations with Poincare super- 
symmetry generators gives the new supersymmetry generators. The precise 
superconformal algebra was computed in [3]. All this is valid for any N. 
Now we consider the supergravity solution carrying D3 brane charge [14] 


ds? = f-'/?dxi + f'/?(dr? + r7aN2) , 
4ngNa’? (2.2) 


? 


f=l1+ -a 
where zy denotes the four coordinates along the worldvolume of the three- 
brane and d? is the metric on the unit five-sphere*. The self dual five-form 
field strength is nonzero and has a flux on the five-sphere. Now we define 
the new variable U = 5 and we rewrite the metric in terms of U. Then we 


?The representation includes objects in the spinor representations, so we should be 
talking about SU(4), we will not make this, or similar distinctions in what follows. 
*We choose conventions where g ~>» 1/g under S-duality. 
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take the a’ — 0 limit. Notice that U remains fixed. In this limit we can 
neglect the 1 in the harmonic function (2.2). The metric becomes 


U? dU? 
ds? = a’! JN + arg N TT + VårgN dQ , (2.3) 


This metric describes five dimensional Anti-deSitter (AdSs) times a five- 
spheref. We see that there is an overall a’ factor. The metric remains 
constant in a’ units. The radius of the five-sphere is R2,,/a’ = /4mgN, and 
is the same as the “radius” of AdS; (as defined in the appendix). In ten 
dimensional Planck units they are both proportional to N!/4. The radius 
is quantized because the flux of the 5-form field strength on the 5 sphere is 
quantized. We can trust the supergravity solution when 


gN>1. (2.4) 


When N is large we have approximately ten dimensional flat space in the 
neighborhood of any point. Note that in the large N limit the flux of the 5 
form field strength per unit Planck (or string) 5-volume becomes small. 

Now consider a near extremal black D3 brane solution in the decoupling 
limit (2.1). We keep the energy density on the brane worldvolume theory 
(u) fixed. We find the metric 


2 
ds? = a f “4 [-(1 — U$ /U*) de? + dz?] 


V4angN 
dU? 2 
san ian 4 ; 2.5 
tv anh ag LUJU +y raNase | (2.5) 
97 
us 2 gyrru 


We see that Up remains finite when we take the a’ -> 0 limit. The situation 
is similar to that encountered in [1]. Naively the whole metric is becoming 
of zero size since we have a power of a’ in front of the metric, and we might 
incorrectly conclude that we should only consider the zero modes of all fields. 
However, energies that are finite from the point of view of the gauge theory, 
lead to proper energies (measured with respect to proper time) that remain 
finite is in a’ units (or Planck units, since g is fixed). More concretely, an 
excitation that has energy w (fixed in the limit) from the point of view of 


ys i 
the gauge theory, will have proper energy Eproper = J" Nax)'~. This 


also means that the corresponding proper wavelengths remain fixed. In 
‘See the appendix for a brief description of AdS spacetimes. 


‘In writing (2.4) we assumed that g < 1, if g > 1 then the condition is N/g > 1. In 
other words we need large N, not large g. 
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other words, the spacetime action on this background has the form S ~ 
h fdzVGR+---, so we can cancel the factor of a’ in the metric and the 
Newton constant, leaving a theory with a finite Planck length in the limit. 
Therefore we should consider fields that propagate on the AdS background. 
Since the Hawking temperature is finite, there is a flux of energy from the 
black hole to the AdS spacetime. Since VN = 4 d=4 U(N) SYM is a unitary 
theory we conclude that, for large N, it includes in its Hilbert space the states 
of type IIB supergravity on (AdSs x Ss)n, where subscript indicates the fact 
that the “radii” in Planck units are proportional to N'/4. In particular the 
theory contains gravitons propagating on (AdSs x Ss). When we consider 
supergravity on AdSs x Ss, we are faced with global issues like the presence 
of a horizon and the boundary conditions at infinity. It is interesting to 
note that the solution is nonsingular [15]. The gauge theory should provide 
us with a specific choice of boundary conditions. It would be interesting to 
determine them. 

We have started with a quantum theory and we have seen that it includes 
gravity so it is natural to think that this correspondence goes beyond the 
supergravity approximation. We are led to the conjecture that Type IIB 
string theory on (AdSs x S*)n plus some appropriate boundary conditions 
(and possibly also some boundary degrees of freedom) is dual to N =4 d=3+1 
U(N) super- Yang-Mills. The SYM coupling is given by the (complex) IIB 
string coupling, more precisely z + ig’s = ae (3 + igt) where x is the 
value of the RR scalar. 

The supersymmetry group of AdSs x SŽ, is known to be the same as the 
superconformal group in 3+1 spacetime dimensions (3], so the supersymme- 
tries of both theories are the same. This is a new form of “duality”: a large N 
field theory is related to a string theory on some background, notice that the 
correspondence is non-perturbative in g and the SL(2, Z) symmetry of type 
IIB would follow as a consequence of the SL(2, Z) symmetry of SYM®. It is 
also a strong-weak coupling correspondence in the following sense. When the 
effective coupling gN becomes large we cannot trust perturbative calcula- 
tions in the Yang-Mills theory but we can trust calculations in supergravity 
on (AdS; x S°)y. This is suggesting that the M = 4 Yang-Mills master 
field is the anti-deSitter supergravity solution (similar ideas were suggested 
in (17]). Since N measures the size of the geometry in Planck units, we see 
that quantum effects in AdSs x S° have the interpretation of 1/N effects in 
the gauge theory. So Hawking radiation is a 1/N effect. It would be inter- 
esting to understand more precisely what the horizon means from the gauge 
theory point of view. IIB supergravity on AdSs x S° was studied in [7, 9}. 

The.above conjecture becomes nontrivial for large N and gives a way to 
answer some large N questions in the SYM theory. For example, suppose 


This is similar in spirit to [16] but here N is not interpreted as momentum. 
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that we break U(N) => U(N — 1) x U(1) by Higgsing. This corresponds to 
putting a three brane at some point on the 5-sphere and some value of U, 
with world volume directions along the original four dimensions (zj). We 
could now ask what the low energy effective action for the light U(1) fields 
is. For large N (2.4) it is the action of a D3 brane in AdSs x S5. More 
concretely, the bosonic part of the action becomes the Born-Infeld action on 
the AdS background 


band -1 
S= -rjg | OP 


l | —Det(nag + haU gU + U?hgijðab'ðg0I + 2n VhFag) — | 


4ngN 
eae: 


(2.6) 


with a,@ = 0,1,2,3, i,j = 1,..,5; and gij is the metric of the unit five- 
sphere. As any low energy action, (2.6) is valid when the energies are low 
compared to the mass of the massive states that we are integrating out. 
In this case the mass of the massive states is proportional to U (with no 
factors of N). The low energy condition translates into QU/U « U and 
06" << U, etc.. So the nonlinear terms in the action (2.6) will be important 
only when gN is large. It seems that the form of this action is completely 
determined by superconformal invariance, by using the broken and unbroken 
supersymmetries, in the same sense that the Born Infeld action in flat space 
is given by the full Poincare supersymmetry [18]. It would be very interesting 
to check this explicitly. We will show this for a particular term in the action. 
We set 6* = const and F = 0, so that we only have U left. Then we will show 
that the action is completely determined by broken conformal invariance. 
This can be seen as follows. Using Lorentz invariance and scaling symmetry 
(dimensional analysis) one can show that the action must have the form 


ge : @*2yP+! f(3 U3 U/U*) , (2.7) 


where f is an arbitrary function. Now we consider infinitesimal special 
conformal transformations 


es 
óT? = Pzgr? — e(a? + =5)/2, 
6U = U'(1') — U (z) = ~e taU , 


(2.8) 


where e® is an infinitesimal parameter. For the moment Ř is an arbitrary 
constant. We will later identify it with the “radius” of AdS, it will turn out 
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that R4 ~ gN. In the limit of small R we recover the more familiar form of 
the conformal transformations (U is a weight one field). Usually conformal 
transformations do not involve the variable U in the transformations of z. 
For constant U the extra term in (2.8) is a translation in z, but we will take 
U to be a slowly varying function of z and we will determine R from other 
facts that we know. Demanding that (2.7) is invariant under (2.8) we find 
that the function f in (2.7) obeys the equation 


f(z) + const = 2 (- + x) f(z) (2.9) 


which is solved by f = [V1 + R*z—a]. Now we can determine the constants 
a,b, R from supersymmetry. We need to use three facts. The first is that 
there is no force (no vacuum energy) for a constant U. This implies a = 
1. The second is that the QU? term (F? term) in the U(1) action is not 
renormalized. The third is that the only contribution to the (9U)* term 
(an F4 term) comes from a one loop diagram [19]. This determines all 
the coefficients to be those expected from (2.6) including the fact that Ri= 
4ngN. It seems very plausible that using all 32 supersymmetries we could fix 
the action (2.6) completely. This would be saying that (2.6) is a consequence 
of the symmetries and thus not a prediction’. However we can make very 
nontrivial predictions (though we were not able to check them). For example, 
if we take g to be small (but N large) we can predict that the Yang-Mills 
theory contains strings. More precisely, in the limit g -+ 0, gN = fixed > 1 
(t Hooft limit) we find free strings in the spectrum, they are IIB strings 
moving in (AdSs x S°)gy.° The sense in which these strings are present is 
rather subtle since there is no energy scale in the Yang-Mills to set their 
tension. In fact one should translate the mass of a string state from the AdS 
description to the Yang-Mills description. This translation will involve the 
position U at which the string is sitting. This sets the scale for its mass. 
As an example, consider again the D-brane probe (Higgsed configuration) 
which we described above. From the type IIB description we expect open 
strings ending on the D3 brane probe. From the point of view of the gauge 
theory these open strings have energies E = Taro Nyra V Nopen where Nopen 
is the integer charaterizing the massive open string level. In this example we 


Notice that the action (2.6) includes a term proportional to v® similar to that calcu- 
lated in (20]. Conformal symmetry explains the agreement that they would have found if 
they had done the calculation for 3+1 SYM as opposed to 0+1. 

5In fact, Polyakov [21] recently proposed that the string theory describing bosonic Yang- 
Mills has a new dimension corresponding to the Liouville mode y, and that the metric at 
y=0 is zero due to a “zig-zag” symmetry. In our case we see that the physical distances 
along the directions of the brane contract to zero as U -+ 0. The details are different, 
since we are considering the M = 4 theory. 
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see that a’ disappears when we translate the energies and is replaced by U, 
which is the energy scale of the Higgs field that is breaking the symmetry. 

Now we turn to the question of the physical interpretation of U. U has 
dimensions of mass. It seems natural to interpret motion in U as moving 
in energy scales, going to the IR for small U and to the UV for large U. 
For example, consider a D3 brane sitting at some position U. Due to the 
conformal symmetry, all physics at energy scales w in this theory is the same 
as physics at energies w’ = Aw, with the brane sitting at U’ = AU. 

Now let us turn to another question. We could separate a group of D3 
branes from the point were they were all sitting originally. Fortunately, for 
the extremal case we can find a supergravity solution describing this system. 
All we have to do is the replacement 


N N-M M 


wm ewe (2.10) 


where W = r/a' is the separation. It is a vector because we have to specify 
a point on $ë also. The resulting metric is 


1 
1/2 
MU4 
Jang (N -M+ dEn) 


1/2 
1 MU‘ 2 
+ Vårg-= | N -M + =———— dÜ?| . (2.11 


ds? =a’ |U? dzi 


For large U >> |W] we find basically the solution for (AdSs x S°)y which 
is interpreted as saying that for large energies we do not see the fact that 
the conformal symmetry was broken, while for small U < |W| we find 
just (AdSs x S>)w—m, which is associated to the CFT of the unbroken 
U(N — M) piece. Furthermore, if we consider the region |U — W| < |W| we 
find (AdS; x S5)y, which is described by the CFT of the U(M) piece. 

We could in principle separate all the branes from each other. For large 
values of U we would still have (AdSs x S®°), but for small values of U we 
would not be able to trust the supergravity solution, but we naively get N 
copies of (AdSs x $°), which should correspond to the U(1)". 

Now we discuss the issue of compactification. We want to consider the 
YM theory compactified on a torus of radii Ri, z; ~ 2; + 2r Ri, which stay 
fixed as we take the a’ — 0 limit. Compactifying the theory breaks conformal 
invariance and leaves only the Poincare supersymmetries. However one can 
still find the supergravity solutions and follow the above procedure, going 
near the horizon, etc. The AdS piece will contain some identifications. So 
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we will be able to trust the supergravity solution as long as the physical 
length of these compact circles stays big in a’ units. This implies that we 
can trust the supergravity solution as long as we stay far from the horizon 
(at U = 0) 


(gN) 

U> RO (2.12) 
for all i. This is a larger bound than the naive expectation (1/R;). If we 
were considering near extremal black holes we would require that Vo in (2.5) 
satisfies (2.12), which is, of course, the same condition on the temperature 
gotten in [22]. 

The relation of the three-brane supergravity solution and the Yang-Mills 
theory has been studied in [23-26]. All the calculations have been done for 
near extremal D3 branes fall into the category described above. In particular 
the absorption cross section of the dilaton and the graviton have been shown 
to agree with what one would calculate in the YM theory [24,25]. It has been 
shown in {26] that some of these agreements are due to non-renormalization 
theorems for M = 4 YM. The black hole entropy was compared to the 
perturbative YM calculation and it agrees up to a numerical factor (23]. This 
is not in disagreement with the correspondence we were suggesting, It is 
expected that large gN effects change this numerical factor, this problem 
remains unsolved. 

Finally notice that the group SO(2, 4) x SO(6) suggests a twelve dimen- 
sional realization in a theory with two times [27]. 


3 Other Cases with 16 — 32 Supersymmetries, 
M5 and M2 Brane Theories 


Basically all that we have said for the D3 brane carries over for the other 
conformal field theories describing coincident M-theory fivebranes and M- 
theory twobranes. We describe below the limits that should be taken in 
each of the two cases. Similar remarks can be made about the entropies [28], 
and the determination of the probe actions using superconformal invariance. 
Eleven dimensional supergravity on the corresponding AdS spaces was stud- 
ied in (8, 10, 11, 15]. 


3.1 M5 Brane 


The decoupling limit is obtained by taking the 11 dimensional Planck length 
to zero, lp -> 0, keeping the worldvolume energies fixed and taking the 
separations U? = r/i = fixed [29]. This last condition ensures that the 
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membranes stretching between fivebranes give rise to strings with finite ten- 


sion. 


The metric is? 


ds? = f7'/3dz? + f?’ (dr? + r7dNi) , 


"NI (3.1) 
f =1+ r3 ’ 


We also have a flux of the four-form field strength on the four-sphere (which 
is quantized). Again, in the limit we obtain 


2 
Ashes dz? + anno + (N), (82 


2 
H E AR 
(r N)!/3 
where now the “radii” of the sphere and the AdS7 space are Rsph = 
Raas/2 = lp(mN)/3_ Again, the “radii” are fixed in Planck units as we 
take l, > 0, and supergravity can be applied if N > 1. 

Reasoning as above we conclude that this theory contains seven dimen- 
sional Anti-deSitter times a four-sphere, which for large N looks locally like 
eleven dimensional Minkowski space. 

This gives us a method to calculate properties of the large N limit of 
the six dimensional (0,2) conformal field theory [30]. The superconformal 
group again coincides with the algebra of the supersymmetries preserved by 
AdS7 x St. The bosonic symmetries are SO(2,6) x SO(5) [4]. We can do 
brane probe calculations, thermodynamic calculations [28], etc. 

The conjecture is now that the (0,2) conformal field theory is dual to 
M-theory on (AdS7 x S*)y , the subindex indicates the dependence of the 
“radius” with N. 


3.2 M2 Brane 


We now take the limit |, + 0 keeping U'/? = r/Is/? = fixed. This com- 
bination has to remain fixed because the scalar field describing the motion 
of the twobrane has scaling dimension 1/2. Alternatively we could have de- 
rived this conformal field theory by taking first the field theory limit of D2 
branes in string theory as in [31-33], and then taking the strong coupling 
limit of that theory to get to the conformal point as in [34-36]. The fact 
that the theories obtained in this fashion are the same can be seen as follows. 
The D2 brane gauge theory can be obtained as the limit a’ -+ 0, keeping 
gm ~ g/a = fixed. This is the same as the limit of M-theory two branes 


in the limit lp > 0 with Ry, /Ip’? ~ gym = fixed. This is a theory where 


*In our conventions the relation of the Planck length to the 11 dimensional Newton 
constant is Gy = 167712. 
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one of the Higgs fields is compact. Taking R'! -+ co we see that we get 
the theory of coincident M2 branes, in which the SO(8) R-symmetry has an 
obvious origin. 

The metric is 

ds? = f? dah + f° (dr? + rdo) , 
257? NIE (3.3) 
f=1+ oar ale i 

and there is a nonzero flux of the dual of the four-form field strength on 
the seven-sphere. In the decoupling limit we obtain AdS4 x S7, and the 
supersymmetries work out correctly. The bosonic generators are given by 
SO(2,3) x SO(8). In this case the “radii” of the sphere and AdS4 are 
Reph = 2Raas = lp(257? N)" °. 

The entropy of the near extremal solution agrees with the expectation 
from dimensional analysis for a conformal theory in 2+1 dimensions [28], 
but the N dependence or the numerical coefficients are not understood. 

Actually for the case of the two brane the conformal symmetry was used 
to determine the vê term in the probe action [37], we are further saying that 
conformal invariance determines it to all orders in the velocity of the probe. 
Furthermore the duality we have proposed with M-theory on AdS,4 x S7 
determines the precise numerical coefficient. 

When M-theory is involved the dimensionalities of the groups are sug- 
gestive of a thirteen dimensional realization [38]. 


4 Theories with 8 — 16 Supersymmetries, the 
D1+D5 System 


Now we consider IIB string theory compactified on M4 (where M* = T* 
or K3) to six spacetime dimensions. As a first example let us start with 
a D-fivebrane with four dimensions wrapping on Mt giving a string in six 
dimensions. Consider a system with Qs fivebranes and Q, D-strings, where 
the D-string is parallel to the string in six dimensions arising from the five- 
brane. This system is described at low energies by a 1+1 dimensional (4,4) 
superconformal field theory. So we take the limit 


Va 


= fixed , = ———; 
= (an)ta? 


= fixed , gs = p = fixed 


where V4 is the volume of M*. All other moduli of M 4 remain fixed. This 
is just a low energy limit, we keep all dimensionless moduli fixed. As a six 
dimensional theory, IIB on M‘ contains strings. They transform under the 
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U-duality group and they carry charges given by a vector q’. In general 
we can consider a configuration where q? = n;yq'q/ ¥ 0 (the metric is the 
U-duality group invariant), and then take the limit (4.1). 

This theory has a branch which we will call the Higgs branch and one 
which we call the Coulomb branch. On the Higgs branch the 1+1 dimen- 
sional vector multiplets have zero expectation value and the Coulomb branch 
is the other one. Notice that the expectation values of the vector multiplets 
in the Coulomb branch remain fixed as we take the limit a’ + 0. 

The Higgs branch is a SCFT with (4,4) supersymmetry. This is the the- 
ory considered in [39]. The above limit includes also a piece of the Coulomb 
branch, since we can separate the branes by a distance such that the mass 
of stretched strings remains finite. 

Now we consider the supergravity solution corresponding to D1+D5 
branes [40] 


ds? = fo? fg da? + fl? fo (dr? + ran) , 
' 4.2 
a(S), gea 


vr? 


where dz? = —dt? + dz? and z is the coordinate along the D-string. Some 
of the moduli of M‘ vary over the solution and attain a fixed value at the 
horizon which depends only on the charges and some others are constant 
throughout the solution. The three-form RR-field strength is also nonzero. 
In the decoupling limit (4.1) we can neglect the 1’s in fi in (4.2) and the 
metric becomes 
ds? = a! | Fre eat + vls ey +e Vaak]. aa) 
The compact manifold M‘(Q) that results in the limit is determined as 
follows. Some of its moduli are at their fixed point value which depends only 
on the charges and not on the asymptotic value of those moduli at infinity 
(the notation M4(Q) indicates the charge dependence of the moduli) [41]°. 
The other moduli, that were constant in the black hole solution, have their 
original values. For example, the volume of M‘* has the fixed point value 
Ufized = Q1/Qs, while the six dimensional string coupling ge has the original 
value. Notice that there is an overall factor of a’ in (4.3) which can be 
removed by canceling it with the factor of a’ in the Newton constant as 
explained above. We can trust the supergravity solution if Q1, Q5 are large, 
96Q; > 1. Notice that we are talking about a six dimensional supergravity 
‘©The fixed values of the moduli are determined by the condition that they minimize 


the tension of the corresponding string (carrying charges q’) in six dimensions [41]. This 
is parallel to the discussion in four dimensions [42]. 
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solution since the volume of M* is a constant in Planck units (we keep 
the Q/Qs ratio fixed). The metric (4.3) describes three dimensional AdS; 
times a 3-sphere. The supersymmetries work out correctly, Starting from the 
8 Poincare supersymmetries we enhance then to 16 supersymmetries. The 
bosonic component is SO(2, 2) x SO(4). In conformal field theory language 
SO(2,2) is just the SL(2, R) x SL(2,R) part of the conformal group and 
SO(4) ~ SU(2), x SU(2)p are the R-symmetries of the CFT [43}. 


So the conjecture is that the 1+1 dimensional CFT describing the Higgs 
branch of the D1+D5 system on M* is dual to type IIB string theory on 
(AdS3 x S*)g,9, x M‘4(Q) . The subscript indicates that the radius of 
the three sphere is R? a = a'g6 /QiQs. The compact fourmanifold M*(Q) 
is at some particular point in moduli space determined as follows. The 
various moduli of M‘ are divided as tensors and hypers according to the (4,4) 
supersymmetry on the brane. Each hypermultiplet contains four moduli and 
each tensor contains a modulus and an anti-self-dual B-field. (There are five 
tensors of this type for T4 and 21 for K3). The scalars in the tensors have 
fixed point values at the horizon of the black hole, and those values are the 
ones entering in the definition of M 4(Q) (Q indicates the dependence on the 
charges). The hypers will have the same expectation value everywhere. It is 
necessary for this conjecture to work that the 1+1 dimensional (4,4) theory is 
indendent of the tensor moduli appearing in its original definition as a limit 
of the brane configurations, since M 4(Q) does not depend on those moduli. 
A non renomalization theorem like [44,45] would explain this. We also need 
that the Higgs branch decouples from the Coulomb branch as in [46, 47]. 


Finite temperature configurations in the 1+1 conformal field theory can 
be considered. They correspond to near extremal black holes in AdS3. The 
metric is the same as that of the BTZ 2+1 dimensional black hole [48], 
except that the angle of the BTZ description is not periodic. This angle 
corresponds to the spatial direction x of the 1+1 dimensional CFT and it 
becomes periodic if we compactify the theory?! [49-51] }?. All calculations 
done for the 1D+5D system [39, 53, 54] are evidence for this conjecture. 
In all these cases [54] the nontrivial part of the greybody factors comes 
from the AdS part of the spacetime. Indeed, it was noticed in [55] that 
the greybody factors for the BTZ black hole were the same as the ones 
for the five-dimensional black hole in the dilute gas approximation. The 


117 thank G. Horowitz for many discussions on this correspondence and for pointing out 
ref. [49] to me. Some of the remarks the remarks below arose in conversations with him. 

12The ideas in [49-51] could be used to show the relation between the AdS region and 
black holes in M-theory on a light like circle. However the statement in [49-51] that the 
AdS3 x §? spacetime is U-dual to the full black hole solution (which is asymptotic to 
Minkowski space) should be taken with caution because in those cases the spacetime has 
identifications on circles that are becoming null. This changes dramatically the physics. 
For examples of these changes see (32, 52}. 
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dilute gas condition r9,7n < 717s [53] is automatically satisfied in the limit 
(4.1) for finite temperature configurations (and finite chemical potential for 
the momentum along z). It was also noticed that the equations have an 
SL(2, R) x SL(2, R) symmetry [56], these are the isometries of AdS3, and 
part of the conformal symmetry of the 1+1 dimensional field theory. It 
would be interesting to understand what is the gravitational counterpart of 
the full conformal symmetry group in 1+1 dimensions. 


5 Theories with 4 — 8 Supersymmetries 


The theories of this type will be related to black strings in five dimensions 
and Reissner-Nordstrom black holes in four dimensions. This part will be 
more sketchy, since there are several details of the conformal field theories 
involved which I do not completely understand, most notably the dependence 
on the various moduli of the compactification. 


5.1 Black String in Five Dimensions 


One can think about this case as arising from M-theory on Mê where Mê 
is a CY manifold, K3 x T? or T®. We wrap fivebranes on a four-cycle 
P, = pa, in M® with nonzero triple self intersection number, see [57]. We 
are left with a one dimensional object in five spacetime dimensions. Now we 
take the following limit 


ly +0 (2m)®v = Ve/l} = fixed U? =r/Ñ = fixed, (5.1) 


where lp is the eleven dimensional Planck length. In this limit the theory will 
reduce to a conformal field theory in two dimensions. It is a (0,4) CFT and 
it was discussed in some detail in a region of the moduli space in [57]. More 
generally we should think that the five dimensional theory bas some strings 
characterized by charges p^, forming a multiplet of the U-duality group and 
we are taking a configuration where the triple self intersection number p* 
is nonzero (in the case M® = T*, p? = D = DaBcp^p?p® is the cubic Eg 
invariant). 

We now take the corresponding limit of the black hole solution. We will 
just present the near horizon geometry, obtained after taking the limit. Near 
the horizon all the vector moduli are at their fixed point values [58]. So the 
near horizon geometry can be calculated by considering the solution with 
constant moduli. We get 


UtyV3 D?! ù dU? 
2. 2 —dt? 2 2 
ds* = l5 if (—dt* + dz“) + PJA (4 JE + aot) . (5.2) 
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In this limit M® has its vector moduli equal to their fixed point values which 
depend only on the charge while its hyper moduli are what they were at infin- 
ity. The overall size of M® in Planck units is a hypermultiplet, so it remains 
constant as we take the limit (5.1). We get a product of three dimensional 
AdS; spacetime with a two-sphere, AdS3 x S*. Defining the five dimensional 
Planck length by Re = B /v we find that the “radii” of the two sphere and the 
AdS; are Rsph = Raas/2 = lspD'/3. In this case the superconformal group 
contains as a bosonic subgroup SO(2, 2) x SO(3). So the R-symmetries are 
just SU (2)pg, associated to the 4 rightmoving supersymmetries. 

In this case we conjecture that this (0,4) conformal field theory is dual, 
for large p^, to M-theory on AdS3 x S? x M$ . The hypermultiplet moduli of 
M§ are the same as the ones entering the definition of the (0,4) theory. The 
vector moduli depend only on the charges and their values are those that the 
black string has at the horizon. A necessary condition for this conjecture to 
work is that the (0,4) theory should be independent of the original values of 
the vector moduli (at least for large p). It is not clear to me whether this is 
true. 

Using this conjecture we would get for large N a compactification of M 
theory which has five extended dimensions. 


5.2 Extremal 3+1 Dimensional Reissner-Nordstr6ém 


This section is more sketchy and contains an unresolved puzzle, so the reader 
will not miss much if he skips it. 

We start with IIB string theory compactified on Mê, where M® is a 
Calabi-Yau manifold or K3 x T? or T®. We consider a configuration of D3 
branes that leads to a black hole with nonzero horizon area. Consider the 
limit 

a +0 (2n)Sv = —§ = fixed U = — = fixed . (5.3) 
a a 
The string coupling is arbitrary. In this limit the system reduces to quantum 
mechanics on the moduli space of the three-brane configuration. 
Taking the limit (5.3) of the supergravity solution we find 


U2 
gN? 


where N is proportional to the number of D3 branes. We find a two 
dimensional AdS2 space times a two-sphere, both with the same radius 
R = lapN, where lf, = g°a'/v. The bosonic symmetries of AdS2 x S? 
are SO(2,1) x SO(3). This superconformal symmetry seems related to the 
symmetries of the chiral conformal field theory that was proposed in [59] to 


2 
ds? = a! l dt? + gpm + oin*any] (5.4) 


U? 
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describe the Reissner-Nordstrom black holes. Here we find a puzzle, since in 
the limit (5.3) we got a quantum mechanical system and not a 1+1 dimen- 
sional conformal field theory. In the limit (5.3) the energy gap (mentioned 
in [59,60]) becomes very large!?. So it looks like taking a large N limit at 
the same time will be crucial in this case. These problems might be related 
to the large ground state entropy of the system. 


If this is understood it might lead to a proposal for a non perturbative 
definition of M/string theory (as a large N limit) when there are four non- 
compact dimensions. 


It is interesting to consider the motion of probes on the AdS2 background. 
This corresponds to going into the “Coulomb” branch of the quantum me- 
chanics. Dimensional analysis says that the action has the form (2.7) with 
p = 0. Expanding f to first order we find S ~ f dt¥y ~ f dtv?/r3, which 
is the dependence on r that we expect from supergravity when we are close 
to the horizon. A similar analysis for Reissner-Nordstrém black holes in five 
dimensions would give a term proportional to 1/r‘ [17]. It will be interest- 
ing to check the coefficient (note that this is the only term allowed by the 
symmetries, as opposed to [17]). 


6 Discussion, Relation to Matrix Theory 


By deriving various field theories from string theory and considering their 
large N limit we have shown that they contain in their Hilbert space excita- 
tions describing supergravity on various spacetimes. We further conjectured 
that the field theories are dual to the full quantum M/string theory on var- 
ious spacetimes. In principle, we can use this duality to give a definition of 
M/string theory on flat spacetime as (a region of) the large N limit of the 
field theories. Notice that this is a non-perturbative proposal for defining 
such theories, since the corresponding field theories can, in principle, be de- 
fined non-perturbatively. We are only scratching the surface and there are 
many things to be worked out. In [61] it has been proposed that the large 
N limit of DO brane quantum mechanics would describe eleven dimensional 
M-theory. The large N limits discussed above, also provide a definition of 
M-theory. An obvious difference with the matrix model of [61] is that here 
N is not interpreted as the momentum along a compact direction. In our 
case, N is related to the curvature and the size of the space where the the- 
ory is defined. In both cases, in the large N limit we expect to get flat, 
non-compact spaces. The matrix model [61] gives us a prescription to build 
asymptotic states, we have not shown here how to construct graviton states, 


131 thank A. Strominger for pointing this out to me. 
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and this is a very interesting problem. On the other hand, with the present 
proposal it is more clear that we recover supergravity in the large N limit. 

This approach leads to proposals involving five (and maybe in some fu- 
ture four) non-compact dimensions. The five dimensional proposal involves 
considering the 1+1 dimensional field theory associated to a black string in 
five dimensions. These theories need to be studied in much more detail than 
we have done here. 

It seems that this correspondence between the large N limit of field 
theories and supergravity can be extended to non-conformal field theories. 
An example was considered in [1], where the theory of NS fivebranes was 
studied in the g > 0 limit. A natural interpretation for the throat region is 
that it is a region in the Hilbert space of a six dimensional “string” theory’. 
And the fact that contains gravity in the large N limit is just a common 
feature of the large N limit of various field theories. The large N master 
field seems to be the anti-deSitter supergravity solutions [17]. 

When we study non extremal black holes in AdS spacetimes we are no 
longer restricted to low energies, as we were in the discussion in higher 
dimensions [44,54]. The restriction came from matching the AdS region to 
the Minkowski region. So the five dimensional results (53, 54] can be used 
to describe arbitrary non-extremal black holes in three dimensional Anti- 
deSitter spacetimes. This might lead us to understand better where the 
degrees of freedom of black holes really are, as well as the meaning of the 
region behind the horizon. The question of the boundary conditions is very 
interesting and the conformal field theories should provide us with some 
definite boundary conditions and will probably explain us how to interpret 
physically spacetimes with horizons. It would be interesting to find the 
connection with the description of 2+1 dimensional black holes proposed by 
Carlip (63). 

In [8,13] super-singleton representations of AdS were studied and it was 
proposed that they would describe the dynamics of a brane “at the end of 
the world”. It was also found that in maximally supersymmetric cases it 
reduces to a free field [8]. It is tempting therefore to identify the singleton 
with the center of mass degree of freedom of the branes [6,13]. A recent 
paper suggested that super-singletons would describe all the dynamics of 
AdS {51}. The claim of the present paper is that all the dynamics of AdS 
reduces to previously known conformal field theories. 

It seems natural to study conformal field theories in Euclidean space and 
relate them to deSitter spacetimes. 

Also it would be nice if these results could be extended to four-dimen- 
sional gauge theories with less supersymmetry. 


“This possibility was also raised by (62], though it is a bit disturbing to find a constant 
energy flux to the UV (that is how we are interpreting the radial dimension). 
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Appendix 


D = p+ 2-dimensional anti-deSitter spacetimes can be obtained by taking 
the hyperboloid 


-X2 -X +X +--+ XP +X}, =-R*, (A.1) 


embedded in a flat D+1 dimensional spacetime with the metric 
n = Diag(—1,—1,1,--- ,1). We will call R the “radius” of AdS spacetime. 
The symmetry group SO(2, D — 1) = SO(2,p+1) is obvious in this descrip- 
tion. In order to make contact with the previously presented form of the 
metric let us define the coordinates 


U= (X_1 + Xp+1) 
_ X_R 


Ta = U a=0,1,---,p (A.2) 
TU R 
V = (X-1— Xp) = tT x 


The induced metric on the hyperboloid (A.1) becomes 
2 2 
ds? = — dr? + R?— . (A.3) 


This is the form of the metric used in the text. We could also define U = 
U/R? so that metric (A.3) has an overall factor of R?, making it clear that R 
is the overall scale of the metric. The region outside the horizon corresponds 
to U > 0, which is only a part of (A.1). It would be interesting to understand 
what the other regions in the AdS spacetime correspond to. For further 
discussion see [65]. 
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